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Abstract

Sage is an open source software for computer algebra and numerical computation. The
aim of the Sage project is to create a viable free open source alternative to Magma, Maple,
Mathematica and Matlab. In this article, we give a brief introduction to Sage for number
theorists.

§1. Sage &l&

Sage & 1%, free DEEILBE - BUEGI S A T L D4 TH 5, Sagebi¥7ar =7
D HEEIX, Magma, Maple, Mathematica, Matlab 72 £ DY — )L 2 EZHEZ 5 T LI TE
5, 72V=pDA =TV =AY 7 I IT7OFETH S, FFK T2 F RS
DI, FEHERE, 7 — VR, ﬁﬂéﬁ/qﬁ@}ﬂiﬂéﬁfﬁkﬁ‘é W. Stein (University of
Washington) T& 4. Sage I213, #GmICBIT 284 72 7L 3 X LD B ICFEEE
ncTns

§1.1. AVAM=ILITBHEICE>THD

28 AT Sage A YA P =T BRI, BLICHE ) TEDH B, —DIF, The Sage
Notebook http://www.sagenb.org/ Zffi) 2L TH 5. L—HH LAY — F2EE
TH2T, V=777 7WBLIC Sage il T 2 23T E S, T, Sage DFFE 7 1
PV IPRELTT FTAY 2V ETEITINT WS, KHOFELEDFHHEOBR I
L7z Sage / —F 7w 7%, http://www.sagenb.org/home/pub/2611/ TAHL T3
W, K1, Z2hE 727777 CERLENTTH 2 (FrHER, 12—V HORE
B LICHRETH B) .
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Algebraic number theory and related topics
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Sage for Number Theorists

Iwao KIMURA (University of Toyama)

This is a Sage notebook which | gave a demonstration of doing math (number theory) by Sage.

As a calculator

1+1 # as a calculator. Shift + Enter == Evaluate
\newcommane d{\Bold}[1]{\mathbf{#1}}2

factorial(160) # long integer
\neweammand \RalA110mathhff #1110327621544304415262160022825626670040N71RARA2AAIR1AD14RAKA2AA2RA52 1750000327001 SR1EMAN 4 (7

TFLyMBRREhE L,

1. Sagenb DA 7 Y —r¥ avy b

b0l METEMAINTLS, BAICRHMEL 72 Linux ® KNOPPIX/Math [7]
{9 2L ThHs. KNOPPIX/Math ® DVD 2258V av BT L, N—F74 A
27 ND Microsoft Windows & IZfEEH{RIZ Linux 252813 %, Sage 284 Y A F— L3N T
WHDT, KIS T 2 E23TE %, KNOPPIX/Math I2DW ik, #lZ1X, EH [29]
ZMH.

§1.2. AYAR—Il

Sage X, Microsoft Windows, Apple MacOS X, &fidD 7 A 7 + v 7°H Linux Tffi 9
EMTES,

XY AT Sage #A YA R —NLVT LD TH L. REPICHEAE, Fr7ru—F
LC, BT A7 THS. Sage DEIFEST#D—DIZ, ”Battery included” (FEhFEINAY)
BdH 5.

Feic, AT OS %%, Apple MacOS X, & L < I Linux DEHEAR T4 A MY Ea— 3
¥ (Ubuntu %2 &) % 51F, AIEOFERIZDFE 4 TEE 5. OS 28 Microsoft Windows
DA%, 21X Windows T Linux 2B TE 2 X )19 2Ky 7 8 (#Hl 213,
VMWare player [26] , VirtualBox [13]) &, {RAE{LY 7 FAIF D Sage L #EHAT S
WEDIH 5 .

Sage I%, http://www.sagemath.org/ 2*6%¥ 7 U —FTE%, 777905 0SH
s, @Y7 7 ANy ra—Fa3ns, 774 VOERPPPRE: (400MB
Hifg) ZEICERET S, HFllAaFHLZ ZIcHh ) TH S,

LZoBad, ichBER b0 T I3, Lo mk,
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§1.3. CUI

Sage ZHHI§ 2121, B 7 7 A VZIEBL 7274V T, a~vY P74 V95, 7. /sage”
EXATT D, BRBoD, XFmAzE A v % —7 x—XZ (Character User Interface)
Thsb, A=V NF—ICLoTUTOMEPRZNETAN LBRZ#Z Z L3 TE 5, £
72, EHTOFERERIZ D (Frvy—2a7) ITHEFEEINTw 3,

Befi 7 7 A VR R LT, B Sage ZMENHE§ & 2 21), PR 5 (Bt
FORLEE) . Sage i T T 51213, quit E ANIT 3,

§1.4. GUI

Sage 1, ORI DOEEIIES 2 T 24 & [FARED GUI (Graphical User Interface) % fi
ZTCW5%, Sage TlZnz/ =+ 7w 27w, K7L, Sage HHD GUI 23¥1 72 125K
WINDTREHL, WO2»OMFDary -2y r2flatrbd s LT, GUL%
FH L7280 HBIEL W, FRHZ, GUIDRRICIE, V=777 7% Bz, Google
Chrome, Morzilla Firefox, Internet Explorer, Apple Safari) %9, #UiH01d TEX T
FRIND T80, HRZITHENED 5\,

Sage Z# A< Y F 74 D oildE) L 7248 T, notebook() £ T AT, w7777
DEEEI L, Sage / — b7y I ERRING,

JA b 1. Sage / — b+ 7' v 7 DiH)

iwao@octa:~$ ./sage —4.6/sage

| Sage Version 4.6, Release Date: 2010—10—30 |
| Type notebook () for the GUI, and license () for information. |

sage: notebook ()

J—=F7 v 20k, FEBRICGGHEZT) "= =1, OFFENTH S, WAILHD "New
Worksheet) %27V v 7 §5E, 7= —FBFRUERI N, 2084 V2 ATITS
EofEsns,

V=73 —FTlE, VAL T, T MCRRINS ‘evaluate’ 27 Y v 7§ 50,
Shift+Enter Z#lL TP 2 020N T, dHRENETINS, £/, Lo B, <
TAZBL EHEICOWED DL AR—ADBHY, 2% Shift+vVRAE7 ) v 7 T3 L,
TinyMCE [2] &\ 9 Javascript X—AD LT 4 ¥ 5EHT %, TinyMCE THask L T
W3 EEIL, $TH 7% BIEX oL, EUNUHEINTRRINS,

