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Finite Element Approach for Schrodinger Equation

with Lennard—Jones Potential

Hideyuki Arait Isao Kanesaka and Yukio Kagawa

(October 1975)

Finite element approach is successfully applied to-the vibratinnal Schrédinger equation
with Lennard-Jones potential. Ar, atom molecules are considered for diatomic problem, for which

the eigen values, the corresponding eigen functions and the vibrational level spacings are calculated.
The calculated values agree with those experimentallv obtained. This verifies the validity of the

present approach, which paves the way to the application to the problems of this kind.

1. Introduction
Finite Element Method was originally developed for the analysis of structures and have now wi-
dely been applied to various classes of problem in engineering science because of its versatility.
Among others the method is successfully applied to the analysis of the field problems, of Laplace,
Poisson and Helmholtz equation.l)’z> The Finite Element Method is a variant of Rayleigh-Ritz pro-
cedure and a process to discretize the continuum field with the best possible approximation by means
of the variational calculus which minimizes the functional corresponding to the governing differential
equation. Therefore the present procedure can be said to be an extended approach of the variational
calculus which has intensively been utilized in wave mechanics.a)
The purpose of this paper is to present the finite element technique for the vibrational Schrodinger
equation with two body potential V which is expressed as follows:
d2 ¢ 2u

1@ " T

(1)

(E=V)¢ =0

where ¢ is a wave function, Q a normal coordinate, # a reduced mass, and E an eigen value.
1f V is expressed by

) (2)
V= K@
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where K is a force constant. Equation (1) is known as the Schrodinger equation of harmonic oscil-

lator and can be solved precisely.

In case of Lennard-Jones potential,4) V is expressed as:

12

V@ = 45{ ( re:Q)—(re:Q)sw.z&s } (3)

where ¢ is a potential energy in equilibrium distance r, and ¢ a distance of two bodies at V =¢.
The eigen values and their associated wave functions for harmonic oscillators as well as those
under the Lennard-Jones potential are numerically calculated by means of flement element approach.

The results are compared with those obtained analitically and experimentally.

II. Functional and Finite Element Formulation
According to the variational calculus the solution of equation (6) is equivalent to finding the fu-

nction ¢ which minimizes the following functional:3)

x=§q {%(f;%) —%%(E—V)W}dcz “)

which physically corresponds to the expectation value in quantum theory. The integration is taken over
the whole region under consideration.
The region in which the problem is to be solved is divided into small elements as shown in Figurel,

for which the trial function is assumed to be

¢=2Q a,=Nlal (5)

k=1

where the components of N are spatial function and the as are seven unknown constants to be chosen
so as to satisfy the nodal values at the element nodes.
Thus the function ¢ is uniquely specified within the element by the nodal values¢i,¢,,¢35, ....,¢;
and their associated coordinates as
N,
fo)={N2 L1 41—t (q) (6)
Ni

e (e)
where ( )() refers to the element. | ¢e| indicates the values of ¢ at the element nodes, which is

W’(e)} = {¢1 Gy pyreeeer & }T

where T denotes the transpose, and N, consists of the coordinate values corresponding to node i,

which is

N=1{1Q: QF Qi-eee Qi
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Premultiplying the each side of the equation (6° by C eJ(inverse of C(E) matrix) and substituting {af

into equation (5', we obtain the trial function as
-1
¢ :Nc(E){(/l(e)}

Substituting equation (7) into equation (4) the functional for the element is given by

fe> @
where l ¢

(B)

tc J[A EB(e) C(e) {(ﬁ(el} (8)

(e) 9 T 0
R SN g

e

(e)

(10)
where the integration is taken over the element.
(e)
To minimize the functional X, we take the partial derivative with respect to { ¢ |and to give

a x © 11 (e) (e;{l

o ige —(CVRCg )~ E(C' 98 "4 = o (11)

Equation (11) holds for all the elements that divide the space.
The values of ¢, at the interconnecting nodes between abjoining elements must be the same. With

this compatibility imposed, we obtain linear algebraic equation of the form

(A—EB){¢ =0 (12)

The eigen values and the wave functions are calculated from equation (12).

[l. Numerical Examples

The functional of equation (4) is defined in unbounded space, for which the integration must be
carried out. This can not be achieved in numerical analysis. Since the lower eigen values are gener-
ally of our interest, the potentialdistributionis first calculated for which the region where the potential
forms the well are divided into the elements.

The first examples of the calculation are the harmonic oscillators of hydrogen and oxygen. That is,
equation (1) is to be solved under equation (2), which can analytically be solved.

