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Generalized AKNS Class of the Nonlinear Evolution
Equations and Its Trace Formula
and Dynamical Structures
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The generalized theory belonging to the AKNS class of nonlinear evolution equations 1is
reviewed and some topics relating with dynamical natures are discussed rigorously. The
general solvable class with a closed formula is given from directly solving its integrable
conditions and from analysis of squared eigenstates. Conservbation laws are derived by using
both trace method and squared eigenvalue problem. We naturally define a cannonical equation

of course equivalent to the generalized equation and the corresponding Poisson bracket. Each
constant of motions are prooved to commute each other, then we show an existense of infini

tesimal cannonical transformation which allows the system an infinite dimensional abelian
symmetry corresponding to the “half” Kac-Moody Lie algebra. This representation directly
connects to the infinite conservations of integrable nonlinear systems because of using a can-

nonical frame.

§ 1. Introduction

The inverse scattering transform (IST)" is powerful not only for solving the initial
value problem of nonlinear evolution equations (NLEE’s) but also for the analysis of that
dynamical tstructures. The interpretation of the IST as a cannonical transformation was
first given by Zakharov and Faddeeve” for the KdV equation, where the sympletic form
was used to prove the cannonical nature. The algebraic 2 X2 —class of NLEE’s (say “AKNS
—class”!’), on the other hand, was also treated by several authors, Zakharov-Manakov,?’
Flaschka-Newell,*’ Kodama®' and Dodd-Bullough®’ etc, where the Poisson bracket was also
used.

Since several years ago we have been interested in symmetries, appearing in integrable

» 7)

systems, specially relating with a new mathematical concept “Kac-Moody Lie algebras”.
The “half” of a Kac-Moody algebra is its subalgebra,

[M(an), M(bm)] =Cave M(Cn+m) for n,m:0,1,2-~ o, (1 . 1)

That is, this subalgebra is GXC(t,t™'), whichis associated with a finite-parameter
simple Lie group G. A representation of this generators(n=0) is MY’ =T%Xt" where 7T°¢
is a generator of G and ¢ is a variable. For example the group SU(2) has three generators
9 =6,/2i (a=1,2,3) and (T?, T®)=easc TS,
t", 0

1 1
M :;63xt" :Z [0, —t"] , etc. (1. 2)
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where esc (=Cad a complete antisymmetric tensor. Of course the realization of MY
should be different as what a problem we consider.

According to Eichenherr® and others,” where they based on the Riemann-Hilbert
) we had considered the symmetric transformations of the N X N-class of NLEE’s!V
relating with the Kac-Moody algebras. The matrix algebra through these gave a representa-
tion of the Kac-Moody algebras, but we did not find the existence of conservation laws.

In this paper we summarize a rigorous treatment for the generalized AKNS class of
NLEE's. In §2, the algebraic class of AKNS solvable equations is determined from the
integrable” condition, while also obtained by using squared eigenfunctions in §3. The trace

problem,'’

method*’ is introduced in § 4, which gives a relation between diagonal entries of scattering
matrix S and a differential operator of the AKNS eigenvalue problem. The conservation
laws are derived in §5, where we use the trace formula and eigenvalue equations of
squared eigenfunctions. In §6, we derive a cannonical equation equivalent to the generalized
NLEE and define a Poisson bracket naturally. It can be shown that constants of motions
commute each other. By this fact we can find an infinitesimal cannonical transformation which
allows an infinite dimensional Lie algebra. This is a realization of the Kac-Moody Lie al-
gebras and it surely relates with the infinite conservation laws.

§ 2. AKNS Equation and Integrable Condition”’

The AKNS equation is given by
ux=D(A;x, t)u, w =F(A;x, t)u, (2. 1)
where D and F “are traiceless 2x2-matices. Specially the matrix D is taken as
D(A:ix, t)=—id os+Q(x, t) (2. 2)

whi ch consists of a spectral parameter A, o3 one of Pauli spin matrices {¢;;7=1,2,3} and
an off-diagonal potential Q(x, ¢),

0, g(x, t) J
t) = .
Qlx, ) [r(x, t), 0 (2. 3)
It is basic to define the Jost functions @ and scattering matrix S as
Ox =D(A,x)0", @A, x)—e *%* for x> oo, (2. 4a)
@ (A,x) =07(A,x)S(A) , (2. 4b)

where ¢ is omitted for simplicity. We note det. ®*= 7 and (@*)'=(@*)", where “t”
means adjoint. The analytical propertiy of vector Jost components ¢7 and diagonal entries
s;; of S-matrix is well known, that is , functions {$ 7(A,x), #3(A,x),s::(A)} are analytic
on the upper A-plane, while {§ (A, x), $2(A,x),522(A)} on the lower plane.