FEERIZIE, Sage MDY = 79 — "\ H I N, LdBDOT =777 0FBNZ 77
LALTWS, 2FD, ERICEHETZ2Y 7727 LTD Sage (V=79 —2) &,
ATEERERBICERR TS, =7y (927 779Y) EPNERICTHINTNS,
INGDFE—DaryEa—% THEL T 088 i,

Bz 11X, BTN L7 www.sagenb.org 32 DA > TWwW5, £z, HO D%
BDT A7 by 7% 2T Sage ZAELYE, HIRET, FELALI7y by 7FXvay
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bDY 2777 7HREH T Sage TORMHEZIT), LI LHTE S, FRlIFEREIC
JGCCTZEH 5 DT, notebook? THERINENIL T ZEMI NIz,

GUIRR®D Sage Z#& T3 %121, 7—27 > — b ED”Save & quit” DR Y v 2L 7
#%, /—=F7v 74 LED"Signout” 227V v 73 iUL X\,

§1.5. Sage DIFH

Sage X, BAH Y 7 FTH % Magma, Maple, Mathematica % Matlab & \» - 7z Zz{4L
PR, BUERIEY 7 MICWWBETES25D%, 7V—Y 7 FTHEELEII L) vy ey
FTH B, 73— T, Sage ld, BEIPFHUESZ TAINLY 7 F7 27Tk,

Sage 7R¥ =7 FDEY F—D—2, THilzHHEHT 2D TIER L, H2EA9
TH5, MEO7V—Y 7 72770227 FOFREZEERCID AR, 206 %
Python £ \»9) 7075 S VvV EETHA LILEDA v —7 2 — ATz 5 X H L7z,
—=DODY 727 HETLIHEZHIEL 05,

Bl 21X, Sage DEIIETK Sy 12312 Ginac [1] , Singular [5] , Maxima [9] T&
3. 1, REEOEGEICET 28013 Pari-gp [14] TH D, MR T 235X
mwrank [4] TH D EWH)EETH S,

Sage D F¥ 2 X v MTlE, W T Sage Z2fli>74A I3 ZDEZ2 (ZE DI T)
BRTIEL VW EDH DD, FHIRFIZ, FIHoT T AT HICOWTHHEFTUILY, &b
%, Bz, Sage Z# HWTREWUARDFE %2 L7775, Sage DA% 5T, Pari-gp #Z\F
TIELWY, LWIHTLETHS, EOY T RATFLRMio701F, YAF18 (135 H) DX
L THIBZ EBTE 3,

Sage DFAFEIE, WbWLIA =7 v F o Tzuy 7AV, b, V—Aa—F%—
TavEMIATAICI)RHL, ETHSIMTE A E > TWA, Sage DAY
ICEENBY 7P T72T7DI4 v AIE, 2TGPLV2 THh 52,

znpND, F 7 aF oy —YodiciE, BI1E BSD, Apache License, MIT
License %% ER7% 5 74 vV A2 AT H 5, L, @kELT 79 —4—
PV —AF3 LV R3] Lo TWwA,

Sage 23, BRA 77V — DY 7 b Z2HAETH I L TR VE>TWE 2 L ORIE, M
ETAFTELZ LML S 42 H S, HlZI1E, REDOTILIT) RLWEEIN, HE
WCHEMN RSy r =P %, KRS, HHREIELA VY —T7 2 — AT 2 LN TES
MTh 3,

I5IT, ZNHEILICLT, HORYDT7 L) RLDFEER L2178, £7-, Sage
DFFEREREBARICRZ BRI, V—R2Ra—F22lTx2 2 L bIERICRE LA
ThH 5,

—HT, XOEALHEZ LZWEAICE, EI)LTHHLADY 7S AT LIZO0RTD
HIERDS BN 72 5. HUT Sage fRHITIFOH 97210 Tla % <, BRA BRI XA —FZIREL
ok, FHENPRKRLED T L35 5,

2GNU General Public License, Versin 2, http://www.gnu.org/licenses/gpl-2.0.html
3http://www.opensource.org DEIKTOD,
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WTUZLTYH, ZHOBLZ L —F D5 Sage TlE, A=Y Y7 YRAMPY 27T,
o RERPIBESND T EDVL L, 5T, I DERFICOW TN S,

§2. Python

Sage ¥, 70275 I/ EHEL L TIE Python ZOHDTH S (b TDICEELDH 3) .

Python I%, Guid van Rossum IZ X ) BFEDMRD 67z A7) 7L EFETH D, FrIZK
KTIRIASffibitTwa, Python bA—7v VY —207uy =7 bTh 5.

Linuix, Apple MacOS X, Microsoft Windows % 1 U &, 4 RBE T 95 2 L 5C
5.

Python OFf e LT, RD L) RrdETFons, A7y ks 7wy /i
(F&ah) , BN (EICIZEIDSS 208, BEICIEA 7Y 27 PO A L), H
FAR=YaL 7y ay (XEYEHIX Python £ ¥ ¥ —7) ¥ 0GB TH), A 7P =
7 MMERDOY R — b, Y 22— X 34ETZERID 77, Unicode I & 5% 5B &,
AR ZBEED Y R — b INTWw 3

I—FDRL LD FXFa Xy PRI CEMINTED, 7477V BJAHIHEST
HAEINTWD, 2B, AFEHERS O Python DRHFIE 2.7 B & 3.1 RFITH %23,
N—=a v 2R5E 325 ETEFEENPRE L, B, DUNTIE, Sage Tib
NTVBEN—T 3V 21220 TDOARIIT 35,

§2.1. Python&E

Python DR L CLIFLIES R EINZHIC, 7uy 7#E»A v 57 b (FTFF)
CTEEHINZH, 155755, HIAECEETE, 7oy JHER ()} °EING. %
WX, CEHETOUAVYTYE (F7WCESTHENY) T30, Zd7ur 702107
(9570 TH4. Python TlX, 7y 7tz v 7 P TRTILEBEL LTE
DHENTWS

DIFTCUI (§1.3) ZHWT, &3¢, V=7, F—7idE (VA S, &E), Bks
E, THREANLZEHZMET 5. Python ~D A E LTI, Python D7 = 7=
IZ® %, Python Tutorial [25] 23k &9

G (E30) EROBICHE D (sage: 7Ry 7 bTHDY, A7 v MIEBNNICTT
LD, BEIZLL CTHETT 5., B2 IXROHEITIE, else Z ANT ZHIZITHE X TR
ZERH B, ANDPETLTOBRWI EZRTEDIS, ... DO ND, # R
FTIFaxy b ThHD, Sage LT ) :

Y2 b 2. FRIFOH

17uY 7 bDY =7 X=I%, http://www.python.org TH 5.

