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Hamilton circuits of Cayley graphs of Weyl groupoids of
generalized quantum groups

Hiroyuki YAMANE

Abstract. We study Hamilton circuits of the Cayley graphs of the
Weyl groupoids of the generalized quantum groups, or the quantum
double of the Nichols algebras of diagonal-type, with finite root sys-
tems. We prove the existence of a Hamilton circuit for any of them
and explicitly draw one of them for rank 3 and 4 cases.

1. Introduction

For a finite graph X = (Y, Z), where Y and Z are the sets of vertices
and edges of X respectively, a Hamilton circuit of X means a bijection
h:{1,2,...,]Y|} = Y such that

{h(@),h(i+ 1)} (1 <i < Y| = 1), {h([Y]),(1)}} C Z,

where |Y| means the cardinal number of Y.

For a finite Coxeter system W = (W, S), where W is a finite Coxeter
group, the Cayley graph of W with the generator system S means the graph
whose sets of vertices and edges are W and {{w,sw}lw € W,s € S} re-
spectively.

The Weyl groupoids [15], [8], [14, Definition 9.1.8] are a groupoid version

of Coxeter systems.
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This paper studies Hamilton circuits of the Cayley graphs of the Weyl
groupoids associated with the generalized root systems, or the quantum
doubles of the finite-type Nichols algebras of diagonal type, over a field
of characteristic zero. The importance of the Weyl groupoids for study of
Hopf algebras and Lie superalgebras is consistently written in a recent book
[14]. In particular, they play an important role in study of classification
of Nichols algebras. Since the quantum doubles of the Nichols algebras of
diagonal type form a generalization of the quantum groups, we call them
the generalized quantum groups.

Let K be a field, and K* := K\ {0}. Let ZII be a finite-rank free
Z-module with a basis II. Let x : ZII x ZII — K* be the map satisfying

XA+ p,v) = XA v)x(p,v), x(O\ p+v) =x(A w)x(Av) (A p,v € ZID).

The Nichols algebra U™ (x) of diagonal type has a Kharchenko’s PBW-
basis described by the generalized root system R(x) = Rt (x) U (—R*(x)).
I. Heckenberger [12] classified x with |R(x)| < oo for K of characteristic
zero. 1. Heckenberger and the author [15] introduced an axiomatic defini-
tion of the generalized root systems, which include R(x)’s. M. Cuntz and
I. Heckenbeger improved the axiomatic definition by [8] and completely
classified the finite Weyl groupoids by [10]. The result of [10] tells that
there are so many finite Weyl groupoids other than those associated with
the Nichols algebras of diagonal type. In this paper, we concentrate on
studying a Hamilton circuit of the Cayley graph of the Weyl groupoid of
the Nichols algebras U™ () of diagonal type with |R(x)| < oo over a field
K of characteristic zero.

On the other hand, J.H. Conway, N.J.A. Sloane and Allan R. Wilks [7]
proved the existence of a Hamilton circuit for the Cayley graph of every
finite Coxeter group in a very concise way. Therefore it is natural to ask
whether the Cayley graph of a finite Weyl groupoid has a Hamilton circuit.
In general, to determine whether a Hamiton path or a Hamilton circuit
exists for a given graph is one of the major themes in graph theory, and
called the Hamiltonian path problem. For basic terminologies, see [11].
One important open problem is whether every Cayley graph contains a

Hamilton path or a Hamilton circuit, see [19].
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We also mention that the author with his collaborators achieved results
2], [3], [4], [5], [6], [16], [17], [22], [23], [24] concerning representation theory
of the generalized quantum groups U(x) defined as the quantum double of
U*(x).

Since there are so many finite Weyl groupoids [10] (see also [9, (|A| of)
Table 1 and Table 2]) other than those of the generalized quantum groups,
it would be interesting if we are able to obtain Hamilton circuits for them
using computers (if any). At the present moment, this problem! looks very
tough, especially for rank > 4 cases.