For eq. (2.1) we must provide the integrable condition,

Dt _Fx+[D,F]:O , (2. 5)
obtained from cross-differentiation of eq. (2.1). If F(A;x, £) is taken as entire as to A, we
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possibly find the coefficients of expansions determined recursively. To make clear this
procedure, we introduce some conventional notations,

[A, B (7 [cC
F_{C, _AJ, |w>{q}, |h>{BJ ) (2. 6)

and a bra vector < k| =(—h,, k)" adjoint to the ket | 2> =(h, h2).
Then the integrable condition (2. 5) is reduced to

Ax=<wl|h> (2. 7a)
| he >—2iAas|l h>=|w.:>+2A40s| w> . ‘ (2. 7b)

We expand the vector | 2>and scalar A as to A,

N N
Azz /{nA("), lh>:2 Anlh(n)>. (2 8)
n=0 n =0
Substituting these into egs. (2. 7), we obtain
AL =<w| B> | (0£u<N) (2. 9)
o3l KM >=0 , (2.10a)
| B > —2i63| " >=24" 65| w>, (1=n=N) (2.10b)
| RO >=lw:>+2A 6slw> . (2.10¢)

These can be regarded as the differetial-differece equation for unkowns A and | 2™ >.
For solving this we define the following intergral-differential operator,

A_= {o'sax—ZW_[I,dy]} :6361[ZJ6163 y (2 11)

t
2
where
X
Wlx,dy) :asmlw(x)>/+ dy<w(y) oios . (2. 12)

After that we get

0.3| h(N)>:() ,
| R > =41 k"™ >+ialw> (1=n=N), (2. 13)

where a » is an integral constant for eq.(2 .9). The last one of eq. (2.10 ¢ ) should represent
the solvable nonlinear equation,

|w:>=2i6s| h°V > |
where | 27" > can be obtained from generalization of the recursion relation (2.13),

| B0 > =i (A)| w>
R(z)=anz" +anz"1' + +a.z tao . (2. 14)

The solvable class of nonlinear equation can be given by
{az—Z.Q(A_)aa}mlw>=O . (2. 15)

Corresponding to A and | 2>, the followings are similarly obtained,
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N N—k e - )
A=) +i B A* D an f_w <w|AN*w> dy (2. 16)
N - ~ .
| h>=1 1;1 AR go any; AN w> . (2. 17)
We specially list the case of N=3,"
] 1
AZ.Q(A)—Zaa(qrx—qxr)-Fé (az+Aas)gr , (2.18a )
. 1 1, 7 , . ] .
B:zaa(—z qxx+§q r+§ Agx +A q)+zaz(§qx+/1q)+za1q , (2.18Db)
. 1 1, i . . 7 .
C=ias(— 7xx +=qr —= Arx+A%r)+ia.(—rx+Ar)+ia.r . (2.18¢)
4 2 2 2
i 1
q1+1d3(4xxx_6q7’cbc)+§dz( Gxx—2q%7r)—ia,qx—2a0q=0 , (2.192)
) 1 . .
7t +ia3( Txxx_67’q7’x)_‘2‘ az( Vxx_zrzq)_ld17x+2007’ =0 . (219b)
The well -known integrable equations are found as
(1) av=a.=a==0, as=—41.
(1a) r=—1: KdV equation,
qge +6ggx + gxxx =0 . (2. 20)
(1b) r=mqg(m==x1) : M-KdV equation,
q¢—6mq2qx + gxxx =0 . (2. 21)
(2) ao=a.1=as=0, a2=—27 and r=mq* (m==1); NLS equation,
iQt+ Qxxx —Zmlqlzq =0 . (2 22)

Specially for eq. (2.22) with independent potential ¢ and 7, the matrix F is given by
_[ — 2iA —iqr, 2Aq+igx J

= . N (2. 23)
247 — 17x, 21A°+ g7

§ 3. Squared E igenstates and Solvable System

The AKNS solvable system can be reformulated by the squared eigenfunctions. For this
purpose we define

m‘f"*’3|¢j><¢klz{_¢”¢“v s $1n J

—@2ibon, $oi S
= 054 + DY), (3. 1)
where @, and @, are diagonal and off-diagonal, respectively. We easily find

oYP =(D(A,x), @), (3. 2)
From substitution of eq. (3. 1) into eq. (3. 2), we obtain

