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1 . I N T R O D U C T I O N

A t e m p lat e is a ki n d of b r a n c h ed s u 血 ･c e w ith b o u n d a ry eq uip p ed w it h s m o ot h e x -

p a n si v e s e m i 鮎 w . Bi r m a n a n d W illi a m s 【B W l】【B W 2】s h o w e d t h at
,
if a h y p e rb olic ch ai n

r e c u r r e n t s e t of a 且o w o n a t h r e e - m a nifわld is g l V e n
,
t h e r e e xi st s a t e m pl at e e m b ed d e d i n

t h e m a n i fo ld s u c h t h at th e li n k of p e ri o dic o r bits i n th e c h ai n r e c c u r e n t s et of t h e n o w i s

i n bij e c ti v e c o r r e s p o n d e n c e w it h t h e li n k of p e ri o dic o r bit s o n t h e t e m p la t e ･ F u rt h e r m o r e

o n a n y fi nit e s u bli n k
,
t his c o r r e s p o n d e n c e i s v i a a m bi e n t is o t o p y ･ T his i m pli e s th at

,
t o

i n v e s tig a t e k n o t ty p e s of p e ri o di c o r bit s i n a h y p e r b olic c h ai n r e c u r r e n t s e t of t h e fl o w
)
it

is s u 缶ci e n t t o i n v e stig at e t h o s e of p e ri o dic o r bit s o n t h e c o r r e sp o n di n g t e m pl at e ･

A ft e r th ei r w o r k
,
fo r m o r e th a n t e n y e a r s ,

it is b elie v ed t h a t a li n k ty p e r e p r e s e n t e d a s

a s et of p e ri o di c o r bit s o n a t e m pla t e is s t r o n gl y affe ct e d b y t h en st r u c t u r e of t h e t e m pl at e

a n d t h e r e m u s t b e s o m e r e st ri c ti o n o n li n k t y p e s o n t e m pl a t e s . B u t i n 1 9 9 7
,
G b ri st 【G】

o bt ai n e d a s u r p r lS l n g r e S u lt ･ H e sh o w e d t h at t h e r e e x is t s a t e m pl a t e s u c h t a b t a n y li n k

t y p e is r e p r e s e n t e d b y a s e t of p e ri o dic o r bit s o n it ･ S u c h a t e m pla t e i s c alle d u ni v e r s a l ･

F u rt h e r m o r e h e g a v e s e v e r a l s u 瓜cie n t c o n diti o n s fo r a t e m pl a t e t o b e u n i v e r s al
,

a n d h e

p r o v ed t h at i n 丘n it ely m a n y L o r e n z -lik e t e m pl at e s a r e u ni v e r s al ･ B ut his i nt e r e s t w a s

r e s t ri c t e d o n L o r e n z -lik e t e m pl at e s w h o s e a r m s a r e n o t k n ot t e d ･ W h at w ill h ap p e n w h e n

a r m s a r e k n o t t e d ?

I n t his p a p e r w e w ill s h o w t h at
,
if a L o r e n z -lik e t e m pl a t e h a s a k n ott e d a r m

)
t h e n it

c a n n o t b e u n i v e rs al ･ W e h a v e al r e a d y c al c ul at ed k n o t g r o u p s of k n o t s o n t e m pl at e s i n

[S] ,
a n d t h e y w e r e t h o u gh t t o b e us ef ul t o o b t ai n t his r e s u lt ･ B u t a s a m att e r of f a ct

,
it

is p r o v e d w it h o u t u si n g o u r p r e v i o u s r e s u lt s . I n §2 w e p r e p a r e s o m e b a si c n o t a ti o n s an d

d e 丘n iti o n s ab o u t t e m pl a t e s . I n §3 w e st at e o u r m ai n th e o r e m a n d gi v e its p r o of ･

2 . T E M P L A T E S A N D S K E L E T O N S

I n 【B W 2] ,
B i r m a n a n d W illi a m s p r o v ed t h e e xist e n c e of k n ot b old e r s 払r h y p e rb olic

ch ai n r e c u r r e n t s e t s of fl o w s o n t h r e e di m e n si o n al m a ni fo ld s . L at e r k n ot h old e r s w e r e

r e n a m e d t e m pl at e s . T h u s w e w ill c all t h e m t e m pl a t e s i n t his p a p e r ･

