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Global asymptotic stability for a nonautonomous
Lotka-Volterra competition system

Kunihiko TANIGUCHI

Abstract. We consider nonautonomous N-dimensional generalized
Lotka-Volterra competition systems. Under certain conditions we
show that there exists a unique solution u* whose components are
bounded above and below by positive constants on R, and u* attracts
any solution. If such system is periodic, so is u*.

1. Introduction and statements of the main results

In this paper we consider the system of differential equations

N
wp = [ai(t) = by (t) fij(ui, uj)|, i=1,...,N, N>2, (GLV)
=1

where the functions a;(t), 1 <7 < N, and b;;(t), 1 <4, < N, are assumed
to be continuous and bounded on R. For a bounded function g(t) on R, we

put gar := sup,cg 9(t), gr, := infier g(t). We assume that

bij(t) >0, teR, 1<, j<N; (1.1)
a;r, >0, by >0, 1<¢<N. (1.2)
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Furthermore let the function fi;j(z, y), 1 < i, j < N, be continuously

differentiable on [0, c0)?, and we impose the following condition on f;;:

)
fii(x, y) >0, (z,9) €R2, 1<i, j<N;

Difij(z, y) >0, (z,y)€RE, 1<4, j<N;

D fij(z, y) >0, (z, y) €RE, 1 <4, j <N; (1.3)

fij(0, 0) =0, 1<i, j<N;
1<i<N,

lim fi;(x, ) = oo,
T—00

where ]Ri = (0, o0)? and D;, i = 1, 2, denotes the differentiation with
respect to the i-th variable.

Throughout the paper we make use of the well-known fact (see e.g. [3],
[11]) that if v = (u1,..., un) is a local solution of system (GLV) with
u(tp) € RY, then u can be extended to the interval [ty, co) and u(t) € RY
for t € [tp, o0). Therefore in the sequel we may assume that all solutions
of system (GLV) exist near +00 and are positive there.

System (GLV) is a generalization of the following nonautonomous N-
dimensional Lotka-Volterra competition system that S. Ahmad and A. C.

Lazer [2] considered:

N
up =i |ai(t) = > by(tu;|, i=1,..., N, N>2 (LV)
j=1

In system (LV) the negative influence of the j-th species to the i-th species
is regarded essentially as linear function, because the corresponding term in
the classical system (LV) is written as w;u;. But, as is often the case with
mathematical modeling in biology, such a hypothesis is too restrictive from

the biological point of view. In fact, K. Gopalsamy [9] considered system

n N
u;:ui ai—l—Zmeijug" , 1=1,...,N, (1.4)

m=1 j=1
where a;, by, 1 <4, 7 < N, 1 < m < n, are real constants. If n =
1, then (1.4) reduces to the form of system (GLV). Motivated by these

facts, we propose less restrictive system (GLV) than system (LV), and make
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an attempt to analyze it in order to generalize previous results to system
(GLV). In fourthcoming papers we will continue to consider system (GLV)
further.

When system (LV) is an autonomous case for N = 2, it is well known

the following (see [10]): If positive constants a;, bi;, i, j = 1, 2, satisfy

bioas baray

ay > ) az )
bao b11

then there exists a unique equilibrium point (uf, u}) € R% that attracts
any solution curve (uq(t), us(t)) of system (LV) with (u1(to), u2(to)) € R2,
that is,

ui(t) — uj and ug(t) — uy as t — oo.

For system (LV) S. Ahmad and A. C. Lazer [2] have shown a general-
ization of the above fact. They supposed conditions (1.1), (1.2) and the

condition
aip > Y bijm <§J> , 1<i<N. (1.5)
G J M
Under these conditions they have shown the following: Let u = (u1,..., un)

be a solution of system (LV) with u(tg) € RY. Then there exists a unique
solution u* = (uj,..., u}) of system (LV) defined on R and the following
statements (I)—(III) hold:

(I) 0 < infrep u;(t) < supyeruf(t) <oo for 1<i<N;
(IT) limy—oo(ui(t) —ui(t)) =0 for 1<i<Nj;

(IIT) If a;(t), bij(t), 1 <14, j < N, are periodic with period T > 0, then u*

1s T-periodic.

In [2] to see property (I) only the condition

. ai(t) = > ;2 bij(t)(a; /bj;) m
teR bii (t)

>0, 1<i<N, (1.6)
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is required. Note that (1.6) is weaker condition than (1.5). In [1], [6]-[8]
and [13] results related to properties (I)—(III) have been obtained under the

condition
s
a;r, > ZbijMﬂa 1<i<N,
i bist
that is a stronger condition than (1.5).