5Sage TiH LT3 Python 1 2.6 251 TH %, Python D N— 3 v 2 RFE, 2.7 RIITHRT b,
BIFEDENIEIN—=Y a3 v 3ICBfTT 5. Sage b, WTLE Python 3 RAINEATT 21337528, R L
I 72 o TWZe L,
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sage: a = 1 # assign 1 to a variable a.
sage: if a==1:

ceel print """a_ is 1"""

....: else:

R print """a_is_not, 1"""

a is 1

sage

TREDBRICIAD s ETHUNCT T 2frbkwne, 27—k 5,

UA L3 FIFDIEL < Rl

sage: if a==1:
....: print """a is 1""" # missing tab causes an error.

IndentationError: expected an indented block (<ipython console >,
line 2)

T =% % —HIMiRTz, b3 Y R X, Python THRARNWRT—5RITHS, 7B
VR TRYIST, 797y FTHELZETY A NDERINDS,

VA MDEBEZRZINZEL, ZN5IO00TIS 2O ZITH & Z 12 for XEH),
BEANDERICERE T 7 29 5881, [1 ZHw2 (Python DELHNIZ 0 FH» SR E %) ¢

U A b 4. Big & for X

sage: a = [’one’, ’two’, ’three’]
sage: for x in a:
U print x, len(x)

two 3

three 5

sage: print a[l]
two

HELWVLHITFT—FRILHD, T DDT—%, F—LfEZ & THICLZZdbDEH
VR TRY-T, A=V =7V —R{} THHA I LTHEDERINS., KDY AFT,
print x, DfTRD? ) X, KIT2MHEIT 2, L IHTEA»H S :

J 2 b 5. fEEE for X

sage: d={’one’:1, ’two’:2, ’three’:3}
sage: d.keys() # the list of keys
[’three’, ’two’, ’omne’]

sage: d.values() # the list of wvalues
(3, 2, 1]

sage: for k in d.iterkeys ():

RN print d[k],
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HEOX —IZO20 T —7F2512F, EDX)iTd.iterkeys ) ITH L TL—7FHiL
Fo, TNBATL—F L) bDEVHET 2,

H HHFHDEEUDOWTL— 7% M| L 72\ & 1T, range () &) BIZE# 9. range )
&, FELBUX 00500 F 2l L 728052 Y A b & LTRY,

YA R 6. 10 FLV—7

sage: for x in range(10):
print x, # note that trailing °,’

01234567289

BHDPAT Yy TRIBETHIELHLLAATES
YA L 7. 1506 3RAT

sage: for x in range(1,10,3):
print x,

¥, —EDONV—NVTERINGILLEZ2EBRLETEIV A M 2EL L EE, WbDW3
Ty 2 FNEZEG (list comprehension) | 2MERTH %, Z4iE, EHDOEIEIBITED
BB I BHIgEAL TV, 508, Bfisun() ITXD, VA FOBRMZRDO T3,

Y2k 8 YA NRNEEDR

sage: [x"2 for x in range(10)] # square of 0, 1, ..., 9.
[0, 1, 4, 9, 16, 25, 36, 49, 64, 81]

sage: sum([x"2 for x in range(10)])

285

BISEEIZRD L 9127 3. double DPHES, x DI I XY TH 5 :
)AL 9. BAsEEOH - 5lEE 2657 5B

sage: def double(x):
e return 2xx

sage: double(10)

DL E, FErld w3 d Sage TOHIZEAS, Python Th E-o L FEkTH D (7L,
Python Tl 2 EOXFLL xx+2 TH 3.) .

§3. Sage DfEWSH

RIZ, Sage 7% 6 TITDHEEEZFAL TWI 9,
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§3.1. TIMIEWA
A2V F2[oT, EADE-TL B, L), BEAKROMEWGTTH 2.

Y Z b 10. 5 HHD Fermat 5D Z R 5o iE

sage: factor(2°2°5+41) # prime factorization of the 5—th Fermat numbe
641 x 6700417

LIV LHHTRWHE LT, AEEAEQ (LATDVYALT, QQ LERINTVEY
D) LD 1 ZBLHAREZERZL TAHAL).

A 11, HEABR

sage: R.<x> = PolynomialRing (QQ); R
Univariate Polynomial Ring in x over Rational Field

PolynomialRing() X, 7 7 ADLHICTH D FIKFIZ, ZDI I ADA YV AY v A%
THEBATHLDH D, 94 7T BICFECD, ¥ 7XF—1C Xk 265%»%N OCTHEEMH T
5. £, R<x>=QQ[] ¢ T2 LB TE S, [TRDR I av iz, BT 2
BWEndbs, 7z, BABLORIC Y Zo0NnUE, ZOBEBDO~NVTHERING, 5
2, %O E, ZOBEBDY —Ra—FBRERRINS,

FlEf\C, ZoZHEAROIuEEEREL, ROl AL :

sage: [ = 2xx"243xx+1; f

2xx"2 + 3xx + 1

sage: factor? # ~NV7DHIK

sage: factor(f) # polynomial factorization
(2) = (x + 1/2) * (x + 1)

sage: f.factor () # this is the same as above.

gEDOPNZ, ZIENA IS, HoZ2HRFOME L, v Xve—2iks, LwIHEAT
H57,
FICEHRZ, SRR 7&K Q I L TfioTAa % -

YA+ 12 TR Eo 1 2% HEA0HE

sage: Q7 = Qp(7); Q7 # the field of p—adic numbers, here p =7

7—adic Field with capped relative precision 20

sage: S.<x>=QT7[]; S

Univariate Polynomial Ring in x over 7—adic Field with capped
relative precision 20

sage: f7=S(f); f7 # conversion from QQ[x] to Q7[x]