D e fi n iti o n 2 ･ 1 ･ A t e m pl at e is a c o m p a c t b r a n ch e d s u rf a c e w it h b o u n d a ry l n a t h r e e

m a n if old b u ild l o c ally fr o m t w o t y p e s o f ch a rt s : j o i n m 9 an d s plitti n 9 ･ E a c h ch a r t
,

a s

ill u st r at ed i n Fig u r e 1
,

c a r ri e s a s e m i且o w
,

e n d o w i n g t h e t e m pl a t e w it h a n e x p a n di n g

s e m iB o w
,

a n d t h e gl u i n g m a p s b e t w e e n c h a rt s m u s t r e sp e ct t h e s e m ia o w a n d a c t lin e a rly

o n t h e e d g e s .

D a t e : O c t o b e r 1 0
,
2 0 0 3 .
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F I G U R E l ･ ( a) a j oi ni n g ch a r t; (b) a s plitti n g ch a r t .

T h e o r e m 2 ･ 2 ･ [ B W 2】 Gi v e n a βo w ¢t o n a th r e e di m e n si o n al m a niJbld M h a vi n g a

h yp e r b o lic ch ai n r e c u m Te n t S et
,
th e lin k L ¢ of p e ri o d i c o rb its in th e ch a i n r e c u T Y le n t S et is

i n bij e cti v e c o r r e s p o n d e n c e w ith th e li n k of p e ri o di c o rbit s L T O n a P a rti c u l a r e m b ed d ed

t e m p l at e T ⊂ M ( w ith L T c o n t a i n i n g at m o st t w o e a :t r a n e O u S O r bits) . O n a n y ヵn it e

s u bli n k
,
thi s G o r y ,e sp o n d e n c e i s vi a a m bi e n t is o t o p y .

I n this p a p e r
,

w e w ill c o n sid e r fl o w s a n d t e m p la t e s i n t h r e e di m e n si o n al sp h e r e S 3
･

T h e si m pl e st s o r t of t e m pl at e s is t h at b uild f r o m o n e J O l n l n g Ch a r t a n d o n e sp lit ti n g

占h a rt ･ F o r e x a m pl e
,
t h e L o r e n z t e m pl at e 【B W l】is o b t ai n ed lf r o m th e L o r e n z att r a c t o r

,

a n d t h e h o r s e s h o e t e m pl at e [B W 2] is o bt ai n ed fr o m t h e i n d e x o n e c h ai n r e c u r r e n t s e t of

t h e s us p e n si o n fl o w of S m al e
'

s h o r s e sh o e m a p . S e e Fig u r e 2 .

( a) (b)

F I G U R E 2 . ( a) t h e L o r e n z t e m pl at e; (b) t h e h o r s e s h o e t e m p la t e .

T h e s e t e m pl a t e s a r e t h o u gh t t o b e m a d e o f t h r e e p a r t s : o n e r e c t a n gl e
, s a y t h e b a s e

r e ct a n gle
,

a n d t w o a r m s s t a rti n g f r o m t h e b o t t o m e d g e of t h e b a s e r e c t a n gl e a n d a r ri vi n g

a t it s t o p e d g e . N o t e t h at n o a r m i s
"

k n o t t e d
"

i n t h e s e t e m pl at e s . T h e diffe r e n c e i s w h et h e r

t h e rig h t h a n d a r m is t w i st ed o r n o t . W e g e n e r aliz e t h e m b y m aki n g a r m s k n ot t ed a n d

t w ist e d . T o d e s c rib e o u r g e n e r ali z ati o n
,

w e n e e d s o m e d efi niti o n s .

D e 丘n iti o n 2 ･ 3 ･ A t e m pl a t e i s c all ed t o b e w ith t w o a r m s if it c o n si st s of o n e J O l n l n g

c h a rt a n d o n e s plitti n g ch a rt
,
lik e t h e L o r e n z t e m pl at e a n d t h e h o r s e s h o e t e m pl at e . A

t e m pl at e w it h t w o a r m s i s c all e d a g e n e r ali z ed L o r e n z
-lik e t e m pl at e .