05, x=(Q, @) , (3. 3a)
Do, x=—iAlos, Po)+(Q, ®p) . (3. 3b)

We define both scalar and vector types of squared functions,
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Ds =0, —02,=<¢; |0‘3| b > ,
| @§» >=|¢, x ¢k>:{¢“ ¢”‘} :

¢21‘ ¢21z
then eqs. (3. 3) can be reduced to

Dsx =2<wl|oso.| @, > (3. 4a)
(0x+2idos)| Py >=—@soi|lw> (3. 4b)

where (¢ @21 —7®@12)=<w| gs0:| @, >is used.

There exist various squared eigenstates, hut it is sufficient to deal with three types of
squared functions,

(@ |03 > ={<g5|las| 5>, | 5 X85>}, (3. 5a)
(@57 | @, > ) ={<dil as | g1>, | 7 X $1 >}, (3. 5b)
(@57, | 03" > ={<di|las| $5>, | ¢ X ¢35 >}, (3.5¢)

all of which are analytic on the upper A -plane.

Caused from boundary conditions of Jost functions, the asymptotic behaviour of scalar
functions are made clear,

’

PP (A,x)~ 0 as x -t (3. 6a

~

P (A, x)>—su as x »too | (3. 6b

~

From egs. (3. 4)and (3. 5) the condition (3. 6a ) yields
X
0:" (X, ©)=2 [ <w(y)osoil 37 (2, x)>dy (3. 72)

(0x+2idas)| @37 (A, x)>:—261|w(x)>_£i <w(y)| esoil @37 (A, y)>dy. (3. 7b)
While the condition (3. 6b )similarly results in
(4, D=2 <w(plosor @ (A, 1)>dy—su(A) ., (3. 8a)
(0x+2ides)| @%° (A, x)>
24261|w(x)>fi: <w(y)loser] @Y (A, y)>dy +o1lw(x)>s11(A) . (3. 8b)
Both egs. (3. 7b) and (3. 8b) may be regarded as eigenvalue problems,

AXHX)| 03P (A, 2)>=A| @57 (A, x)> (3. 9a)
AEx)| @ (A, x)>=A| @ (A, x)>+(i/2)e30:| w(x)>s11(A), (3. 9b)

where 4 * are A -independent integro-differential operators already defined in eq. (2.12),

At(x):(i/Z){asaX—Zaaadw(x)>f:° dy <w(y)l o105 } . (3. 10)

The variation of S-matrix caused from potentials is given by
8S5(A)=[ 104, ) "8 Qy) (A, y)dy . (3. 11)

Regarding this variation depending on t, we obtain
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s-ls,zf_:[(p-]** Q. 0dy . (3. 12)

We introduce a matrix H(A ), which is independent on { —x and still commutes with o3,
then 0

a——{[cb‘]"Hw‘}:[w—]‘l[H, RQlo~ . (3. 13)
x

Considering the boundary condition in eq. (2. 4a )and (H,63:) =0, we integrate eq.(3.13)
and obtain S~1[H,S]:‘/-_°°[¢—]—1[H’ Qlo-dr . (3. 14)

If we impose the following ¢-dependence,

S:=(H,S) , (3. 15)
both egs. (3.12) and (3.14) are reduced to '?’

[ e @ —(H Qlody=0 . | (3. 16)

If we set H(A)=h(A)es,
0, g: —21’1(/1)61 }
—(H, = ,
Q~(H, Q) [7¢+2h(/1)7, 0
<ul{Q: —(H, Q) v>=<uXvlo:ilw:e+2hosw>
=<wlo1 9 —2hose| uxv>
We further note

(o) Qt@_:{—<¢%x¢i|allw,>, —<¢2i><¢i+|gl|w,>]
<gi Xdi || we>, < Xé || we>
After all eq. (3.16) can be reduced to
[T <dixdil o o +2h(M)aslw>dr=0 (3.17a)
[T <ptxgil o (o0 +2h(D)aa}lw>dr=0 . (3.17b)

As shown by AKNS, !’ squared vectors spun a vector space and above relations means a vec-
tor 61{0: +2h(A)os}| w> to be zero. But this is not true since in eqs. (3.17) kh=h(A)
exists. We must eliminate this A -dependence. Considering (c103)" =6306:1=—010s and
<@, | Alw>=—<w| A'| #,>, we use eq. (3. 9a ) then find