(2 + O(7°20))*x°2 + (3 + O(7°20))*x + (1 + O(7°20))

sage: factor (f7)

67 5 2D4H1Z, bW 3 CamelCase (KXF/NLFOY)OEEZ CTHIER DI OHES) 2T 5.
75 A PolynomialRing DA 7Y =7 b £1, Ayt — (B LA TPz FAY Y FEDBFI) factor
BED, LWIHIH, AT AV Y FIINCFET, WEZDPOWKEBE Ty —R2a7 O ZH0VS,
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(2 +0(7°20)) = ((1 +0(7°20))%x + (1 +0(7°20))) % ((1 + O(7°20))x*x
+ (4 + 3%7 + 3%7°2 + 3x7°3 + 3%7°4 + 3x7°5 + 3x7°6 + 3x7°7 +
357°8 + 3x7°9 + 3%7°10 + 347 11 + 3x7°12 + 3x7°13 + 3x7°14 +
3x7°15 + 3x7°16 + 3x7 17 + 3x7°18 + 3x7°19 + O(7°20)))

3OHDAINE, BHBREOLHNEZ, Qr REDOLHANIRINICAHTL T»5 (4 fi
2 . TESRDILX, TOREDII20 FTOREMEE LTEINTVE FBELTEZL
52LHTES) . HBIHDOEHOHIZ 1/2 D THEEFITH 5.

AIREDOHIZ L THA LD, 105 DRDOEMDEREZ p L LT, puht FEL, ZDJH
B b =2 %KD, bIZDOWTD 3 (mod p) DEEFNEZ KD TW2B. £/, p? Tulk%E
KT HDBMHHETH 5,

J A b 13, BRAAEDEHEE]

sage: p next_prime (10°5); p # the prime next to 1075

100003

sage: F = FiniteField(p); F # the finite field of p elements
Finite Field of size 100003

sage: b=F.multiplicative_generator (); b # a primitive root mod p
2

sage: F(3).log(b) # the discrete log of 3 w. r. t. b

86449

sage: FF.<a> = FiniteField(p~2); FF

Finite Field in a of size 100003°2

BEDOHIT, aldp itk LOEBILE 52 5.
5k, WIEEGE, ARECHRG oM, £ 72oEE T ~DIGH 7% £ % Sage
%@m&ﬁ%%ﬁLt%%xb&Lf,&mn[w]%%ﬁ%.
RN 2 RIBDFIHEF %2 T 5. KDY AT, did2XEDEEIE (5155 2 755
@%ﬁ@)%%x%]&%F#%%ﬂ%@i&m%ﬁé IX, kk.gen(),F.gen() D X
T B,

U A b 14, 2 ZAEDFHE

sage: kk.<d>=QuadraticField (—974); kk

Number Field in d with defining polynomial x"2 4+ 974

sage: kk.class_.number ()

36

sage: C=kk.class_group(); C

Class group of order 36 with structure Cl12 x C3 of Number Field in
d with defining polynomial x"2 4 974

sage: C.elementary_divisors ()

(3, 12]

sage: F.<d>=QuadraticField (199); F # a real quadratic field

Number Field in d with defining polynomial x"2 — 199

sage: F.class_.number () # its class number

1
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sage: F.units() # its unit group (non—fundamental?)
[1153080099%d — 16266196520]

sage: e = F.units () [0]; e

1153080099xd — 16266196520

sage: —1/e # fundamental

1153080099xd + 16266196520

sage: gp.quadunit(4%x199)

16266196520 + 1153080099xw

BEDE A, 2RMBOBRBZFHET S L, B3 L SERFE LIRS 205 HRINE S X
I TH D, mEDFIEI, Pari-gp D quadunit() ZEEFFOH L TW3,
Motk ostEH, 702 ER L, B, HEM, Hoko-EzHh3E5:

Y 2+ 15, F RO EHEH)

sage: k=CyclotomicField (7); k

Cyclotomic Field of order 7 and degree 6
sage: print k.class.number (), k.units ()

1 [zeta7 5 + zeta7, zeta7 4 + zeta7"3 + 1]
sage: k.subfields () # #fiflE

WHIZ, Galois HEPEB DR, TP wL E 2R L TAL) ¢
YA R 16. HaEoFHES] (i)

sage: G=k.galois_group(); G
Galois group of Cyclotomic Field of order 7 and degree 6
sage: p2=k.prime_above(2); p2
Fractional ideal (—zeta7"5 — zeta7"3 — zeta7 2)
sage: Z=p2.decomposition_group(); Z
Subgroup [(), (1,3,4)(2,5,6), (1,4,3)(2,6,5)] of Galois group of
Cyclotomic Field of order 7 and degree 6
sage: Z.fixed_field ()
(Number Field in zeta70 with defining polynomial x"2 + x + 2, Ring
morphism :
From: Number Field in zeta70 with defining polynomial x"2 4+ x +
2
To: Cyclotomic Field of order 7 and degree 6
Defn: zeta70 |——> zeta7"4 + zeta7 2 + zetaT7)
sage: s=p2.artin_symbol(); s
(1,3,4)(2,5,6)
sage: s(k.gen()) # k.gen() is the generator of k
zeta7 "2

%%, Sage COFMIERTHPNICHBEBRERERT ZEETIAIMORH L LT
W5, HZIE, BEEPREHOFEOBRIC, —RY —< VIR ZRE LD, HIZHRWLEE
BNz e 2 &, GHRIEZR 02 2 LN TEL I LBHSEN TS, LaL,
Sage TIFFFICHAE L 214U, BRI TREHS T 2 HEILITICE D W TEIE 21T ).
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IKFUCFE D WG E R T W WA, 5IEE L TR proof=False’ Z 5 & T % :

) A b 17. proof=False % {5 7.

sage: CyclotomicField (23).class.number (proof=False)
3

CORER RV E, 23 TEROBEEOFIREIITFENZRFRINICITE T L v, GHEZH
Wi ¥ %1213, CUI 7% 513 Control4+C #f], GUI%6IE, /—F7v 70D EHICH 5,
“Action” DL 7 bRy 7 AD 5 “Interrupt” % iES,

AEICEDY TV AT LARBHL»ERRIEZITE, ROXIHIICT 2 :

YR b 18, EIcflio7z AT A

sage: from sage.misc.citation import get_systems
sage: get_systems(’k.subfields()’)
[’PARI’, °*MPFI’, ’FLINT’, °MPFR’, ’GMP’, ’NTL’ |

YA+ 15 DR O EINEET 25 E T, Pari-gp [14] , MPFI [8] , Flint [11] ,
MPFR [10] , GMP [6] , NTL [15] b T2 Z L0 h %,
AR LoHiiftop 2 LTI ¢

U2 b 19, HEEER Eoig ko 5]

sage: E = EllipticCurve ([—82, 0]); E # if only 2 arg’s a, b are
given , then it means y 2 = "8 + azx + b.