D e 丘n iti o n 2 . 4 . L et T b e a g e n e r ali z e d L o r e n z llik e t e m pl a t e . I t i s c o n sid e r e d t o b e m ad e

of o n e b a s e r e ct a n gl e R a n d t w o a r m s; t h e leP a r m w hic h st a rt f r o m left h al f of t h e b o tt o m

ed g e of R
,

a n d t h e righ t a n n . L e t A L b e t h e l eft a r m a n d A R b e t h e ri gh t a r m .
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D e 丘n iti o n 2 . 5 . W e c all a n a r m u n t w ist ed if t h e a r m t o g eth e r wi t h R is h o m e o m o r p hi c

t o a n a n n ul u s . W e c all a n a r m t w i st ed if th e a r m w it h R is h o m e o m o r p hi c t o a M 6 bi u s

b a n d .

F o r e x a m pl e
,
b ot h a r m s o f t h e L o r e n z t e m pl a t e a r e u n t w i s t e d . B u t

,
fo r t h e h o r s e s h o e

t e m pl at e
,
A L i s u n t w i st e d an d A R is t w i st ed .

D e fi n iti o n 2 . 6 . If a n a r m i s u n t w is t e d
,
t h e n t h e o r bit of t h e s e m iA o w th r o u gh t h e left

ed g e (r e s p . ri gh t e d g e) of it s b a s e r e ct a n gl e R a n d t h e left ( r e s p . ri gh t) a r m w ill b e a k n ot

i n S
3

,
s ay K L ( r e s p . K R) . If a n a r m is t w i st ed

,
t h e n t h e r e e x i st s a p e ri o dic o r bit

,
s ay K

,

of th e s e m ifl o w w hic h p a s s e s t h r o u gh R a n d t h e a r m o nl y o n c e r e sp e cti v ely . W e r efe r t o

t h e o r bit K a s K L if th e a r m i s A L ,
a n d K R if t h e a r m i s A R . I n t his c a s e

,
w e sh ri n k R

sli gh tly t o t h e h o ri z o n t al di r e c ti o n s o t h a t th e o r bit K is t h e left e d g e o f R w h e n K - K L

o r t h e ri gh t e d g e w h e n K - K R . If A L is u n t w i st ed
,
l et t L b e th e li n ki n g n u m b e r of a

cl o s e d c u r v e o n A L P a r all el t o K L W it h K L . If A R is u n t w i s t e d
,

w e c a n d e fi n e t R i n t h e

s a m e w ay . If A L i s t w i st e d
,
t h e r e e x it s a cl o s e d c u r v e K

/

o n A L U R w hic h d o u b ly c o v e r s

K L ,
an d let t L b e a h alf o f t h e li n ki n g n u m b e r o f K

I
w it h K L . If t h e A R is t w i st e d

,
w e

c a n d e fi n e t R i n t h e s a m e w a y . N ot e t h at t L (r a s p . t R) is a n i n t e g e r if an d o nly if A L

( r e s p ･ A R) is u n t w is t e d . L et S k el( T) b e t h e fi g u r e i n S 3
c o n sisti n g of t h e b a s e r e ct a n gl e

R a n d t w o k n o t s K L a n d K R ,
a c c o m p a n i ed w it h t w o n u m b e r s t L a n d t R . W e c all S k el( T)

t h e s k el et o n of T .

E x a m p l e 2 . 7 . F ig u r e 3 s h o w s a n e x a m ple of a t e m pl at e a n d it s s k el et o n . I n t his e x a m pl e
,

K L i s a t r e fo il k n ot a n d K R is a t ri v i al k n ot
,

a n d t h e y a r e li n k e d ･ N u - h e r s
- 3 a n d言

w ritt e n n e a r K L a n d K R i n d ic at e t L a n d t R r e s p e cti v ely .

( a) 仲)

F I G U R E 3 . ( a) a t e m pl at e w it h t w o a r m s , a n d (b) it s sk el e t o n ･ I n ( a) ,

t h e g r ay c u r v e i n di c a t e s K R .

