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This paper presents a new characteristic finite element formulation, named semi-Lagrange Galerkin (SLG) method,
on unstructure tetrahedral meshes to solve three-dimensional pure hyperbolic/advection equations. In the present
method, the calculation procedure is divided into two phases which are advection and non—advection phases. The
advection phase is computed by the semi-Lagrange procedure using a 20 degrees of freedom tetrahedral element
which consists of complete cubic polynomials given by function values and first order derivatives on each vertex
and a function value on barycenter of triangle surface. The non-advection phase is calculated by the Galerkin
finite element procedure using the same 20 DOF tetrahedral element. Numerical experiments are investigated

and some numerical results are shown.
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Fig. 1: Approximation with a complete cubic interpo-
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B K CBI 257823 RT)VI— MERICKD AN T—
PR DAIREEEM up |k BLLFOX S ICRE NS,

4
ou ou
uplg = Z (Hoﬂtz' + Hy; %’ + Hy; oy

o ou 4
Hmf’ Hei el
- 0z z) +; el

T T°C, Hoi, Hyiy Hyiy Haiy He EHBRIECTH O, 14
FEMERSE (L1, Lo, L3, Ly) OBBIC K > TRHHMICEE NS
(8% B 2 .

3. BEXRBRSLUER
ARFHEOBALD T8, X F<—F [ () 1cXb 3
RITHRETEOBAEFER 2175, K Q = (-1,1) x
(=1, 1) x (=1, ) BT, bl a = (—27y, 27z, 0)
ICWIHSEAE (Fig.2) #5276 ED 1A T = 1%
I BEMERER (2 =0 mICBT 2 BIX) 277, R
DR At =T/100 ZET, 7—F VRORKENBEZ
CFL =251C7%%. SLGIELDIRDD, 1 RERz
MWz SUPG ¥ (Fff#IRE771C & Crank-Nicolson) OD#GHR
LG LT, SLG EDEZ 4t EARIE DI NiEA—
IN—=a—N/T7 VB =2 a—bDREL TV EDDH
iR (W) LIEFICRVL—BZRL TV,
BE N
(1) BURGL, FURdSE:  BHESHEEEICHT T 2 Semi-
Lagrange Galerkin (SLG) i&DO#Hf, J&H 7155
%, Vol.12, pp.155-162 (2009)

(2) FuRdS, /IMRNER, BRf5L: BiRbLsos Rt
9% Semi-Lagrange Galerkin 1%, &A1, Vol.27,
pp.143-152 (2008)

(3) Kl 2 i CIP ¥ RO FHE T2M~
VT A — )UiRid-, AR (2003) 72 &

(4) P.G.Ciarlet: The Finite Element Method for Ellip-
tic Problems, STAM (2001)

(5) HIH R BUETRIA 12D T2 O DEREA v ¥ a7
) —TEOBSE, #am (B), 64-620, 1071-1078 (1998)

7

(6) BEHE A—HE Ml ARREZNY Ry 7 1 E M,
B fE (1981) 72 &

(7) O. Pironneau: Finite Element Methods for Fluids,
John Wiley & Sons, Chichester (1989)

(8) G.-S. JIANG and C.-W. SHU: Efficient Imple-
mentation of Weighted ENO Schemes, J. Comput.
Physics 126, 202.228 (1996)

8% A. CIP AL BREMEDBERICONT

1 ZTCORBHUREE a WFEMSRIT Oa/0x = 0 Ziiie T %
£DE L, CIP ki X 2Bt TR lOMIE TIELL F O
i e 2 DZEM 1 M SN EE A%,

ou . ou
ot ox

o (on\, 0 (u) o
ot \ Oz aaxax_ax

BEIEEZE L2(Q) ZLA DX D ICER LI L &,

=f in QCR, (10)

in QcR (11)

L*(Q) = {u =u(z) | / lu(x)|?dx < +oo}, (12)
Q
X (10), (11) Offt u Zii7z 3 & O OBz M2k X &
LIRDOEDTRINIIIZ SR,
ou

X = {uecl(Q) | ue L*(9), axeLQ(Q)} (13)

—7J5, Hilbert ZEf H'(Q) IR U, H' NREIELL RO X
IERINS.

ou v
(ua U)Hl = (U, U)L2 + (7 )
Ox’ 0z ) ;» (14)
(u, v)p2 :/uvdx
Q

B AREXOMIMERZE L ZLL PO X S ICE£T NI,

0 0

X (10), (11) IC KB CIP %% A 75 220 E Xt
FTHUILL IR BN S.