This paper is organized as follows. Section 1 is Introduction. In Section 2,
we recall the argument of [7] in a detailed way since we use arguments simi-
lar to it. Let x be as above. In Section 3, we recall the positive part U™ (x)
of the generalized quantum group U(x) (see [16]), the generalized root sys-
tem R(x) of UT(x) and the Weyl groupoid W(x) of U*(x), define the
Cayley graph I'(x) of W(x), and give some technical lemmas and propo-
sitions used in Sections 4-6. In Sections 4-6, we assume that |R(y)| < oo
and R(x) is irreducible (see Subsection 3.1 for the term irreducible). By
[15, Lemma 8(iii)], we see that |R(x)| < oo < |W(x)| < co. In Section 4,
we exactly draw I'(x) with one of its Hamilton circuits for x of rank 3.
In Section 5, we exactly give Hamilton circuits (shown by symbols s¢’s) of
['(x) for x of rank 4. In Section 6, we prove the existence of a Hamilton
circuit of I'(y) for x whose rank is more than or equal to 5. In Appendix,

we recall names for U™ (x) given by [1].

Notation 1.1. (1) For n € N, we let @ : Z — 7Z/nZ mean the canonical
group epimorphism, i.e., Tp(t) ==t +nZ (t € 7).

(2) Forz, y € RU{oo, —oo}, let Jpy:={k € Zlz < k < y}.

2. Hamilton circuits of Cayley graphs of finite Coxeter Groups

We begin with recalling the definition of a Cayley graph.

! After this paper was submitted, the author noticed that for (most of) rank-3 cases,
this problem can be solved using a command of Mathematica [21] concerning Hamilton
circuits. However the Hamilton circuits for rank-3 cases we draw in Section 4 of this

paper are necessary in order to use them in Sections 5 and 6.
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Definition 2.1. In general, a Cayley graph is defined as follows. Let G be
a group with a unit e. Let S be a subset of G such that e ¢ S, {z7 Yz €
S} =S and S = {:U]flx’fxfl"]n € Nz, € Sjkj € Z>o (i € J1n)}. Let
I'(G, S) be the graph (V, E) such that the set V' of vertices is identified with
G and the set E of edges is formed by {g,h} with h=lg € S. We call
['(G, S) the Cayley graph of G and S. For example, if G is the symmetric
group S(3) of degree 3 and S = {(12), (123), (132)}, then I'(G, S) is given
by the figure below.

(123) (12)

(132) (13)

(23)

Fig.0: The Caylay graph of Ss with generators S = {(12), (123), (132)}

In this section we recall the main ideas of the proof given in [7] of the
existence of a Hamilton circuit for the Cayley graph of the finite Coxeter
group. An adapted argument will be used later for finite Coxeter groupoids.

Recall that a Coxeter system consists of the following data:

(a) A non-empty finite set S.
(b) A map ¥ = ¥W:9) : § x § - N such that

U(s,s) =1, U(s,t) =V(t,s) >2, s,teS, s#t.
(c) A group W defined by the generators s € S and relations

(st)\p(s’t) =e, st€eS,

Let (W, S) be a finite Coxeter system, i.e., the following (Cx1)-(Cx4) are
fulfilled.
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(Cx1) S is a non-empty finite set.

(Cx2) There exists a map U5 : § x § — N such that W9 (s, 5) =1
(s€8), ¥WS (s s = oW (¢ &) >2 (5,5 €8, s #5").

(Cx3) W is the group defined by the generators s € S and

the relations (s's”)¥" ¥ ("s") = ¢ for all &/, s € S.

where e means the unit element of W.
(Cx4) [W| < .

Let X be an |S|-dimensional R-linear space with a basis {zs|s € S}. Define
the symmetric bilinear map (, ) : X x X — R by

(s',s" €9).

T
(l’s/, -Ts”) = —2cos m
Then we have a group monomorphism f : W — GL(X) defined by f(s)(y) :=
y— (y,xs)xs (s € S,y € X). Hence

Vs,Vs' € S, W9 (5 ') = min{m € N|(ss')™ = e}.

In this section, we explain the idea of [7] to obtain a Hamilton circuit
Hw,s of the Cayley graph Cy g of (W, S). Here Cyys is the graph composed
of the vertices bijectively corresponding to the elements of W and the edges
labeled by s € S connecting two vertices corresponding to x, y € W with
y = sx. Let k := |[W/|. If there exists a bijection 6 : Z/kZ — W such that
O(7p(t +1))0(7(t)) "L € S for all t € Z, then the Hamilton circuit Hy.s of
Cw,s defined by 0 is the subgraph of Cy s composed of all vertices of Cyy, 5
and the k-edges each of which connects two vertices labeled by (7 (t)) and
O(7(t+1)) for some t € Z, and 0 is called a Hamilton circuit map of Cy,s.

