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Effects of Gas Inertia Forces on Dynamic
Characteristics of Externally Pressurized
Gas-Lubricated Thrust Bearings*

(Bearing Performance of Externally Pressurized Gas-
Lubricated Circular Thrust Bearings with a Single
Central Supply Hole in a Choked Condition)

Yoshio HARUYAMA**, Atsunobu MORI***
Haruo MORI***, Fusao MIKAMI**,
1 Tsuneji KAZAMAKI**** and Hiroki AIKAWA'"'

In this paper, two analytical models for an externally pressurized circular thrust
bearing with a central supply hole are presented when the gas flow is choked at the
inlet to the clearance space. These models can be modified for an unchoked condition
and enable one to analyze the dynamic performance of the bearing over a wide range
of design conditions. From the experiment, it is concluded that the effects of the inertia
forces are considerable when the feeding parameter is small, and that the presented
analyses yield good predictions of both the bearing stiffness and the damping
coefficient.
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. nally pressurized circular thrust gas bearings with a
1. Introduction yp g g

Conventional analyses of the performance of
externally pressurized gas-lubricated bearings are
based on the classical Reynolds equation in which the
inertia forces of the gas film are ignored and an
isothermal change of state of the gas film is assumed.
Several investigators have found the effects of the
inertia forces on the static and dynamic performance
to be small for usual applicationos®”~®. Some of the
authors have already pointed out the fact that the
inertia forces of the gas film cannot be ignored in the
analysis of the damping coefficient when the Reynolds
number of the pressure flow becomes high®. In the
present paper, the dynamic characteristics of exter-
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single central supply hole will be investigated. In such
a bearing, a sharp depression in the pressure profile
near the supply hole has been observed for the case of
high supply-pressure and large clearance. Mori and co-
workers®~® investigated theoretically and experi-
mentally the above problem and presented that the
pseudo shock wave model yielded good predictions for
the statical pressure profile. It is difficult, however, to
analyze the dynamic performance by this model. In
this paper, therefore, new simplified models are
introduced to enable the determination of the dynamic
performance of such a bearing. In these new models, it
is assumed that the complicated flow in the region of
the static pressure recovery just after supersonic
expansion around the feed hole can be replaced by an
inertia-dominated isothermal flow. Such an isother-
mal inertial flow is followed by an isothermal fully
developed flow. This fully developed flow is analyzed
through the Navier-Stokes equations by means of the
averaging approach. Such models enable the deter-
mination of the statical pressure profile similar to that
obtained by using the pseudo-shock-wave model
which coincides well with the experimental profile.
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2. Theoretical Analysis

Figure 1 shows schematically the externally pres-
surized circular thrust gas bearing with a single cen-
tral supply hole of inherent compensation which is
subjected to analysis. This bearing has a uniform film
thickness without any recess. The gas with constant
pressure ps is fed into a central hole. It is presupposed
that the gas behaves as the perfect gas, and that the
flow is choked at the inlet to the clearance space. The
following assumptions are used in order to simplify
the analysis.

1) As shown in Fig. 1, the flow domain in the
clearance space can be divided into three regions,
namely, Region [ with a supersonic isentropic flow,
Region II with an inertia-dominated isothermal flow
and Region Il with a subsonic fully developed flow.

2) The flow in Region I is, as mentioned above,
isentropic, and the skin friction is negligible. The heat
transfer from the walls is also negligible. Dynamical
conditions can be analyzed quasi-statically. Velocity
profile across the film thickness is always uniform.

3) The flow in Region II is inertia-dominated and
isothermal. Viscous effect on the velocity profile is
negligible. Dynamical conditions can be analyzed
quasi-statically.Velocity profile across the film thick-
ness is always uniform.

4) The flow in Region Il is fully developed,
laminar and isothermal. Inertia forces are taken into
account. Dynamical conditions can be analyzed
through the unsteady Navier-Stokes equations by
means of the averaging approach.

The boundary conditions are the continuity of the
pressure and the mass rate of flow at the boundaries
between adjacent regions. It is assumed that the
maximum statical velocity in Region Il is equal to the
sonic velocity at the beginning of Region III.