<giX¢ilh(A)oroslw>=<wlorosh(A) g1 X¢71>
=<w|loiosh(A7)| g1 Xg1>

According to eq. (A. 4) shown in Appendix A, relating parts of eqs. (3.17) are written as
[m <w|loiosh(A®)| @P >dx :—[w <Pl (A9 gs30:| w >dx

00

Hence we finally obtain

{0 —2n((45))as}orlw>=0 . (3. 19)
This is completely equivalent to eq. (2.15) and represents the nonlinear equation which can
be solved from analysis of AKNS eigenvalue problem.
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§ 4. Green function and T race Formula

The AKNS eigenvalue problem can be written as
LO0*=is3(3x— Q)0 =A0" . (4. 1)
For eq. (4. 1) we can define the Green function as
(L=2)GA;x,y)=06(x—y). (4. 2)

It is well-known that the Green function corresponds to the resolvent kernel or inverse
operator of (L —A). It is not difficult to write down the Green function, ®’

Gr(A;x,y) (Im.A>0)
G(A;x,y )= 4. 3
(A;5x,9) { Gy (A:x,y) (ImA<0) | (4.3)
where Gr(A) and Gw(A) are analytic on the upper and lower A-plane , respectively,
1A (x-Y)
=i ¢3(A,x)>——— <¢i(A,y)|os (y<x),
811(/1)
Gr(A;x,2y)= )
—il¢i(A,x)>————<¢35(A,y)los (y >x), (4. 4a)
511(/1)
iA(y—-x)
Z'I¢T(A,x)>—ws T <¢2(A,y)los (y <x),
Gh(A5x,y)= 21'2/1(Jr—y)
. e
i ¢2(A,x)>————<¢i(A,y)| a5 (y>x), (4. 4b)
322(/1)

and ¢1= ¢, exp(iAx), ¢2= dexp(—7Ax).
If we denote a trivial potential as Q°(= 0) and the corresponding operator L °, the trace
formula R(A) and its kernel g(x,y) are defined by*’

R(A)=Tr. D’(/l):/:: Tr.g(x,x) dx (4. 5)
where

D((A)=(L—A)"'—(L°=2a)", (4. 6)

g(x,y)=G(A;x,y)—G(A;x,y) . (4. 7)

From egs. (4. 4a ) we can obtain

GP(A;x,x):~i|¢3(A,x)>; <$¢i(A,x)| s,
811(/1)

cw;x,x‘)—z'[ 8: ﬂ ,

and note the relation
Tr. {|¢3><dilos)=<gilos|ldi>=05"
By these relations the function R(A) is given by
» @I (A,x)
R(A)=—1 —=" 4+ 1} dx . 4. 8
! '/:""{ 511(/{) } * ( )

We specially take the following components of AKNS equation,
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<Hrial=—<gil(—iros+Q) , (4. 9a)
| 5> =(—idos+ Q) #>—ia|dt>, (4. 9b)
where ¢ =d¢ /dA. Adding above relations, we get
d .
— < >=—i@" . (4. 10)
0x

We want to integrate eq. (4.10), but there remains a trouble, that is, the integral diver-
ges. To remove this, we first take a sufficiently larege but finite region (—a,a). After
that we make a limit of ¢ » o and impose the boundary condition, then obtain

. x=a .
<¢1_| ¢;> I =—sni1+2ias1
r=—a
After all we obtain
d o
alog su(A) = i_ﬁm{¢§P/sll+1}dx . (4. 11)
Comparing both egs. (4. 8) and (4.11), we obtain
d
R(”:_J log s1:(A) , (4. 12)

which is the well-known relation R= —4’/4, that is, 4 (=s,1) is the Fredholm deter-
minant. From egs. (45) and (46) we also get

d -1 _ 0__ 3 \-1
A log $11(A)=Tr.{(L—A1) (L°—A))

d
=— Tr.{log(L —A)—log(L°—A)} ,
dA
and

log s1:(A)=—Tr.{log(L —A)—log(L°—A)} . (4. 13)

§ 5. Conservation Law s

We substituste eq. (3. 8a ) into eq.(4.11),

d . o x
ax log 311:21f_mdx ];m<w(y)laam|!2}’(/l,x)>dy , (5. 1)

where
|27 (A, x)>=] @ (A, x)/51.(A)>

As well-known the conservation laws are derived from s::(A ) expanding into 1/A-series.
Instead for the derivation of eq. (5. 1) we use eq. (3. 8b), that is,