We clearly have the following lemma.

Lemma 2.2. Assume |S| = 2. Let {s1,s2} := S. Then a Hamilton circuit
Hw,s uniquely exists. More precisely we have the following. Let m :=
WS (s1,59). Then |W| = 2m. Define the bijection 0 : Z)2mZ — W by
0(71(0)) :=e, and O(7(2t+1)) := s10(7x(2t)), O(7r(2t+2)) := s20(71 (2t +
1)) (t € Z). Then Hw,s defined by 0 coincides with Cy .
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We shall mostly use the argument of the proof of the following theorem.

Theorem 2.3. ([7, Theorem]) A Hamilton circuit Hw,s exists for any
finite Coxeter system (W, S).

Proof. Let n :=|S|. If n = 1, the claim is obvious. If n = 2, the claim
follows from Lemma 2.2.

Assume n > 3. Then we can easily see from the classification of the
irreducible finite Coxeter systems that there exists a bijection 5 : J; , — S
fulfilling that

Vi€ Jin—2, §(i)5(n) = 5(n)s(3). (2.1)
Let S := {5(i)|i € Jin_1}. Let W be the subgroup of W generated by
S. Note that (W, S) is a Coxeter system. Let h := |W|, h := [W/|, and
p = %(E J2.00). Then there exists w, € W (u € Jyp) such that w, = e,
W = Uf::lex and Ww, N Wwy =0 (x # /) , ie., W = H§:1wa is
the right coset decomposition of W by w.

By induction, we have the Hamilton circuit HW, g of CW, g defined by a
bijection :7 / hZ — W. Since the elements of a non-empty proper subset

of § can not generate W, we see that
Vk € Jin1, Imi € Z, O(7c; (my + 1)) = 3(k)0(7; (my)). (2.2

For u € W and k € J1n-1, fixing my, of (2.2), define the bijection éuk :
Z/hZ — W by

O 1o (75 (1)) := O, (my + £)0(77 (my)) Mu (t € Z),
and define the surjection ¢, 1 : Z/HZ — Jin—1 by
(8 0 k) (73,(1)) = 07, (my, + 0))0(75(mx +t = 1)) (t € Z),

Then we have the Hamilton circuit ’H;Vk s of CW, g defined by éuk Note
that

~ ~

Ouk(7,(0)) = u and 0y 1 (7;,(1)) = 8(k)u = (50 Py i) (7}, (1))u. (2.3)

We shall construct a Hamilton circuit in an inductive way. Let | € Jy 4.

We shall show by induction on [ that there exist an injection g; : J1; — Ji,
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and a bijection 0, : Z/liLZ — W;, where W, := Hizlﬁ/wgl(z), such that
0y(7,;,(t + 1)0y(7,;, (1))~ € S for all ¢ € Z. Recall ph = [W|. If | = 1,
we may let g;(1) := 1 and 6; := . Let | € Jap, and assume that the
hypothesis of the induction for [—1 in place of [ holds. Define the surjection
@11 :Z)(1—1)hZ — Jy 1 by

811 (i ()1 (i (= 1) = O (F_pyi(0) (2 € 2.

Since W is a finite group generated by S, there exist b, € J; (1 and
c€ Jip\ gi—1(J1,-1) such that

8(n)01-1(F_yy5 (b1 = 1)) € W,

If Sol—l(ﬁ-(lfl)l}(bl)) = n — 1, then (,01_1(7?([71)}1(()[ — 1)) € J17n_2, which
implies é(n)&l,l(ﬁ(l_l)ﬁ(bl —2)) € Ww, by (2.1). Hence we may assume
wr-1(7 1), (b)) € Jin—a. Let r:= @1 1(7;_y); (b)) (€ Jin—2). Let v:=
§(n)9.l_1(fr(l_1)h(bl — 1)w;' € W. Define the map g; Jig — Jip by
by (91)7,_, = g1i-1 and gi(I) := c. Define the map 0, : Z/IZ — W (:=

le:lwwgz(z)) by

91—1(7?(5_1);;(t)) ift e Jip-1,
e () e | P AR G- ) =
1h ‘?g(r)v,r(ﬁh(t +1 - by))we ifte Jbl+1,bz+l3—1’
Or-1(7_y)5,(t = h)) it € Jyhin

for t € J, ;- Let u:=3(r)v (€ Wuw.). For t € Sy 114715 We have

= 8(Pur (T (t+1=01))) -+ 8(Pur(77,(2)))3(Pu,r (7,(1))) urwe
t+1—b;
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We also have

Then g; and 91 are the desired ones, where see also Fig.1. ]
8(u.r([1)))
|
8(¢u.r([2]))) 5(r) 8(pu.r([A])))
5(n) 5(n) Here [t] 1= 7}, (t)
( and t := ﬁ(l—l)ﬁ(t)' )
Recall r € J1 2.