Elliptic Curve defined by y"2 = x"3 — 82xx over Rational Field

sage: E.discriminant (). factor () # good red. outside 2, 41.

279 x 4173

sage: E.gens () # generator of rational points.

(=9 : 3 :1), (-8 : 12 : 1), (-1 : 9 : 1)]

sage: E.has_.cm () # this is a CM elliptic curve.

True

sage: L=KE.lseries(); L

Complex L—series of the Elliptic Curve defined by y 2 = x"3 — 82xx
over Rational Field

sage: L.taylor_series ()

(1.19494180422039e—22)*z + (—4.86468940989224e—22)%z"2 +
17.7891345770978xz"3 — 72.4207775497614xz"4 +
161.461585497778%2°5 + O(z"6)

sage: E.analytic_rank ()

3

BED LD T A4 7 —RBHTIE, 1R, 2XROBEIEFIT/NII I EIFERI N,

§3.2. DULEALEEWA
BlBDEs, 774 NVAMOZHE) WS, 77927 Fokkifl, GE2BX35,
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Mook GEEOTR) OMNEEZ, BITERARX 2GR T 202 L9, 7,
AR p I LT, p oM Z by EEHC 2 EIRT 2L, JHUIMBITIVERA K
WkoT, RDIIHIIEZENEDE ST

22T, wikpaEHD 1 OXREIROMEET: DT 2p, Q 1F Hasse DHEIRHTZ DA 1
ThHhdHIEPHENT S, BIFET p DE 7 Dirichlet #6588 x ZIED, By, 1 x ([SAIF
T % 1 XDt Bernoulli 20CTH -7z (21X, Washington [27, Chap. 4, Th. 4.17]
ZIH) |

Sage IZ1%, 52 6N 7EF2§iD Dirichlet RO 2K TEI% DirichletGroup () 23
H%. FD%EE, Dirichlet fFERDOREDKIHIFEZ O TRICHHTH %, Dirichlet FFERIC
X LT, —Mfk Bernoulli £, Gauss fll, Jacobi fll7% £ Z K TR HEINLTW 3,

) Z b 20. Dirichlet $5EED#E

sage: DG=DirichletGroup (23);

sage: chi=DG.gen () # a generator

sage: chi

Dirichlet character modulo 23 of conductor 23 mapping 5 [——>
zeta2?2

sage: chi.bernoulli(1l) # the 1st Bernoulli number

—6/23%xzeta22"9 + 14/23%zeta22°8 + 6/23%xzeta22"7 — 2/23xzeta22°6 +
12/23%zeta22"5 — 10/23xzeta22"4 — 8/23xzeta22"3 — 14/23xzeta22
"2 — 18/23xzeta22 — 16/23

sage: chi.gauss_sum () # fii R lE

723, Dirichlet f5EED B~ DIFEEIZ OV T, Stein [17, Chap. 4] % R X,

p ERONERZ RO 2B E LTk ). AFFEMpEIZonLE, Bl
Bernoulli 8 —B1 /2 DY A b2 U A PNEER (YA 8EM) TfED, 2hoofkz
BauZ kv, (RO VY A b D return DfT1E, HIEOHA T VKL TWw3))

YA R 21, p RO EEE

sage: def hpminus_analytic(p):

DG = DirichletGroup (p)

chi = DG.gens () [0]

return 2xpxprod ([—((chi) " (2xk+1)).bernoulli(1)/2 for k

in range (0,(p—1)/2)])

sage: hpminus_analytic(23)

—HRD n ITEOHNER 2T 2B 2 EH C DL TH 5. hnminus_analytic()
EVI)BBELTERLALEL L), BBOEBEHD "5 ETIEa XY FTH D,
NIV Ay —2 L LT, hnminus_analytic?& L7z & ZICRRI NS,
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YA+ 22, n SROM NI, relativeclassno.sage & L TP,

def hnminus_analytic(n):

r nmnn
uuuuThisfunction ,computes  the relative class number of an
uuuun-thcyclotomicfield ,by,the analyticclass number formula.

non
(W]

w = CyclotomicField (n).zeta_order ()

if is_prime_power(n):
Q=1

else:
Q=2

DG = DirichletGroup (n)

return wxQsprod(—(chi.bernoulli(1))/2 for chi in DG if chi.
is_odd ())

Lo EMN D7 74 v E L TIER L, Sage NgtAALITIERD X HICT S, LD
BIBE R D7 %, HlAIX relativeclassno.sage &) 7 7 A WIHREFET S (Y A b
22) . IERFIATTH kv, TF 4 IVEEITINL 2T — F2Ri> T 3841212, Python
E-PIZAR2 LI TEL LEMTH B,

Sage IZFEAATITIE, attach() &V I)BEZM ), XD KX HIZT 5 L, Sage 13M:%
77 ANEEML, BEHND ZEICHAAARET, —EiRHMAL7 T8 561E, load() &
V) BB R AT

YA b 23. Sage NDFEAIA R

sage: attach "~“/Lang/Sage/relativeclassno.sage"

BE, BT —VAROHNEE 2GR 2 R DBEEl D Magma (1T X 2924123, KH
[28] 1cb 3.