R e m a rk 2 . 8 . W e al w ay s a s s u m e t h a t K L a n d K R a r e O ri e n t ed b y t h e dir e c ti o n of t h e

s e m ifl o w ･ W e als o a s s u m e t h at th e t ot al s p a c e S 3
is o ri e nt e d b y l eft - h an d sy st e m .
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p r o p o siti o n 2 . 9 . S u p p o s e w e a r e gi v e n a P g u r e i n S 3
,

c o n sis ti n g of o n e r e c t a n gle R a n d

a t w o - c o m p o n e n t li n k K L U K R S u ch th at K L n R -
"

th e l ejTt ed g e Of R
"

a n d K R n R -

"

th e rig ht e d g e of R
"

,
w ith t w o n u m b e r s t L a n d t R a tt a c h e d t o K L a n d K R r e SP e Cti v ely ･

T h e n w e c a n m a k e a t e m p l a t e s u c h th at its sk el et o n i s th e gi v e n P 9 u r e ･

D e fi n iti o n 2 . 1 0 . T h e t e m pl at e a s i n P r o p o siti o n 2 . 9 is d e n o t ed b y T e m p( K L U K R ; t L ,
t R) ･

P r o of of P r o p o siti o n 2 . 9 . R e pl a c e a c u r v e K L ＼R by a n a r r o w b a n d B L S u c h t h a t it s l o n g

e d g e s c o n si st o f K L a n d a c u rv e p a r all el t o K L i n a S eife r t s u rf a c e o f K L ,
an d o n e of its

s h o rt e d g e s a r e gl u e d t o t h e t o p ed g e of R a n d t h e ot h e r t o th e b o t t o m e d g e of R ･ T h e n

e x p a n d li n e a rly t h e s h o r t e d g e o f B L a tt a ch e d t o t h e t o p ed g e of R t o t h e s a m e l e n gt h a s

t h e t o p ed g e o f lL Fi n ally c u t R a n d B L al o n g t h e t o p ed g e of R a n d t w i st B L t L
-ti m e s

a n d gl u e ag ai n . A p p ly si m il a r o p e r a ti o n s t o K R . T h e n gl u e B L t O t h e t o p e d g e of R f r o m

t h e f r o n t
,

a n d gl u e B R t O t h e t o p e d g e o f R f r o m t h e r e a r ･ T h e n w e o b t a in t h e r eq u i r ed

t e m pl at e T e m p( K L U K R ; t L , t R) . N o t e t h at
,
if L L ( r e sp ･ t R) is a n i n t e g e r t h e n t h e left

( r e s p . rig h t) a r m i s u n t w i s t e d . O t h e r w i s e t h e a r m i s t w is t e d ･ ロ

A lt h o u gh t e m pl a t e s g e n e r a u y a d m it li n ki n g of K L a n d K R ,
W e n e e d t o r e s t ri c t o u r

a tt e n ti o n t o a sp e ci a l c a s e f o r o u r m ai n r e s u lt .

D e fi n iti o n 2 . l l . A g e n e r ali z e d L o r e n z -lik e t e m pl a t e i s c all e d s p litt a bl e if t h e r e e x i st s a

t h r e e b all B
3

in s
3

s u ch t h a t K L i s i n cl u d e d i n t h e i n t e ri o r of B
3

,
a n d K R i s i n cl u d e d i n

th e i n t e ri o r o f S
3
＼B

3
,

a n d ∂B
3

n R - a
"
v e rti al li n e

"

of R .

F o r e x a m pl e
,
t h e L o r e n z t e m pl a t e a n d t h e h o r s e s h o e t e m p la t e a r e s plitt a bl e

†
b u t t h e

t e m pl at e s h o w n i n F ig u r e 3 is n o t s plitt a bl e si n c e K L a n d K R a r e li n k e d ･

D e fi n iti o n 2 . 1 2 . A t e m pl a t e T is c alle d u n i v e r s al if e v e r y fi nit e li n k t y p e is r e p r e s e n t ed

b y a s e t of p e ri o dic o r bit s of it s s e m ia o w .