(i) Region I: The momentum equation, continu-

Fig. 1 Schematic diagram of externally pressurized
thrust bearing
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ity equation, equation of state and energy equation are
given as f0110w5‘

_Llap_

o dr a’r (1)
*dd;(rpu)=0 (2)
po'=RT (3)
CodT +d(u?/2)=0 (4)

where u is the velocity component in the »-direction,
p is the pressure, p the density, ® the gas constant, 7
the absolute temperature and C, the specific heat at
constant pressure.

The gas enters Region I with sonic velocity and
critical pressure p* corresponding to the supply pres-
sure ps. p* is written by

p:p*:(}(il)’d(ﬁkn-ﬁ& (5)

From Egs.(1) to (4), the pressure in Region I is
obtained as

R 2 x+1 P 2/x 2 P (x+1)/x
(&) =25{£)" -5 () (6)
where P=p/ps, P*=p*[pa, R r/ro, Rs=7rs/ro and x is
the ratio of specific heats.

(ii) Region II : The momentum equation and the
continuity equation are the same ones as in Region 1.
The equation of state is given by

pp"1=£R To ( 7 )
where 7% is the ambient absolute temperature which is
constant. From these equations, the following equa-
tion can be obtained

ab_pP _ Ci (8)

dR~ R P*R*-Ch
where Cy is the integration constant. In order to
calculate numericaily as easily as possible, Eq.(8) is
transformed approximately as follows;

2 2
=T 1+P(2;1"22> (9)
or
dP _ C}
dR = PR’ (10)

since Ci/(P*R?<1 in Region II (refer to Appendix
1).

The result derived from Eq.(9) is named Solu-
tion 1 and that from Eq.(10) is named Solution 2 in the
following discussion. Equation(10) can be solved ana-
lytically as

C“ 1/2
p=(-Sr+cu) (11)

where Ch is the integration constant.

(iii) Region III : The momentum equations, conti-
nuity equation and equation of state are given as
follows ;

9p.
L )— +“ azZ (12)
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_a& =
aF +L ; ar(rpu)+ Z(pw) 0 (14)
po'=rTh (15)

where w is the velocity component in the z-direction,
¢ is the time and u the viscosity. It is quite difficult to
obtain the solutions for the above equations without
any approximations. Then, averaging out all the iner-
tia terms in the momentum equation (12) across the
film thickness, and defining f as

=10, o Ou . Ou
f_u8r+ (at+u +w az)afz (16)
we can obtain the followmg pressure equations ;
3
A9 (RPF)=0-2(PH) (17)
P H* 2 __G_U_Q_ 3
F= aR+12 B a;e‘RPF) (PFH)
(18)
where
H=hlh, t=wt, F=rouflpa,

o= 12;1(0(&)2 a= ( Dol >
pa \ho/)’ L2uvR Toro

ho is the equilibrium clearance, p. the ambient pres-
sure, and w the angular frequency of squeeze motion.
a is a parameter which represents the contribution
from the inertia forces', and o is the squeeze number.
The velocity profile across the film thickness is always
obtained as a parabolic shape.

Now suppose a small harmonic variation around
the equilibrium state. Then, the clearance H can be

given by

H=1+¢ee". (19)
Corresponding to this, P and F are given by

(Py F)Z(Po, F0>+5(ﬁt,ﬁt)€jt (20)

Substituting Eqgs.(19) and (20) into Eqs.(17) and (18),
we can formulate the following governing differential
equations ;

dPo — Po CmR2+ 12aC12n (21)
dR R PiR*—1.2aCh

R 4R —LR(PF.+ PFy)) = jo( Pot P) (22)

7 dP: 1262 d
F="RrT"F 4R

X{R(4PFE+ 2P FoF, + P.FY))
—jac{Py(F:+3Fy) + PoFo) (23)
where Cui is the integration constant. In order to
calculate numerically as easily as possible, Eq. (21) is
transformed approximately as follows ;

ZIP? ._Q'(CmRz-Jrl ZaCnx)(l-{-l_‘ngZL‘%LL) (24)
or
z 2
S (25)

since 1.2aCh/(P§R?) <1 in Region III (refer to Appen-
dix 2).

JSME International Journal

453

Equation(24) is used in Solution 1 corresponding
to Eq.(9), and Eq.(25) is used in Solution 2 corre-
sponding to Eq.(10). Equation(25) can be solved ana-
lytically as

Po={2 Curln R —1.2aC51<%2——1>+1}”2. (26)

Equations(9),(24),(22) and (23) are -calculated
numerically by the Runge-Kutta-Gill method.