NS DBBE-T, BEelffoThaL). VA MANUKLZME->T, Fhp & h,
DL (F7N) ZEFEET LIV AFZIED, Z2IHh6 361, HNERZRESWHL 72
AbzESL (VAL 24D 21THT 220 3% 5 D%, Sage |3 hpminus_analytic() Dk
D2 M RO LR L T 2720, HEEEEICZWL T 2DTH S, conversion IC

U2+ 24, ROERK

sage: pandhpm=[(p, hpminus_analytic(p)) for p in primes(20,100) ];
sage: pandhpmandfactor=[(t[0], t[1], factor(ZZ(t[1]))) for t in
pandhpm |

FHELA SR ISARIE D 2% 1AW 5,
Sage & T LCTLE9H &, LROBHROHEATLE)., RDLHITLT, Sage DT —
FR—ZRELTEE, R Sage #EE) L7z & ZIFRHT I LN TES
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sage: db_save(pandhpmandfactor ,’pandhpmandfactor’) # save
sage: db(’pandhpmandfactor’) # load

CNLHFEHRITEIET 5,

RIZ, Sage ICHAIAEN TV EY T AT L%, FHIRI A =8 Z45E L THHT 2061 &
LT, 2012 3G FED? &) BIES 2D B 5, §15IIE, J. Cremona @ mwrank [4]
ZWOH T D203, BRRHIHZIRE T 2 083 H > 7-.

mwrank D87 X —% L LT, -b 156 ZFEL TS, TiUE, 4 ROFHZER DK%
BRI 2BORIOHRPAZIFEEL T2 (F74VFDELD BIATFT03S)

) A b 25. mwrank Z/37 X —% Z45E L Tl 9 #

sage: E2012=EllipticCurve ([—-2012"2,0]); E2012
Elliptic Curve defined by y" 2 = x"3 — 4048144xx over Rational Field
sage: Emw=E2012.mwrank(options=’-b,15’); Emw # Hi/Jl

CORMREIZK D 3?2 = 23 — 4048144x EOFEBURDI D00, R 2012 AR TH % 2
EL TN B.

Sage ZfHi>TWwWB &, N7 ESHERICESYULZ2ILLHD, H2FE2XMELED
FEFIHhAR DA B, (R & 1382 2) Z2HIEHEMZ R X 99 E 2 XM Q(Wd) @
HEARRB ey ITLT, 2D 2RELEDOEMINKR By : 4% = 23+ 1728¢y 25 2 5.

Y2k 26. Q(VAL) Lo & A5k o FH s

sage: Q4l.<a>=QuadraticField (41);

sage: eps = UnitGroup(Q41).fundamental_units () [0];

sage: E = EllipticCurve (Q41, [0, 1728xeps]); E

Elliptic Curve defined by y"2 = x"3 + (8640%a+55296) over Number
Field in a with defining polynomial x"2 — 41

sage: dscnt = E.simon_two_descent (verbose=1); dscnt # Hi/IlE

sage: E(dscnt[2][0])

(—377788/93025%xa — 1952448/93025 : —205379776/28372625%a —
1032512096/28372625 : 1)

sage: E.rank()

2

sage: E.gens|()

[(—377788/93025%a — 1952448/93025 : —205379776/28372625%a —
1032512096/28372625 : 1)]

sage: E(Q41)

Abelian group of points on Elliptic Curve defined by y "2 = x"3 +
(8640%xa+55296) over Number Field in a with defining polynomial
x"2 — 41

COEBEIZIEFICKRT LTS, MEIX, d=43 DI TH 5. 2010 4E 12 HOKRE T,
d=43 DEAIFGFIETE T, Ziui, REE EOBHEROREWEE T 25HE 75720

8 Z OGN NEIRE (RILK) 26588 ~, HETOEMTH 7%,
OZ DFEBIS, BRI UIR) »SEEAOHEMDBE o0 1PTh o1,
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D777 hell.gp [16] DNTWFATH 57, ell.gp F Pari-gp T L7/ Mivy
m7u 77 5THY, {FFEIED. Simon TH 5. BEITHIIK E Simon [K & TEHRIHD
By, IR TIKHEBIEEAE NI,

Sage DT EBbN 2 EFHZFHH L 722X, Sage T—H DX =1 7Y X | sage-
support THET % £V FH S (5 HiZMH) . Sage D X—2 a v, 0S8, £ED X I %&it
Ha LT, EDXI)RMEVBHT, E)HEREES%KD, hEZERICGHRT 5.

§3.3. #HFROFA

Sage IZ1E, W DPDERVIEENT VS, /o, A7 avr Xy syr—YLLT, &
MCEATEIELTES, A7 arv Xy r—YOMEREEMITDO LTS (08
VaArBA v =%y MERIN T I20HEBH ) :

Y227 AT a8y — ORER LB

sage: optional_packages () # Hi/Ilg
sage: install_package (’database_cremona_ellcurve )

ETlZ, J. Cremona DRI D T — ¥ XR—2Z [3] %, A7/ av v r—Y L LA
ML Tw3,

# 21, Cremona D7D 5ETF 11 OFFHEFRZ K Z M TITIERD L H 1T 5, FiRid,
BFEOA4RTZ X —, a "R, 7V 7, b=—raryBHOMNED) X 2L §T58ET
H5 FEFEICOVTIFY AL 5, 130 HZ2H) :

1) A2 b 28. Cremona DED{H T

sage: c=CremonaDatabase(); c

Cremona database of elliptic curves

sage: Ell=c.allcurves(11); EI11

{’al1’: [[O, -1, 1, —-10, —20], O, 5], ’a3’: [[0, -1, 1, O, O], O,
5], ’a2’: [[0, -1, 1, —7820, —263580], 0, 1]}

Cremona DEDIZ D, J. Jones 1T K 272 HIR L 72 RE8UE (6 KELT) &R,
Odlyzko ® Riemann zeta B DHERIDZE, Sloane D OEIS "D A ¥ ¥ —7 = — A7 EH3
MEIN T3,

§4. Parent/Element, Category, Coercion and Conversion

Sage TlE, BAMLENRD, ZOMEDIADTY 7 by =27 RIcFEHIN TS, —
DlE, Brco TEEBTF, THD, b9 —DlE, Parent/Element £\29 HDTH 5.