3 . U N I V E R S A L I T Y O F S P L I T T A B L E G E N E R A L I Z E D L o R E N Z
- L I K E T E M P L A T E

L o r e n z -lik e t e m p l a t e i s a t e m p l at e w it h t w o a r m s b ot h of w h o s e a r m s a r e u n k n o tt e d ･

I n [ G] (s e e als o 【G E S]) ,
G b rist s h o w e d t h at

,
a m o n g L o r e n z -lik e t e m pl at e s

,
t h e r e e xi st

i n 丘n it ely m a n y e x a m pl e s of u n i v e r s a l t e m pla t e s . Ⅱe a ls o s h o w e d e x a m ple s o f n o b - u ni v e r s al

t e m pl at e s . B u t h e did n o t c o n sid e r a b o u t t h e g e n e r a li z e d L o r e n z
-li n e t e m pl a t e s , t h a t i s ,

L o r e n z
llik e t e m pl at e s w h o s e a r m s a r e k n ott e d . O u r r e s ult is o n u ni v e rs ality of g e n e r al i z ed

L o r e n z
-lik e t e m pl at e a s f oll o w s :

T h e o r e m 3 . 1 . L e t T - T e m p( K L U K R ; t L ,
t R) b e a n sp litt a bl e g e n e r a liz e d L o r e n z -lik e

t e m pl a t e . If T i s u n i v e r s a l
,
t h e n K L U K R S h o uld b e a t w o - c o m p o n e n t u n li n k ･

P r o of . W e p r o v e t his t h e o r e m b y p r o v i n g t h a t ,
if at l e a s t o n e of K L a n d K R is k n o t t e d

,

th e n 了
｢

c a n n o t h old e v e r y k n o t .

Fi r s t s u p p o s e t h at K L is k n ot t e d a n d K R is a n u n k n o t ･ S i n c e T is s plitt a bl e
,

w e c a n

sh ri n k t h e ri gh t a r m A R S O S m all t h a t it c a n b e c o n t ai n e d i n a s m all t u b u l a r n eig h b o r h o o d

U of A L U R . S e e Fig u r e 4 . L e t K b e a n o rbit o n T ･ If K p a s s e s th r o u gh A L at l e a s t

o n c e
,
t h e n K is r eg a r d e d a s a s a t ellit e kn o t of K L ･ T his i m pli e s t h at

l
Si n c e a n y s a t ellit e of

a n y n o n - t ri vi al k n o t sh o u ld b e n o n - t ri v i al a n d K L is k n ott ed
?
K c an n o t b e a t ri v i al k n o t ･

S u p p o s e K d o e s n ot p a s s t h r o u gh A L . T h e n K s h o uld p a s s t h r o u gh A R O nl y o n c e
,
b e c a u s e

t h e s e m i fl o w i s e x p a n di n g . T h u s K m us t b e a n u n k n o t . S u m m a r l Z l n g t h e s e r e s u lt s
,

K

ー 4 -



U N I V E R S A L I T Y O F S P L I T T A B L E G E N E P A LI Z E D L O R E N Z - L I K E T E M P L A T E S

c a n r ep r e s e nt o nly a s at ellit e k n ot of K L O r a t ri v i al k n ot ･ B ut it is e a s y t o sh o w th at

t h e r e e x i s t s a k n o t t y p e w hic h i s n ot o n e o f t h e m , T h i s i m plie s t h at T is n ot u n i v e rs al ･ If

K R is k n o t t e d a n d K L is a n un k n o t
,

n o n - u n i v e r s al it y of T c a n b e p r o v ed si m il a rly ･

F I G U R E 4

N e x t s u p p o s e t h at b o t h of K L a n d K R a r e k n o tt e d ･ T h e n
,
lik e i ,h e a b o v e c a s e

,
w e

c a n sh ri n k A R S O S m all th a t it c a n b e c o n t ai n e d i n a s m all t u b ul a r n eigh b o r h o o d U o f