The dynamic stiffness and the damping coefficient
are defined as the component of the bearing reaction
force in the same phase as the displacement, and the
component in the same phase as the velocity of the
displacement, respectively. The dimensionless
dynamic stiffness K and the dimensionless damping
coefficient B normalized respectively by 77&p./h and
77épa/(how) can be derived using the four dimension-
less designing parameters : Rs=17s/r, (the dimension-
less radius of the supply hole), Ps=ps/p. (the dimen-
sionless supply pressure), I'=—12uCo7svR Tp In
Rs/(pahs) (the feeding parameter) and R¥*= pohiw/y
(the unsteadiness parameter), and the discharge
coefficient Cp. ps is the density at the ambient pressure
ba. R¥* is equivalent to the Reynolds number obtained
using the velocity of the squeeze motion sw as the
characteristic velocity. This parameter represents the
ratio of the local acceleration term to the viscous
term. The above parameters are related to the
squeeze number ¢ and the inertia parameter « defined
in Egs.(17) and (18) by the following equations ;

J=%<‘EDT;;'{H—R;>2RQ** (27)
a=( —M}ﬁ—"’—s)z. (28)

The analytical models in this paper can be
modified for an unchoked condition. In this case,
Region I disappears and the bearing clearance space is
divided into two regions, Region II and Region III. If
the value of I” becomes large, the whole space can be
treated as Region III only.

3. Examples of Calculated Results

To verify the basis of the proposed analysis, in
Fig. 2, the theoretical estimations of the statical pres-
sure profile are compared with the experimental
results"®. In this figure, the symbols, PM and LT
indicate the results by the 1st-order perturbation
method"” and the classical lubrication theory, respec-
tively. The results of ref.(8) are obtained by using
the pseudo-shock-wave model. R.n and Reu are the
radial positions of the termination of Regions I and 11
obtained by Solution 1. The radial position, R, of the
termination of the supersonic isentropic flow region
calculated by Solution 1 or Solution 2 is located far
upstream from the corresponding position calculated
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by the pseudo-shock-wave model. The theoretical
results agree well with the experimental data.
Figure 3 shows the results of the various approxi-
mate solutions for the dynamic stiffness and the
damping coefficient. In this figure, the symbol AA
indicates the results by the averaging approach®.
There is no significant difference between Solution 1
and Solution 2. As for K and B, under the condition
where " is small, the results of Solutions 1 and 2 are
larger than those of LT. The results of AA are nearly

6
P =559
Rs=00148
M =0602
s
»
. PM LT Ref.(8)
Qc
b T g e 2 e e
Solution 1
Solution 2
0 l H m 1 1
0 Rs RaRex 005 R 0.1

Fig. 2 Comparison with experiment'®, for statical pres-
sure profile
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Fig. 3 Comparison of approximate solutions for dynamic
stiffness and damping coefficient
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equal to those of Solutions 1 and 2. However, the
results of AA cannot be, obtained under the condition
where the gas flow is choked at the inlet to the clear-
ance space. The inertia effects by PM are smaller than
those by Solutions 1 and 2.

Figures 4 and 5 show the influence of R, and ps on
K and B. In these figures, the solid lines correspond to
Solution 1 and the broken lines to the classical lubrica-

1072 10" 1 10

Fig. 4 Dynamic stiffness and damping coefficient for
different radii of supply hole Rs

107 10 1 10

Fig. 5 Dynamic stiffness and damping coefficient for
different supply pressures Ps
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tion theory. The inertia effects become remarkable as
the radius of the supply hole R; increases. However,
the effects are almost the same in magnitude even if
the supply pressure p, increases.

4. Comparison with Experimental Results

The experimental apparatus and procedure are
the same as reported in Ref.[11]. The bearing stiffness
and the damping coefficient are obtained by the fol-
lowing method. An impulse load is applied to the
shaft. The response of the shaft displacement is recor-
ded by a digital memory and displayed on an oscillo-
scope. The logarithmic decrement and frequency of
shaft vibration are determined from these data, and
are then used to calculate the stiffness and the damp-
ing coefficient. The mass of shaft is 1.50 kg. The
dimensions of the test bearing are 2»,=45 mm and 27
=5 mm.