The sixth order polinomial is used as the trial function of the element, Six elements divide the

region to be integrated which is chosen so as to cover the lowest some eigen values. Two schemes

are considered for the way of division:

Case 1. Equal space division.

Case 2. Finer divisionareemployed in the vicinity of the potential well.

The calculated lowest eight eigen values are shown in Table 1. The values obtained by the finite
element approach reasonably agree with the analytical ones. The results are not free from the way

of division. The number of the elements are not yet enough, which is limited because of the capacity
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of the computer used. The present approach is, however, promissing if proper way of division is cho-
sen (Case 2). Figure 2 shows the potential distribution and the eigen functions (which are not normalize
in the figure) corresponding to the lowest six eigen values.

The next examples of calculation are for the case of Lennard-Jones potential. 1t is to solve equa-
tion (1) under equation (3). Argon molecules are considered, for which the experimental values of
the vibrational level spacings are already given.m Lennard-Jones parameters are given in Table 2,
from which the potential of equation (3) is calculated. The region where the potential is negative
is chosen for integration. The order of the polinomial of the trial function and the number of the
division are the same as above. Finer division is used in the vicinity of the potential well(Case 2).

The calculated vibrational level spacings and their experimental counterparts are shown in Table 3.

Reasonable agreement is again obtained.

In Figure 3, the potential distribution and the eigen functions for argon molecules in the Len-
nard-Jones potential are also shown. The dotted lines for the eigen functions arehypothetically drawn,

as they are out of the region of integration.

IV. Final Remarks
Finite element approach is successfully applied to the vibrational Schrodinser equation.

In the present paper, some simple examples of diatomic molesule problems are considered for the

verification of the approach.

The Finite Element Method is promissing and paves the way to the application to the wide range

of the problems of this kind.

The numerical calculation was performed at Toyama University Computer Center.
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Table 1. The eigen values for the harmonic oscillator of the diatomic molecules
Hydrogen Oxygen
Finite Element Approach Finite Element Approach
v Analytical Analytical
ase 1 Case 2 ase 1 Case 2
0 2205.7 2210.2 2205.6 791.3 794.0 791.2
1 6617.2 6725.3 6618.6 2374.0 2458.6 2373.9
2 11028.7 11172.2 11035.7 3956.7 4220.3 3959.0
3 15440.1 16585.7 15449 .4 5539.4 5984.7 5545.5
4 19851.6 22291.7 19838.0 7122.0 9444 .3 7169.9
5 24263.0 39015.9 24276.8 8704.7 10996.2 8751.4
6 28674.5 42265.1 28925.0 10287 .4 16649.0 10434.2
7 33086.0 58842.3 33440.2 11870.0 19385.0 12074.3
8 37497 .4 62265.5 37946.8 13452.7 22713.8 13731.9
{em™)
Table 2. The Lennard-Jones parameters for Ar,
€ 1%
(em) (A)
Ar, 115.1 3.35
Table 3. The eigen values for Ar,in the Lennard-Jones pottential

vibrational level spacings
v |Experimental Finite Element Approach
0 25.0-26.7 23.74
1 18.6-20.8 18.97
2 14.8-16.2 14 .55
3 9.2-11.3 9.81
4 5.9- 8.0 8.47

(em 1)
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Figure 2.

The potential function and the calculated
eigen functions for the harmonic oscillator
of oxygen molecule. The solid horizontal

lines show the level of the eigen values.
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Figure 3. The potential function and the
calculated eigen functions (arbitrary unit)
of the Arp molecule.

The solid horizontal lines show the level
The dotted lines
are hypothetically drawn.

of the eigen values.
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On the Reduction of the Artificial Dolomite obtained from Sea-water

Magnesia by Fe-Si

Masao IKEDA and Kiyoshi TERAYAMA

Having Studied on the reduction of artificial dolomite from $ea-water mangesia, we obtained fo-

llowing results.

1) The effects of Si content and CaO/MgO’ in briquette on the yield of Mg show no difference be-

tween artificial and natural dolomite.

2) Sufficient washing of sediment of I\/Ig(OH)-2

thermal reduction of Mg.