To state our previous result in [12] we introduce the notation and the

symbols: For a continuous and bounded function g on R, we set

1 2
s)ds,
— / 9(s)

where t; < ta. We define the upper average M|[g] and the lower average

Alg, t1, to] =

m[g], respectively, by
Mlg] = lim sup{Alg, t1, ta] | ta —t1 > s}; and
mlg] = lim inf{A[g, t1, ta] | to —t; > s}.

Fori=1,..., N, we put

filx) = fii(x, x), = ecRy.

By (1.3), fi, i = 1,..., N, has the inverse function fi_l :Ry — R,. For
R >0and 6 >0, 6 < R, we define two constants C*(d, R) and C.(d, R),
respectively, by

C*((Sv R) = maX{Dkfij(xa y) ‘ 1< i? j < Nak = 17 2a ([L‘, y) € [55 R]2}a
C*((S? R) = min{D?fij(x7 y) | 1< ia ] < N7 (ZL‘, y) € [5a R]2}
Let R > 0 and ¢ > 0. For system (GLV) we introduce the condition

C*(5, R) «— bijarM|a;]
C.(5, R)

mla;] > , 1<i<N. (GA)

i
Condition (GA) is a generalization of the average condition that S. Ahmad
and A. C. Lazer [3, 4] supposed for system (LV):

m[ai]>zbijM7]\/[[aj], 1<i<N. (A)

o i
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Remark 1.1. When b;;, 1 <17 < N, is positive constants, it is clear that
(1.5) implies condition (A).

Conditions (A) and (GA) have played an important role in studying
systems (LV) and (GLV) (see [3]-[5] and [12]). For example, in [12] we
have shown that condition (GA) and some additional conditions imply
limy oo (ui(t) — vi(t)) = 0, 1 < i < N, where u = (uy,..., uy) and
v = (v1,..., vy) are arbitrary solutions of system (GLV) (see [12], The-
orem 2.3). Therefore when system (GLV) satisfies condition (GA) and
similar condition to (1.6), we naturally expect that (I)—(III) hold for sys-
tem (GLV). In this paper we will show that this conjecture is true; the

following is the main result of this paper.

Theorem 1.2. Let conditions (1.1), (1.2) and (1.3) hold. Suppose that for
some § > 0 and R satisfying

R > max{f; " ((ai/bi)u) | 1 < i < N}, (1.7)
condition (GA) and the condition

ai(t) = 324 fij (R, R)bi;(t)

inf i 1<i< N (1.
ieR bii (1) > max {f5(0, 0)}, 1<i<N (1§
hold. Then there exists a unique solution uw* = (uj,..., uy) of sys-

tem (GLV) defined on R such that (I)-(III) hold for any solution u =
(ut,..., un) of system (GLV) with u(ty) € RY.

We give an example of system (GLV) for which above conditions hold
(see [12, Example 1.2]).

Example 1.3. We consider the following competition system for two species:

1
uy = uy [(cost+7) — (sint+7) - (% + 1) up — {m(sint+ 1)} -u1u2]

3ugu . U
2 11 —(81nt+9)-(2+1>ug]

3

Uz

uh = Uz [(cost+9) - {é(sint—f— 1)} :

where f11(z, y) = (y/2+ 1)y, fia(z, y) = 2y, fa(z, y) = 3zy/(x + 1) and
fo2(z, y) = (y/3+ 1)y.
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In [12] we have shown that for 6 = 9/20 and R = 1, this system satisfies
conditions (GA) and (1.8). So this system has only one periodic solution
u* satisfying (I)—(I1I).

The paper is organized as follows. In Section 2 we present preparatory
results that are employed in proving Theorem 1.2. The proof of Theorem

1.2 are given in Section 3.

2. Preliminary results

In this section we give preliminary results to prove Theorem 1.2. The

proofs of Proposition 2.1 and Theorem 2.3 are based on [12].

Proposition 2.1. Let u = (uy,..., uy) and v = (vi,..., vy) be solutions
of (GLV). Suppose that there exist constants A, B >0 and T' =T, , > to
such that for j=1,..., N and t > T,

ASUj(t), Uj(t) §B (2.1)

Suppose moreover that for system (GLV) there exist positive constants

ai, ..., ay such that for j=1,..., N,
. C*(A, B)

Then there exist some constants T >T,C=Cap>0and y=v4,5>0
such that for t > T,

N N
> uilt) = vi(t) < (Z | ui (T) — v;(T) \) Ce T (2.3)
i=1 i=1
Proof. Firstly, by the mean value theorem, there exist 0 < w;; < 1, 1 <
1, j < N, satisfying for i, j =1,..., N,
fij(ui, uj) = fij(vi, vj)
=(u; — v;) D1 fij(wijui + 2ijvi, wiju; + 2i5v;)

+ (uj = vj) Da fij(wijui + zijvi, wiguj + zijv;),  (2.4)
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where z;; =1 —w;j, 1 <4, j < N. By (2.1), we have
C*(A, B) < Dkfij(wijui + 2zivi, wiju; + zijvj) < C*(A, B) (2.5)

fork=1,2and ¢, j=1,..., N. By (2.5), we can have (2.3) as in the
proof of [12, Proposition 1]. O

When condition (GA) holds, we can reduce (2.2) to a simpler one (see
[12, Proposition 2]).