2 (A= 2)Y (A4 )= A) T esor | w(-)> . (5. 2)

The inverse operator in eq. (5. 2) can be expanded into'®
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I S S ©
A 1—=(A4%/4) A=o A M ’
by which the relation (5. 1) is reduced to

d w x + -
— log 311:—f dx /+ <w(y)esec1(A*F—A)" 30| w(-)>dy

dA
- 1 4P
where conserved density cx” {vanishing for =0} is given by
i (I,f):fx <w(y)| e105(A5)" 630, w(-)>dy . (5. 4)

Because of eq. (3.19) this surely results in a polinomial of potentials and its derivatives.
If we set the expansion as

log s11(A)= i‘. AP ChE o, (5. 5)

the conserved quantity c% (constant of motion) shoud result in an integral related with the
density. ,

1 pe
cﬁz——f ch(x,t) ddr . (5. 6)
nY -

We examine eq. (5. 1) in a different manner. Because of the relation @~ = @*S the cross
type of suared eigenstates are related to
| @57> =511l {X$5i>+sal @57 >
| @9 > =512l @3 >+52.| $1 X 85>

Then we get
1
| 03" > — | @Y >=p"| 037> —p" @3¥> (5. 7)
S11 S22
where 0 P =s21/s11 and o = s12 /s22. From Plemelj’s formula, we obtain
1 w dé&
RF(A)= —— {pfl @i >—p " @3>} (Im.A>0). 5.8
(= — [ = te”] oYl } (5. 8)

Substituting this into eq. (5. 1), we get

d
. 11 7R A
QA log s11(A)= (4)

1 (o = d
= f_mdxf_m%{ <wlsaos 03" > ¥ <wloaoi @5 >)(¢,y)dy

ey f fm E—A (P @37 —p 0¥ (&, 1) (5. 9)
where eq. (3. 7a ) is used. We further note
<$ilasli> <giloslgi>
S11 S22

=P @i —pVN @V

)

from which the following relation is derived.
D% (A 1  d
(A, x) 11= - / 15
s11(A) 271 J-=£&—RA
If we substitute eq. (5.10) into eq.(5. 9), eg. (4.11) is again obtained . Expanding eq(5. 9)

{p?P@" —p 0N} . (Im. A>0) (5. 10)
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as to A 7' and comparig it with eq. (5. 3), we can obtain
1 oo
= [T e leT 0 —pN 0 ) dE . (5. 11)
21 J-w
This represents the density by the scattering data.
As shown by Flaschka, we can show another type of conservation laws. From eq. (3.14)

and (@)1 =S(@7)' we obtbain
asn:—s“f: <¢55|anszS;>d;c+slzf° <¢iloQlgi>dx - (5. 12)

Because of s1142=¢ 3+s126 1, the term of the first integral is written as
—511<¢:0QIgT>=—<goQlgT>—5.:<81l5QIg7>.
Hence eq. (5.12) is reduced to

8 (log $11)=— fi<¢§|8Q|¢I>dy . (5. 13)

S11 -

This can be again expanded into 1/A -seriese as eq. (5. 3),

1 -
& (log s11) =— f <8 wl| o] @Y° >dx
S11 — o
- L e (5. 14)
—n=0 Ant1 n ’ .
which gives the variation 8 C% as
5Ch=(i/2) [ <owla(4%)" ayolw>dr . (5. 15)

The trace formula is again useful for derivation of eq. (5.15). By means of eq. (4.13) we
can also evaluate the variation of log (s11),

& (log s11)=Tr. {(L—a)1'6L} (5. 16)
Because L =7 03(d x— Q) and

Tr. (L= 6 L)==1/su) [~ Tr. {[45><4il8 Qldr,

Tr. (|¢35><4118Q)=<8wlo:lgixXdi> |

the relation (5.15) is reduced to

8 (log sll)z—f_m <Swl|lail @Y /s >dx . (5. 17)

This is just eq. (5.14).
§ 6. Hamiltonian Structures

In this secstion we consider functional derivatives and make clear the dynamical
structure of problems. First we give the folowing Proposition.
Prop. 1 : “For the scalar variations,

Sa :[: <8 u(x)| erv(x)>dx, 8b :f: <ulx)| 6 B(x)| v(x)>dx ,

its functional derivatives are given by
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da ob
5> =gs]v(x)>, 5B
respectively. The alginment of RHS in the former sholud be same as the ket | «>, while
the one in the later as the matrix B of LHS.”
By this Prop. 1 we can take the varliation of eq. (5.17),