('Cua 7U)H1 = (f» U)Hl (16)

T,

ou v
(Lu, ,v)gr = (Lu, v)p2 + (L&E7 59:)L2

- of ow v
(o = (Fooe+ (5 52) Vo g

DED, CIP {EZLLTOZERE EEi £ 72D 5 5.

For all (v,0v/0x), find (u, du/Ox) such that

(EU, U)L2 = (f’ ’U)Lz,

(ﬁau (“)v) _<8f (“)v)
v or),. ~ \ar 21) .
COLE, HIREZLELUCZEM 1 BRI RRE T

L)V — MERZEH L, I O BRI ISR
WIS Semi-Lagrange Galerkin £ & 75 % .

(17)

(18)



00000000000000000vol80020110 066-690 .

{18% B. £ 3 RAMEO IV — FUEGFER (3 RT)

a )
TV — MHOTER 3 NEERE, PIRIKZSROTN TOBEUE u; &2 D 1 BREBEME (54 |,, 54, 54) (i=1,2,3,4)
, EHIC4ADOMH (ZAF) OELTORBIE vl = ue (i =1, 2,3,4) ZHRE LT % 20 HHEOMEALEZE
THa. VURAKTEEK K BT 257882 3 RV — FERICK S AN T —BBOEREZIM |k SRR
(L1, Lo, Ls, Ly) DBBUCE > TUFD X S ISR T T LN TES.

4

ou
uh|K:Z<HOzuz+Hmzax‘+H ) +sz‘> ZHezuez

i=1

T CTC, Hyi, Hyiy Hyiy Hayy Hei GEUFISRTHIRIBETH 5.

Hor = L2(3 = 2L1) — 7Ly (LaLs + LoLa + Ly La)
Hos = L3(3 — 2L) — TLa(Iy Ly + Ly L + LyLa)
Hos 2(3—2L3) — TL3(L1La + L1 Ly + LoLy)
Hos = L33 — 2L4) — TLa(In Lo + Ln Ly + Lo Ly)
Hyy = L1 Lo(20y + Lo — V)aor + LiLa(2Ly + Ly — Vs + L1 La(20y + Ly — V)
Hyo = LoL1 (2L + L1 — 1)21a + LoLa(2Lo + Ly — 1)232 + LoLa(2Ls + Ly — 1)z
Hys = LyLy(2Ls + Ly — V)arwg + LyLa(2Ls + Lo — Daas + LsLa(2Ls + Ly — 1)43
Hyy = LyL1(2Ls + Ly — 1)214 + LaLo(2L4 + Ly — 1)x04 + LaL3(2L4 + Ly — 1)x34

Hyy = L1Ly(2Ly + Ly — 1)yo1 + L1L3(2L1 + L3 — 1)y31 + L1 L4(2L1 + Ly — 1)ys
Hyg = L3L1 2L3 +L1 1 Y13 +L3L2 2L3 +L2 —1 Y23 +L3L4 2L3 +L4 —1 Y43

Hz1:L1L2 2L1+L271 221+L L3 2L1+L371 231+L1L4 2L1+L471 zZA1

(
(
(
(
(
Hyy = LoLy(2Ly + Ly — 1)y12 + LaL3(2L2 4+ Ly — 1)ysa + LoL4(2L2 + Ly — 1)ya2
(
(
(
Hap = LoL1(2Ls + L1 — 1)21 + LoLg(2Lo + Ly — 1)250 + LoLa(2L + Ly — 1)z40
(

Dy
)
)
)
)
)
)
)
)
)
)
)

( ) ( )
( ) ( )
( ) ( )
Hyy = LyLy(2L4 + Ly — 1)y1a + LaLo(2L4 + Ly — 1)yoa + LaL3(2L4 + L3 — 1)ys4
( ) ( )
( ) ( )
H,3 = L3L1(2L3 + L1 — 1)z153 + L3Lo(2L3 + Lo — 1)z03 + L3L4(2L3 + Ly — 1)243
H,y =Lyl (2L4+ Ly — 1)z14 + LyLo(2L4 + Ly — 1)z04 + LaL3(2L4 + L3 — 1)234
Hey =2701LoLsg

Heo =2701LoLy

He3 =2701L3L4

Hoy = 27LoL3 Ly

CTT, (i,j) 2 (1, 2,3, 4) ODMEBHEITNG, 24, yij, 21 FATDOXSITERT BT ENTES.

Tij = Ty — Tj
Yis = Yi —Yj (7’7]:17 27 37 4)

Zij = Zi — Zj




e
—— e
=

===

A —

e e e———

e —

RS R

A

00000000000000000vol80020110 066-690 .

R (FIISRIE)

SLG i

SUPG

Fig. 2: 3 JUrBHMBEOESE ) iIc kb onik

(z = 0 I TO X, CFL ~ 2.5)