Sage |3l Z 1, AREIRDS, W 2BEOEE D TIE% <, BEuclid B DM, HIH
A T 7 NVEIE O, RO (H I HEROE D Z N Z25), ZNZTNDONRTH
D, F7z, INEICB L TINEREOE, FTEICBIL TIEE /A FOB, ZNZNONRT
HHIERAS>TVS, E£, I DOEDORORRLHI> T2,
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) A 29. Categories of ZZ

sage: ZZ.categories ()

[Category of euclidean domains, Category of principal ideal
domains, Category of gcd domains, Category of integral domains
, Category of commutative rings, Category of domains, Category
of rings, Category of rngs, Category of commutative additive
groups, Category of semirings, Category of commutative
additive monoids, Category of commutative additive semigroups,
Category of additive magmas, Category of monoids, Category of
semigroups, Category of magmas, Category of sets, Category of
sets with partial maps, Category of objects]

sage: QQ.categories () # /10,

—7, BUENBEEEZIEEICa vy Ea—F 0 RIcEET L, 2% fli) I EIERIC
M2 2 D5, TEZRITARICK2HERALIC, HELTE 2 L ZA513HTL
L7z,

Bl 2L, B EAEHEL/2 DR, YRAHBAEOIL3/2 L LTEEFLINETH S,
—J7 VIFEMEEIROITLTH D, 12 1 FHHEAROILTH S, b L, 1+ (1/2) DitE%
T AR, 292, 1 2GFHEICEHAL, 20 LET1/2 LRLERY L, LERLATN
BEhokhwi Lo, EHTLELRWEAS), Sage T, EDXI)ITHRLIN TV ED
ZfEHIC TEL.

1212320 ZFh, LeEXREBEICEL TS, LEL, 10ET 2B HEEER
DILDIRTE () THYH, GHBEIRZOY TRV LIHERT S

) A b 30. Category of 1, 1/2

sage: l.category ()

Category of elements of Integer Ring
sage: 1l.category ()=—ZZ # caution!
False

sage: (1/2).category ()

Category of elements of Rational Field
sage: (141/2).category ()

Category of elements of Rational Field

WU E X, =N AR T L& DY coerce (H 2BDXNRD S HIDE DR &
AR, A4 S, ELLERMMEoNn 0D,

Sage TlE, 1 & AHEEIRE OBIRIE, LiloBRmNEERMUMMCS ) —D2H5. 21
1%, 1D Parent WHEEEBITH S Z &, 1 IFHHEEID Element THBZZ L, TH
%. Parent/Element OBIfRI%, Magma ICHZET 2 b D5 L (Stein [20] M) . Sage
D Category 23, PN BEDFELETH>7-DITX L, Parent/Element DBIfRIZ, B D
WNRE, Z0T0, LOBREERT.

) A & 31. Parent/Element D BI{%




BEmtfIe & D7z DD SAGE (SAGE FOR NUMBER THEORISTS) 141

sage: 1l.parent ()
Integer Ring

sage: (1/2).parent()
Rational Field

sage: (141/2).parent()
Rational Field

I LHWHTERWE, 21X, AHEEBUREKD, ¢ 228 ET 5 1 EBLHABRDIT
&, 120ME2EZ2 %, AFHHEERED » 2B E T2 1 EHSHEARICEE 5RE
T, FEBESage THEIHI 0D,

YA 32 z+ (1/2) DI

sage: R.<x> = ZZ]];

sage: x.parent ()

Univariate Polynomial Ring in x over Integer Ring
sage: (1/2).parent ()

Rational Field

sage: (x+1/2).parent()

Univariate Polynomial Ring in x over Rational Field

Z DIFIC Sage DINERTITb N 2 HIE, RAERD KX HIC4h D, £§ 2 & 1/2 D Parent
R EAHEBITHLT, ZNUBEDL ) ITHRINT DD ZTRS ¢

) 2 b 33. Parent ZEDHEK % HHXR 3

sage: R.construction ()
(Poly [x], Integer Ring)
sage: QQ.construction ()
(FractionField , Integer Ring)

HIHOMERREF & L ¢, AHEEIRZ (Integer Ring) RO 0 %, 2256, R (=Z[z])
W LT, HHEUER Eo 1 2 IEABEND coercion 235 6 1, HEEIRIZOWTYH,
Z 2o HHEIR ED 1 BEEBIEABEAND coercion MF 51 %, Z OilEfE% HIFIZH S
&, RDEHITk 5

) Z b 34. coercion DIFEH,

sage: cm=sage.structure.element.get_coercion_model ()

sage: cm.discover_coercion (R, QQ)

(Conversion map:

From: Univariate Polynomial Ring in x over Integer Ring

To: Univariate Polynomial Ring in x over Rational Field,
Polynomial base injection morphism:

From: Rational Field

To: Univariate Polynomial Ring in x over Rational Field)

z+(1/2) 1%, Zz] DFEF, 2 F 0 HHEEEMAE Q(z) DIt oTH X3, Qa] itk
VL7 DMEE D 2\, Z oA DHIWTE, Sage 23k % @id TN,
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DLk, Coercion, Parent/Element D FEMIICD W Tl%, Sage reference manual [22]
?”The Coercion Model” DIHZ EZZ L TV E T\,

72721, Sage ZfHioTWT, ZOMICBRZLL IR EPRICHRD I LI, ZNUTE
BWIETTH S, Sage DAJHERIRD 9 KL TS NE, —/T, XDOL) LblbH
5D TCHEBDPRBETH S -

YAk 35.10/2 @ Parent (3 ?

sage: (10/2).parent()
Rational Field

sage: 10/2==Z7Z(10/2)
True

R D b 2B & FL D 72 012ld, WIRIICEEBUC AT 2 BN H 5. ORGP
2%, conversion £\ (U R b 12, 132 HHZHH) . conversion &, A HAZ
REREE, HIUIEFR], EWIHIFERHKRDOLDTH S, HlZlX, BRIAEDIGZ B HEEE A
convert $5 2 L3TE 5,

§5. Sage DIEHR - $E5E

Sage \ZBH T 2 CE 3L H 5. Sage FIFEFEIC X 2 D DD, http://www.sagemath.
org/help.html#SageStandardDoc ICEEM I 1T 4, £ 7 Sage tutorial [23] ZH 25D
BERLERY) . £, AHOBEISLC, X DEALEEZ K- T2 D%, Stein [21]
Thsb, HANGLE A ORI N N E LT, Kosan [12] 23H 5. ZD
HAGERSS, BEHERRIC I DI N T2 [24] . £/, Sage R 7 v 27 D
Y —%" W. Stein 2%, 70¥ =7 FOWLEICTES £ TORMEL DD -7 [19] & RZRHK
e,