(x)={v(x)><u(x)|)" ,

log sii=—a3| 27> (6. 1)
Sw> B sl
which can be expanded into A~!—series via eqgs. (5. 2) and (5. 5). That is, we obtain
. )
—2170s 5> P =(43)" g30:|lw> . (6. 2)

This is also derived from eq. (5.15) and suggests a clsose connection with the generalized
NLEE formula (3.19). Considering (4*)'=4- and (47)"=4 shown ineq. (A. 8), we
can regard (4 %) =4 *
Then both egs. (3.19) and (6. 2) result in

nodw>=—tios % anafﬁ S (6. 3)
by which the Hamiltonian H? {=H"(x,t)} may be introduced,

N
HP =—4 )12:0 an C£+1 . (6~ 4)

We remark that eq. (6. 4) can be derived from the variational formula (5.17) connected with
the analysis of trace formula. In the following, however, we show another way giving the
same result. The (1—1) entry of eq. (3.11)

dsule)=— [ <45 (6,018 QI$i(s,2)>dr (6. 5)
defines a functional derivative, and from Prop. 1 we obtain
8s T
( 50 (x)) ——(|¢r(x_)><¢z*(x)|) I () P (6. 6)
and dividing both sides by s1:
) T EF(A,x) )
—1 = -
(3Q ogs“) ( s11(4) ofs 6. 7)
where
EP=—|¢i><gil , EY =|l¢g:><4i

We must note that eq. (6. 1) corresponds to a vector relation of eq. (6. 7), because off-diago-

nal parts of Z7° are directly connected with @3”. On the other words, the trace formula

not only gives the conservation laws but also contributs on the Hamiltonian structure.
Another case of Im. A <0 is similarly treated. The squared eigenstates are given by

oON __
S

=Tr. (o3| ¢:><g1t|)=<¢32loslgi> and| @%¥ >=| é2 X4 7>, which satisfy
Dsr =2<w|oso| @,>, (dx+2idos)| @, >=—@50,|10> . (6. 8)

Because of boundary condition, @3V (A, x)— —s22(A) for r >+t we get the functional
form as eq. (3. 9b),
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At(x,dy)igN(x)>:x|g~(A)>+;—ml|w> , 6. 9)

where | 2V >=| @9 /s,,>. Thisissame aseq. (5. 2), while eq. (6. 1) must be replaced with

1 =3 2V > . (6. 10)
8|w> 0og S22 o‘3|

Again taking the expansion

log(322):2._0l ArCH s (6. 11)
we can reduce eq. (3.19) to
N )
= ] n Cha . (6. 12)
a;at|w> +4ZO'3 "2=0 a 8|M}> 1
Both relations (6. 3) and (6.12) can be reduced to
SHF & HY
618t|w>:63 = —03 (6 13)
&lw> olw>
where the Hamiltonian is given by
N
H(I,f)EHP:—HN:_4Z' 2-0 an C5+1 . (6- 14)
The components of eqgs. (6.13) shows the cannonical form,
o, 8H _  _sH i
t v 5q s t q ;87 . (6. 15)
We define the Poisson’s bracket as follows
« 0A 8B
A Bl=— . d
{ } f—°°6<w| S |lw> *

= ‘”(8(1 g —W g)dx:—{B,A} . (6. 16)

which of course satisfies the Jacobi identity,

{A{B,C)}+{B, {C,A}} +{C, {A,B}}) =0 . (6. 17)
Since 8 q/8¥=0, 8q/8q=86(x—y) etc., egs. (6.15) are reduced to
9.v ={r, H , 9d:q={q, H . (6. 18)

The quantity Ci" were of course conserved because s;;(A) is independent of t via eq.
(3.15). However, it is still possible to show this by using Hamiltonian structures. We
consider the bracket for both Ch and C%,

{co, C£}:(%)2 fw<[Ai]’"’16361w|[/1t]"6361w > dx.
From egs. (A.1), (A.11) and (A.12) we obtain
(ck, cm:% )2 f_‘” <w|o103(A5™ " sio1|w>dxr = 0. (6. 19)

Since each C% commutes with the Hamiltonian, we find C%,. =0.