3) It is required to take off undissolved Mg(OH),

dehydration.

is essential to get suitable raw materials for the

in briquette before reduction by preheating and

4) There are not so large differences between artificial and natural dolomite, so far as reduction

rate and purity of Mg are concerned.
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Optimal Reduced Order Models of Linear, Discrete-Time Systems
by Non-Linear Programming

Motofumi Sasaki

A method is proposed by which a linear, discrete-time, high-order system can be reduced to a number of
optimal low-order models by dividing the total time of response into a number of smaller intervals. It is
based on the application of the non-linear programming to estimate the parameters of the model which minimize
the sum of squared output errors of the impulse response with a weighting function. Non-linear programming
is used to optimize the same number of parameters as the order of the reduced-order model. If a certain
condition is satisfied, it is shown that we can obtain the optimal reduced-order model which is stationarily
equivalent to the system with respect to a unit step input, although approximation is based on the impulse

response. The proposed method is applicable to time delay systems and multiple input-single output systems.
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The Effects of the Metallic
and Lubrication in the Cold

Carbon Steel

Structures on the Friction
Deformation Processing of

Mitsugu TOKIZAWA -Kazuo MUROTANI

This paper describes the results of a detailed study on the development of surface asperities,

under cold compression condition of the pure-iron and carbon-steel which have various grain-sizes.

The frictional power occuring between the metal-tool interfaces being directly measured, it is fo-

und that the materials of large grain-sizes have greater frictional resistance, and that this pheno-

menon is most remarkable in the case of the high carbon-steel.
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On the bulk modulus of hydraulic fluid under entrained air
condition

Takayuki NAKAGAWA, Tsuyoshi OSUMI

In this paper the bulk modulus values of hydraulic fluid at lower pressure are calculated with considera-

tion of entrained air.
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Improvement of Transfer Coefficient Using Gas Bubble Intermixture

Hisashi MIYASHITA -Masuji SUGATA -Kazuhiko KITA

The objective of this paper is to determine the local and mean mass transfer coefficients between
solid wall and liquid layer of bubble phase, and the “gas hold up” in gas bubble column, and then to
discuss the application to the heat transfer equipment on the basis of those experimental results. In
the experiment the distributions of local mass transfer coefficient as well as the mean mass trans-
fer coefficient were measured by an electrochemical method under the diffusion control.

Results 1. Mean mass transfer coefficient without gas bubble rate u, increases exponentially and
is proportional to w %6, as the liquid flow rate u, increases (0.4 <u; <20 (em/sec)). The coefficient
with gas, bubble is almost constant and agrees with the former in the range of 10 < w < 20. 2. As
the gas bubble rate u, decreases (ugy <20(cm/sec)), the improvement ratio k. / kLe increases. In u;=
0.4, it is recognized thet maximum ratio amounts to sixteen. 3. “Gas hold up” ¢ and ki / kLo

were correlated by following equation.
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GaSe - SnO,~T v HEADELA/N JEFRY RS

HELLIE SR - IR

Electrical and Optical properties of GaSe‘SnOZ Heterojunctions

Chiei TATSUYAMA and Shéji ICHIMURA

Capacitance-voltage (C-V) characteristics,

current-voltage (I-V) characteristics, electrolumi-

nescence (E.L) and photovoltaic effect (I'ph) of GaSe-SnOo heterojunction diodes are measured.

SnOg layer is deposited on the c-plane of GaSe by spray method.

C-V characteristics of these

diodes reveal that the high resistivity layer whose width is about 2.6 um is formed. The origin of.

the high resistivity layer is probably due to the diffusion of Sn into GaSe.

Forward I-V characteristics show the current transport mechanism at low voltage is space-charge-

limited-current.

The trap density and the energy level of the trap from the valence band estimated

by Lampert theory are about 5x1013~1x1014 cmd and 0.4~0.6 eV, respectively. E.L spectra at 275

K show only one emission band due to free exciton recombination. On the otherhand, E.L spectra

at 4.2 K show many fine structures, and they are assigned to be due to bound excitons and its L. O.

phonon replicas.
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Crystal Growth and Electriecal Properties of GaN

Shin-ichi TACHI -Chiei TATSUYAMA -Shdji ICHIMURA

The epitaxial growth of GaN by employing a technique previously reported of vapor phase reaction

between GaCl and NH,

in an Ar carrier gas ambient is described. Single crystal layers 10~100 um

thick and ~0.5 cm2 in area, were obtained on (0001) oriented sapphire substrate at deposition tempe-

rature about 1045 °C

The best undoped layers obtained had carrier concentration of 2~ 7><1018

about 90 cm?/V -sec.
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65— 3 40 [2.2X1072 37 7.7%X1018
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The Interface Circuits of a Small Magnetic Drum

Toshikazu ASO - Takeshi NAKADA
Takao KURIYAMA -Hiroshi INOUE

This is a report on the experimental interface circuits made for increasing the memory capacity

of the mini-computer. By using the circuits we could decrease the operating time of the computer

for completing one program.
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