Sage D77, Sage DHHFEE & DIEHRLHLDY;, HAD Sage L —F DIEFIMAHAD L
ELT, 20z h,

sage-support http://groups.google.com/group/sage-support
sage-devel http://groups.google.com/group/sage-devel
sage-japan http://groups.google.com/group/sage-japan

BHD5, WINSA-YI7YRA 2T 5 Lk, RO URL2SRSIEHT
E%. %7z, asksage £\ 29 7 =7 X— http://ask.sagemath.org/questions/ Tb,
Sage DEVITIZEY T 2 iEF R IFHACHIfTbINL TV 5,

ARTIE, Magma, Maple, Mathematica 5> Matlab % & DR HEEVLPE - BfiEGHE S R
TLEREEMZ D D free 72V 7 27 =7 Sage %7, FRHIEGROMILICME S, &) BE
SR L7, X% o071, END 5 b Sage ~NOEHEDBNIUIENDENTH 5.
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BIEE 1 2010 S TREBUWEEGR L 2o, EEER SN0 7T A BETLEDERT
WAL L B ET. FfEica Xy b 2L 28 0E LB —I A JuREFERE) (12
B LET, T, TEICHAR S0aXv 23 0E LR ICHELE L

FET.
SE

[1] Ginac is not a CAS, http://www.ginac.de/.

[2] Moxiecode Systems AB., TinyMCE, http://tinymce.moxiecode.com/.

[3] J. E. Cremona, Elliptic Curve Data, University of Warwick, http://www.warwick.ac.
uk/~masgaj/ftp/data/.

[4] , mwrank and related programs for elliptic curves over Q, University of Warwick,
http://www.warwick.ac.uk/~masgaj/mwrank/.

[5] G.-M.; Pfister G.; Schénemann H. Decker, W.; Greuel, SINGULAR 3-1-2 — A computer
algebra system for polynomial computations, (2010), http://www.singular.uni-k1.de.

[6] The GMP developers, GMP, the GNU Multiple Precision arithmetic library, edition 4.3.2,
FSF, Jan 2011, http://gmplib.org/.

[7] The KNOPPIX/Math developing team, KNOPPIX/Math 2011 Japanese edition,
knoppix_v6.4.4-math-dvd-20110303-ja.iso, http://www.knoppix-math.org/, 2011.

[8] Fabrice Rouillier et. al., MPFI, multiple precision interval packages, INRIA, 2010, https:
//gforge.inria.fr/projects/mpfi.

[9] The Maxima Group, Mazima, a Computer Algebra System. Version 5.18.1, http://
maxima.sourceforge.net/.

[10] Guillaume Hanrot, Vincent Lefévre, Patrick Pélissier, Philippe Théveny, and Paul Zim-
mermann, MPFR, multiple precision floating-point reliable library, version 3.0.0., FSF,
June 2010, http://www.mpfr.org/.

[11] William Hart, Fredrik Johanssony, and Sebastian Pancratzz, FLINT wversion 2.1.0, 9
March 2011, http://www.flintlib.org/.

[12] Ted Kosan, SAGE for newbies, Feb. 2008, http://sage.math.washington.edu/home/
tkosan/newbies_book/sage_for_newbies_v1.23.pdf.

[13] Oracle, VirtualBoz, Oracle, http://www.virtualbox.org.

[14] PARI Group, Bordeaux, PARI/GP, Version 2.4.3, 2008, available from

[15]
[16]

[17]

[18]

[19]

http://pari.math.u-bordeaux.fr/.

V. Shoup, NTL, a library for doing number theory, August 2009, http://www.shoup.
net/ntl/.

D. Simon, ell.gp, Universié Caen, March 2011, http://www.math.unicaen.fr/~simon/
ell.gp.

William Stein, Modular forms, a computational approach, Graduate Studies in Mathe-
matics, vol. 79, American Mathematical Society, Providence, RI, 2007, With an appendix
by Paul E. Gunnells. MR 2289048 (2008d:11037)

, Elementary number theory: primes, congruences, and secrets, a computational
approach, Undergraduate Texts in Mathematics, Springer, New York, 2009. MR 2464052
(2009i:11002)

, Mathematical software and me: A wvery personal recollection, Dec 2009, http:
//wstein.org/mathsoftbio/history.pdf.




144

[20]

[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]

[29]

AFi

, Brief history and motivation behind the Sage coercion model, Tech.
report, Nov. 2010, blog post on http://sagemath.blogspot.com/2010/11/
brief-history-and-motivation-behind.htm.

, Three lectures about explicit methods in number theory using Sage, Release 4.6.2,
March 2011, http://www.sagemath.org/doc/bordeaux_2008/.

Sage Development Team, Sage, Reference Manual, Release 4.6.2, March 2011, http:
//www.sagemath.org/doc/reference/.

The Sage Development Team, Sage, Tutorial, Release 4.6.2, March 2011, http://wuw.
sagemath.org/doc/tutorial/.

i (BIER)  Ted Kosan, & USHT®D SAGE, 2 2008, http://www.bekkoame.ne. jp/
~ponpoko/KNOPPIX/sage _for newbies_ja.pdf.

Guido van Rossum and Fred L. Drake, JR., Python tutorial release 2.7.1, Python Software
Foundation, March 29 2011, available from http://docs.python.org/tutorial/.
VMWare, Inc., VM Ware player, VMWare, Inc., http://www.vmware.com/jp/products/
player/overview.html.

Lawrence C. Washington, Introduction to cyclotomic fields, second ed., Springer-Verlag,
New York, 1997. MR 97h:11130

RHEHERR, BERARED DD Magma AP, 5 7 BIULEEEGRIIFE SRR G (PN, B
RN, IR, KL, and BEZE5, eds.), 2009, pp. 59-79.

EHHER, RV IRz T7HhIn/A-T2Y—-REWSVEDIDFN, Btt - — 49
(2010), no. 9, 8-14.