Now we can discuss the cannonical transformation for our class and the basic points
are shown in Appendix B. First we comment on the action-angle variables developed by
Zakharov and his co-workers originally. We can list egs. (6. 1), (6.10) and
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& (log s12) $:X¢2 o (log s21) pIxXd1
- :_(73| >’ :63| >
8!w> Si12 8|w> S21

On the real axis &€ =Re. A, it is not difficult to calculate various brackets as {log s:;,

(6.20)

log smn}. For example we show
1 o ,

{log s11, log s21} (&) Toie—¢) —2—6(5—5 ) . (6.21)
To eliminate the first term in R.H.S., we must take complex conjugate quantities. The
action‘angle variables are defined by

P(&)=2-logls:1:1(&)| , Q(&)=(2/m)args.1 , etc.
Details for this had been reported by Kodama.®
As a new topic, we refer to the infinitesimal cannonical transformation,®'*’
é
8lw>
where |[W>=|R, Q> and 0<¢ <1. Denoting the infinitesimal term as |4 7,4¢q>, one
of the Poisson brackets is given by
{Q RY={q,r}+{dq,7}+{q, 4 r}+0(e?)
, & 8 8 B . . ,
=8 (x—x") -I-e(ﬁ' 5,y 3r ﬁ) Cr+0(e®)=6(x—2x"). (6.23)

From discussions in Appendix B, the transformation (6.22) is surely cannonical and both
Hamiltonians should be related as H(w) =H’(W), where H’ means the transformed one.
We substitute eq. (6.22) into this invariance,

HW)=HW-4w)=HW)—-8 Hw,dw)+0(e*) . (6.24)
From egs. (B. 1) and (6.19) we obtain a symmetry, H'(W)=H(W). This fact means
that the Hamiltonian system has an infinite abelian group of symmetry transformations.

I.C.T: |lw>=>|W>=|w>+eoci0s ct (6.22)

§ 7. Concludings and Discussions

The generalized AKNS class of NLEE’s were given with a closed formula still con-
taining integral differential operators A4*, from both the integrable condition (2. 5) and the
given S-matrix relation (3.15). Constants of motions (=C,) are derived by using the trace
formula and we also saw that A~!'—expansions of (A4*—A) 27" > =(i/2)ss0:|w> give
the conservation laws. We obtained such a canonical system o:|w: >=33(8 H/| Sw>)
equivalent to the generalized formula, from which the Poisson bracket was defined naturally.
Considering the property of 4%, we found that C%" commutes each other as to the Poisson
bracket. This fact enables us to find an infinitesimal cannonical transformation which
gives the system an infinite dimensional abelian symmetry already mentioned in § 1. This
can be regarded not only as the Lie-Backlund transformation but also as the Kac-Moody Lie
algebra of the system.
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Appendix A: Adjoint Operator
We define an adjoint operator A" for A given by eq. (2.12a),

[T <m@l 420 0370 >de = — [ 7 <037 (1A' [ polx)>dr (A1)

where go(x) is a rapidly decreasig function. Once the adjoint A% is determined, it is
possiblo to generalize eq. (A .1). For tlhis purpose we introduce

Dalx)={(4*CNY V" po(x)> (n=0,1.. ) (A.2)

which also vanishes rapidly. For example

J7 <palta? 037 >dx =~ [ <031 A(4) |po>dx

:—-/i: <@$P|/1|p1>dx :];: <p1|At|¢$P>dx:_'/im <¢%P|[At]1 |p1>dx.
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Then we obtain
[o<plta 0s7>dr == [T <037 1{44" )* |p>dx (A.3)
Repeating this, we get
R ((4=)=h((44") . (A.4)

It is not so easy to give the explicite formula of A" | that is, we prepare the formula
exchaging integrations,

f_:dx f:f(x,y)dy :f_:dxf_if(y,x)dy : (A .5)
By this formula both integral operators in eq. (2.12b) are relating with each adjoint as

Wilx,dy) =W.lx,dy), W!(x,dy)=W-Ix,dy) . (A.6)
It is reasonable to define the operators 4 * as

A x)=(i [2)(639 x —2W:[x,dy])) . (A.7)

For example we show the first one of eq. (A.6). Taking a rapidely vanishing func-
tion p(x), we calculate

f <p(x)|Welx,dy )l @37 (A, x)>dx
- ) )
= [T <pesorlwx)> [ dy <w(y)loros] 0374, y)>dr
oo X
:—f_m dx -/:m dy <p(y)loso.|w(y) ><w(x)| o103 @37(x)>
:‘_/_: dx <(D5P(x)|63m|w(x)>f:°dy <w(y)| oras|ply)>