Proposition 2.2. Suppose that condition (GA) holds with 6 = A and
R = B; that is

C*(A, B) bijv Ma;] .
mla;] > , 1<i<N
"7 Cy(A, B) ; bjiL
Then there exist some positive constants ai,..., any such that for j =

1,..., N,
C* A B)
Ozjbij ZOAL iiM > 0.
i#£]
Therefore, if condition (GA) holds, so does (2.2) with A =0 and B = R.

By Proposition 2.1 and 2.2, the following theorem holds (see [12, Theo-

rem 2J):

Theorem 2.3. Let conditions (1.1), (1.2) and (1.3) hold. Suppose that for
some 6 > 0 and R > 0 satisfying (1.7), condition (GA) and the condition

— ai(t) = 3254 fiy (R, R)bij(t)
o bii(t)

1<i<N, (26)

hold. Then for solutions uw = (uy,..., uy) and v = (vi,..., vN) of system
(GLV) with u(ty), v(to) € RY, the following statements (i) and (ii) hold:

(i) 0 <liminf; oo ui(t) < limsup, o ui(t) <oo, i=1,..., N;

(ii) limg_oo(ui(t) — vi(t)) =0, i=1,..., N.
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Remark 2.4. We note that (1.8) implies (2.6). Therefore, by Theorem
2.3, in order to prove Theorem 1.2, it is sufficient to prove the existence of

a unique solution of system (GLV) satisfying (I) and (III).

Lemma 2.5. Let conditions (1.1), (1.2) and (1.3) hold. Let u = (u1,..., un)
and v = (v1,..., vN) be solutions of system (GLV) defined on (—oo, T).
Suppose that there exist constants A, B > 0 satisfying

A <u(t), vj(t) < B 2.7)
for 5 =1,..., N and t < T. Suppose moreover that for system (GLV)
there exist positive constants o, ..., ay satisfying

. Cx(A, B)
tlgg ajbj;(t) — C.(A, B) ;aibij(t) >0 (2.8)
i#]

for j=1,..., N. Then u=v.

Proof. Step 1. Firstly, from (2.8), there exists some € > 0 such that for
j=1,..., Nand t < T,

Odjbjj(t) - m ; Odibij(t) Z E. (2.9)
7]
Next let
N
_ ui(t)
H(t)_; log(vi(t)> ' t<T.

Then we can claim the following:
Claim. There exists some 7 > 0 such that for t < T,

T N
OT) <00~ [ uils) = (o) | . (2.10)
=1

In fact, since | log(u;(t)/vi(t)) |, 1 <1i < N, is absolutely continuous on
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every finite interval I C (—oo, T, for almost ¢t < T,

N r,,/ /
e } sem(u; — 1)
X Us Uy
=1 o
[ N
=D i | = > bii(0)(fii (wiy wg) = fij(vi, v7) | sgn(ui —v;)
=1 | j=1

N
=Y !— ajbyi (0)(fi(us) = fi(v;))sgn(u; —v;)

j=1
- Zaz ij fz] Uy, ’LL]) fij(via Uj))sgn(ui _Ui) 5
7]
where u = u(t), v =v(t). By (2.4), we have

N

0'(t) =) [ — ajbj; (8)(D1fj5(wyjug + zj5v5, wijug + zj5v;)
j=1

+ Do fjj(wjjuj + 25505, wijuj + zj505)) (uj — vj)sgn(u; — vj)
— Z Oéibij (t)leij (w,-jui + 2ijvi, Wiju; + zijvj)(ui — vi)sgn(ui — Ui)
i#]

— > iy (t) Do fij (wijui + zijvi, wigug + 2i05) (uj — vg)sgn(u; — v;)

i#]

N

Z ABO‘JJJ()‘“J_UJ“"ZC*A B)aibij(t) | uj — vj |

J=1 Gl

By (2.9), we have
N
0'(t) < —eCi(A, B)Y |uj—v;| ae t<T.

j=1

Hence, putting n = ¢C(A, B), we can obtain (2.10).
Step 2. By (2.7), there exists some C' > 0 such that 6(t) < C, t < T.

Since (2.10) can be rewritten as

T
n/t | ui(s) —vi(s) | ds <0(t) —6(T) <6(t) < C
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fort<T andi=1,..., N, we find

T
/ | ui(s) —wvi(s) | ds < 0.