In Figs. 6 and 7, the calculated results of K and B
are compared with the experimental results. In Fig. 6,
the influence of Ps is examined. The solid lines and the
broken lines indicate the results of Solution 1 and the
classical lubrication theory, respectively. In this
figure, good agreement can be found between the
estimations by the present theory and the experimen-
tal data. This is pronounced under high supply-pres-
sure conditions. In Fig.7, the theoretical results

10? . ! L
10"
J
O
%
107
“Belo 0 3 4
@ A @ ° 4o
\\‘ oo °
3 g
10°F \§§ o ®
2 TSS3sg
10'4 i 1 . 1 =
100 hq 200 300

Fig. 6 Results of Solution 1 and the classical lubrication
theory compared with experiment, for dynamic
stiffness and damping coefficient
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obtained by using the various analytical models are
compared with the experimental data in the case of P
=3. This figure has the same symbols as Fig. 3. In both
K and B, the predictions by Solutions 1 and 2 are very
close to the experimental data, while those by PM and
LT tend to be much lower than the experimental data.
This is pronounced as 4 increases. Availability of AA
is limited within a relatively small clearance.

The value of the discharge coefficient Cp is deter-
mined by using the contraction ratio for a sharp-
edged orifice presented in Ref.[12].

5. Conclusions

New analytical models are introduced to predict
the effects of the inertia forces of a gas film flow on
the dynamic properties of an externally pressurized
gas-lubricated circular thrust bearing with a single
central supply hole. From comparison with the experi-
ment, the following conclusions have been obtained :

(1) The new model enables the analysis of the
dynamic performance of such a bearing over a wide
range of design conditions. The calculated results of
the dynamic stiffness and damping coefficient agree
well with the experimental data.

(2) There is no significant difference between
Solutions 1 and 2 of the model. It can be concluded
that Solution 2, which is more simplified, is better for

AA
x Solution 2
Solution 1
10"+
\\\ N .m__'_
R=3 \\\\\
Rs =011 PM e~ IT
® Exp, data LT )
107 : .
10"
AA
107 Solution 2
@ Solution 1
10°F .
PM ?‘\\\ "\
LT S~a
10° ; > .
100 A 200 300
o um

Fig. 7 Results of various analytical models compared
with experiment, for dynamic stiffness and damp-
ing coefficient
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practical use because the statical pressure profile in it
can be obtained analytically.

(3) The inertia effects become remarkable as the
radius of the supply hole R increases, however, the
effects are almost independent of the supply pressure
Ps.

(4) The inertia effects predicted by the perturba-
tion method are, in general, much smaller than the
experimental results.
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Appendix 1

Integrating the continuity equation, the following
equation is obtained ;

RPU= Cu (29)
where U=u//R To. Therefore, Ci/(P*R?) is given by
Ci/(P*RH)=U"* (30)

The velocity profile across the film thickness in
Region Il is parabolic and the maximum statical
velocity is assumed equal to the sonic veloclry VxR To
at the boundary »=7au between Region II and
Region III. The velocity profile in Region II is uni-
form. Therefore, the velocity in Region [I at the
boundary »=ran is equal to 2/xR To/3 in order to
conserve the mass flow rate. Thence, Ulg=rew=2vx /3.
The value of U increases as R decreases. Since dP/dR
has finite values, the following expression is derived in
Region II :
2
. ! (31)

Appendix ?

From Eqgs.(12) and (16), the following equation is
obtained :

Ty _y. (32)

The nondimensional statical components are written
as
_ 1 &

FU_ 12\/-0— 822 . (33)
On the other hand, from Egs.(17) to (20), the follow-
ing equation is obtained :

%(RPUFO):(). (34)

Integrating this equation, we get

F0=Cm/(RPo). (35)
From Eqgs.(33) to (35), the following equation is
obtained

1.20C12H __L azUn z
e o (55%) (36)

Since the profile for U, is parabolic, the following
equation can be obtained :

1.2aCli/(PER*) =8 U#ax/15 (37)
where Umax= Ublz=1/2. Umax has the maximum value vx
at the boundary between Region II and Region II.
Thence, the following expression is derived in Region
III:

1.2aCh - 8x
O<W§ 15 (38)

When the lubricant is air, x=1.4, so 0<1.2aCf/( P{R?)
<0.747.
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