= [T <o (W Lx,dy)l p(y)>dx

which is just the first one of eq. (A .6).
Since (039 x)! =63dx, the adjoints are given by

(A5 (x))" =(i/2) (30 x—2W +[x,dy))=4" | (A.8a)

(4 (2" =(i/2)(os0x —2W (x,dy))=4" . (A.8b)
Both relations (A .8) consistently satisfy

(A7)} =i /2)(o30x —2W[x,dy))!
=(7/2)(038x —2W_[x,dy))=4" (A.9)

Some specific properties are found in these operators. Relating these we list directly a few
of the first terms of (4 7)" g30:| w>,

i
[A‘]aamlw>=§ o|lwx>

7
[A']26361|w>:(—2—)263m{| wxx >+ w><w|osiw>)
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[A’]36361|w>:(§)301{| wxxx > 203l w><w| wx >+ w><wlosw>)x} , (A.10)
It also becomes
[A’]"o3allw>:[/1+]"ago'1|w> . (All)

From egs. (A.1), (A.8) and (A.9) we can see

f_w <w|oios(4 )" 6s0:| w>dx :—f% <w|e1es((47)") 636:| w>dx

:—f <wleias(A4*) 630, w>dx .

That is, from eq. (A.11) we obtain
f:<W|010'3[At]n0'30'1|w>d.r:0. (A.12)

Appendix B. Cannonical T ransformation

We start from the cannonical equations, o.| w:>=03(8 H/|Sw>). The variation of
an arbitrary functional J(w) is given by
o 8]
é , 0 = <¢ ) — dx , B.1
J(w, s w) f_m w| 8103 Slw> ( )
and all of variations are regarded as
3F:F1At, SQZQzAt , Srv =r: 4t
Then eq. (B.1) is written as '
w 87
I :f_w<Wt|0163 m;

L Tras 4 S (B.2)
This reduce the cannonical sytem to
{la. 7} 0 =0(x—x") , {qg, g} ={r,7} =0, (B.3)
The cannonical equation can be reduced to
Qt:{q,H}(x), Vz:{f’,H}(x) . (B-4)

We next consider another cannonical system, o:.|W:>=03(8 H’ /|6W>), and assume
that w is a functional of W, w=w(W).
The variation in eq. (B .1) is repretented by
8] ¢&q 5]_87’ 3]% 8]6‘_7’

Sf:f_wdx/_m {(EZ' 50 5, 500 TG sk sy 5 R R} d¢

Again we reduce this to the form as eq. (B. 2),

(a8 ) da 8] or OoH 8] dq 8] dr 6H
]’_f—wdxf—w{(aq 8Q &7 BQ)BR (aq SR 57 aR)aQ}d‘:
o © 8] 8q O6H 8q 6H _ o&] o&r 8H &r 0H
= d g/ 24 22 %4 20,0l 2T 22 27 77 nyg

S 5a 50 sk 3R 00 75y G0 3R sk ¥

Another Poisson bracket is naturally introduced,
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=/ it oH 4 (B.5)
{];H}(E) - "°°<8W| |5W> ’ .
by which above relation is reduced to
© 8] 87
J :[w (—- {g,H}e, +—— - {r Hhe))dx . (B.6)
dq S

Instead for eq. (B. 4) we obtain the one in the & —space,
q: ={a,H}e, , 7: ={r,H}e) . (B.7)

From eq. (B .4) we get

{¢,HY o ={q,H}\ey , {7r,H} ={r,Hle . (B.8)

Of course we obtain
Q:={Q,Hle, , R:={R,H}e |, (B.9)
{Q, R)e) =0(6—¢ ), {Q, Qlkey ={R, R}y =0 . (B.10)

If we introduce an arbitrary functional K(Q, R) defined in the § —space, above consider-
ations are repeated similarly. The results are exactly symmetric,

Q: ={Q,H}xn , R:={R Hlwxn . (B.11)
Both relations (B .9) and (B .11) result in
{Q Hle) ={Q H}», (R Hle ={R Hlw» . (B.12)

Relations (B.3) and (B .8) as to (g, ) exactly correspond to both egs. (B .10) and (B .12).
For these set of equations we can choose the Hamiltonian as arbitrary functionals of (g, r)
and (@, R), then it can be writen as

{0,7’}<x> :{4,7’}(e> , {q,l]}m :{qu}m ,

{r,7}w ={r7r}e , (B.13)
{Q, R}o ={Q,R}e), {Q,Q}=1{Q,Q})0),
{R,R}(x) :{R,R}(g), (314)
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