—0o0

Here let
m(t) = max{| u;(t) —vi(t) | | 1 <i < N}.

Since m(t) <| ui(t) —vi(t) | +-- -+ | un(t) + vn(t) |, we have

T

/ m(s)ds < oo

—0o0
and so we may assume that liminf; , ., m(¢) = 0. Thus there exists some
sequence {t,}2°; C (—oo, T] such that

t, - —oo and m(t,) -0 as n— oo.

Since fori =1,..., N,

U; (tn)
V; (tn)

it follows that 6(¢,) — 0 as n — oo. Furthermore, since 6 is nonincreasing

by (2.10),

uz(tn) - Ui(tn) m(tn)
(o (tn) S A ’

_1‘:

0<6(T) < 0(t).
Hence 0(T) = 0, that is, w(T) = v(T') and u = v. O

Remark 2.6. By Proposition 2.2, we note that condition (GA) implies
(2.8).

The following lemma has been employed in [11, 12]. However, its proof
has not been given explicitly therein. Therefore we give the sketch of the

proof.

Lemma 2.7. Let conditions (1.1), (1.2) and (1.3) hold. Let u = (u1,..., uy)
be a solution of system (GLV) with u(ty) € Rf. Suppose that for some
0 >0 and R satisfying (1.7), (1.8) hold. Then the following statements (i)
and (ii) hold:



Global asymptotic stability for a nonautonomous Lotka-Volterra competition system 11

(i) For 1 <i < N and t > to,
wit) < max{ui(to), f;*((ai/bis)ar)};
(ii) For 1 <i < N and t > to,
u;(t) > min{u;(ty), o}

if 0< ui(to) < fi_l((ai/bii)]\/[), 1 <3< N.

Proof. (i) If there exist some T and i € {1,..., N} such that f;(us(T)) >
(ai/bii)M, then

ui(T) < wi(T)[ai(T) = bis(T) fiwi(T))] < 0.

This proves (i).

(ii) From (i), it follows that for i =1,..., N and ¢ > tg,
Therefore, by (1.8), if there exist some T and i € {1,..., N} such that

ui(T) < 6, then
uf(T) > ui(T) |ai(T) = Y bij(T) fij (R, R) = bis(T) fi(us(T)) | > 0.
i
This proves (ii). O

Remark 2.8. Suppose that for some ¢ > 0 and R satisfying (1.7), (1.8)
hold. By Lemma 2.7, if u is a solution of system (GLV) such that for
i=1,..., N,

6 < uito) < £ ((ai/bi)ar),
then for 7 =1,..., N and t > tg,
§ < ui(t) < f7 ' ((ai/bii)m)-

Note that the proof of Theorem 1.2 is essentially based on this simple

consideration.
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3. Proof of theorem 1.2

In this section we prove Theorem 1.2 by employing the results in the

previous section.

Proof of Theorem 1.2. (I) Step 1. Form =1, 2,...,let 4y = (Um1, .-y UmN)
be a solution of system (GLV) such that § < wmi(—m) < f; *((ai/bii)ar),

1 <7< N. By Lemma 2.7, it follows that for¢=1,..., N and t > —m,
0 < umi(t) < fi7((ai/bis)n)- (3.1)
Step 2. We put I; = [—1, 1]. By (3.1), a sequence {u,,} are uniformly

bounded on I;. Therefore, by Arzela-Ascoli theorem, there exists a subse-
quence {um, 1} C {up} such that {u,, 1} converges to a solution of system
(GLV) uniformly on I;

For n = 1, 2,..., we put I, = [—n, n|. Similarly to the above ar-
gument, {um, 1} has a subsequence {u,, 2} that converges to a solution
of system (GLV) uniformly on I5. More generally {u,, ,—1} has a subse-
quence {up,, »} that converges to a solution of system (GLV) uniformly on
I,,. Therefore the diagonal sequence {u,, n,} converges to a solution u* of
system (GLV) uniformly on every finite interval I C R.

Moreover, since for i =1,..., N and t € R,

8 <up(t) < f; M ((ai/bii)m),

it follows from Proposition 2.2 and Lemma 2.5 that u* is the unique solution
satisfying property (I).

(IT) This is a direct consequence of Theorem 2.3.

(IIT) From (I), w*(t) and w*(t +T') satisfy (I). Since a;(t), b;;(t), 1 <14, j <
N, are periodic with period T > 0, it follows that for i =1,..., N,

N
wl (t+T) =wf(t+7T) ai(t+T) =Y bi(t+T)fis(uj(t+T), uj(t+1T))
j=1

N
=uj(t+T) [ai(t) =Y bij(t) fij(uf(t + T), uf(t +T))
7=1

Hence, by Proposition 2.2 and Lemma 2.5, u*(t) = u*(t +T'), that is, u* is
T-periodic. ]
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