A L U R . S e e F ig u r e 5 . T his fi g u r e i s t h o u gh t t o b e o b t ai n e d b y e m b e d d i n g an s t a n d a rd

t o ru s u
'

c o n t ai ni n g T
/

- R u A R U ( a n u n k n o t t ed a r m A
I

R) i n t o U ･
T h u s a n y o r bit K

o n T is a s at ellit e k n ot o f s o m e o r bit K
'

o n T
'

w it h t h e c o m p a ni o n K L ･ F u rt h e r m o r e a s

i n t h e a b o v e c a s e K
r

i s a s a t ellit e kn o t w it h t h e c o m p a n i o n K R ･ S i n c e K R an d K L a r e

n o n
-t ri vi al k n ot s ,

〟
/

a n d 〟 s h o uld b e n o n
- t ri v i al ･ T his i m pli e s t h a t r is n o t u ni v e r s al ･

T h e p r o o f i s c o m pl et e d ･

F I G U R E 5

- 5 -
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4 . C o N C L U D I N G R E M A R K S

W e h a v e c o n sid e r e d
砧

sp lit t a bl e
竹

L o r e n z -lik e k n ot ･ If it is n ot splitt abl e
,
d o e s o u r t h e -

o r e m s till r e m ai n t r u e? I n th e p r o of a b o v e it w a s p r o v e d t h a t
,
if b ot h of K L a n d K R

a r e n o n -t ri v i al
,
t h e n a n y o r bit is n o n

- t ri v i al ･ B u t if w e p e r m it t h e lin ki n g of K L a n d

K R ,
t his is n ot t r u e ･ F o r e x a m pl e t h e t e m pl at e w h o s e s k el et o n i s a s i n Fig u r e 6 c a n h old

a n u n k n o t e v e n t h o u gh b o t h of K R a n d K L a r e n O n - t ri v i al . B u t w e c o nj e c t u r e th at o u r

t h e o r e m i s still t r u e f o r n o n - s plit t a ble t e m pl a t e s ･ T his m a y b e p r o v ed t h at t h e u nl i n k w it h

2 c o m p o n e n t s c a n n o t b e r e p r e s e n t ed a s o rbit s .

腐
F I G U R E 6

0 n t h e ot h e r b a n d
,

w e h a v e t r e a t e d t e m pl at e s w it h o nly 2 a r m s . B u t t his r e s t ri ctio n i s

o n ly b r si m plicit y )
a n d i s n o t e s s e n ti al ･ T h u s

,
b y t h e s a m e a r g u m e n t a s i n o u r p r o of

,
w e

c a n p r o v e o u r t h e o r e m fo r splitt a ble t e m pl at e s w it h m a n y a r m s ･

R E F E R E N C E S

[B W l] J ･ B i r m a n a n d R ･ W illi a m s
,
K n o t t e d p e r i o d i c o r b it s i n d y n a m i c a l s y si e m s

一 丁: L o r e n z
'

s e q u a ti o n s ,

T o p o lo g y 2 2 ( 1) ( 19 8 3) ,
4 7- 8 2 .

【B W 2】 J ･ B i r m an a n d R ･ W illi a m s
,
K n o tt e d p e r i od i c o r bi t s i n d y n a m i c a l s y s t e m s - II : k n o t h o ld e r s f o r

jib e r e d k n o t s , C o n t ･ M a t h ･ 2 0 ( 19 8 3) ,
1 - 6 0 .

[G] R ･ C h ris t
,
B r a n c h e d t w o - m a n if old s s u p p o r ti n g all li n k s ,

T o p ol o g y 3 6(2) (1 9 9 7) ,
4 2 3 - 4 4 8 .

【G H S] R ･ C h ri s t , P ･ H o lm e s
,

an d M . S u lli v a n
,

K n o t s a n d li n k s i n t h r e e
- d i m e n s i o n a l J! o w s . Le c t u r e

N o t e s i n M a t h e m a ti c s 1 6 5 4
,
S p ri n g e r

,
1 9 9 7 1

【S】 K ･ S a s an o
, G r o u p s of k n o t s o n t e m p la t e s

,
T h e J o u r n al o f L ib e r al A r t s a n d S ci e n c e s

,
T o y a m a

M e d i c a l a n d P h a r m a c e u ti c al U n i v e r si t y 2 6 ( 2 00 1) , 11 9 .

D E P A R T M E N T O F M A T 71 E M A T I C S , T o y A M A M E D I C A L A N D P H A R M A C E U T I C A L U N I V E R S I T Y , T o y A M A , 9 3 0 -

0 1 9 4 J A P A N
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