3(p1-1(b — 1)) 3(r) 3(pr-1(bi + 1))

3(p1-1(br)))

Fig.1: Joint to get a Hamilton circuit in Proof of Theorem 2.3

Example 2.4. Here let (W, S) be a Coxeter system of type B, (n € J2,).
It means that W is the group defined by generators s; (i € Ji,) and
relations s? = e, sisj = s;58; (|1 — | > 2), 8iSi418i = Si+15iSi+1 (0 € Jan—1),
and $1525152 = 2515251, where we let S = {s;|i € J1,}. It is well-known
that [W| = 2" -nl. If n = 2, a Hamilton circuit Hy,g is s152515251525152
by Lemma 2.2. If n = 3, a Hamilton circuit Hy,g is drawn Fig.2 below,
where we use the argument of Proof of Theorem 2.3 for my, = 0, 5(k;) = s1

(l € Jag) and by =7, b3 = 13, by = 17, by = 21, bg = 23. If n = 4, see Fig.4
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below.

515251525152(535251525152
'(53525152(53323152(5352(535231525152515253)5251525152

-53)52515253)52515253)5253)52,

Fig.2: Hamilton circuit of the Weyl group of type Bs.

See also Fig.3 below.

Fig.3: The (2-convenient (see Definition 3.10)) Hamilton circuit Fig.2
of the Weyl group of type Bs,
where \( shows the initial and end point of Fig.2
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Fig.5: Visual explanation to obtain the Hamilton circuit of Fig.4 of

the Weyl group of type By
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Fig.6: The Caylay graph and a (2-convenient (see Definition 3.10))
Hamilton circuit of the Weyl group of type-As

Fig.7: The Caylay graph and a (2-convenient (see Definition 3.10))
Hamilton circuit of the Weyl group of type-As x Ay

535253525354535453525354535253525354535453525154535253525354
"53545352535453525352
+835453545154535253592535453545359253545154535253525354535453S592
©83545154535253525354
+5354535253545352535253545354535251525352535453545352515258352

*53545354535251525184

Fig.8: Hamilton circuit of Weyl group of type A4 with s? =e,

8iSi4+1Si = Si+1S5iSi+1, SiSi+2 = Si+2S5; and S§184 = S481 (Length = 120)
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525352535254825452535254525352535254525452535251525352835254
15254528352545253525352545254525152545253
828352545254525352545253525352515253525352545254525352545253
5253525452515253525352545254525352545253
*8§283859251592535253525459254525352545253525352545251525352535254
*8284859515925452535253595452545253595452S53
+89583895452545251525452535253525452545253525152535251525452853
*528515283525152545251

*S281

Fig.9: Hamilton circuit of Weyl group of type D4 with
s?=e, s;5;8 = s;8;:8; ((i,7) € {(1,2),(2,3),(2,4)}) and s;s; = s;s;
((4,9) € {(1,3),(1,4),(3,4)}) (Length = 192)

$35453545352535453525354535253525354535253525352535453545352
©5354535253545352535253545352535251525354
©835453525354535253545352535253545352535253525354535453525354
©8352535453525352535453525152535453545352
©8354535825354535253525354535253525352535453545352535453525354
©5352535253545152535453545352535453525354
©535253525354535253525352535453545352535453525354535253525354
©5152535453545352535453525354535253525354
©8382853852535253545354535253545352535453525152535453545358258354
©5352535453525352535453525352535253545354
©835253545352535453525352535451525354535453525354535253545352
©8352535453525352535253545354535253545352

Fig.10": S’ of Fig.10
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S’ - 5354535253580535451525354535453525354535253545352535253548382
+8352535283545354535253545352535451528354
©535453525354535253545352535253545352535253525354535453525354
*53528535453525352535451525354535453525354
©535253545352535253545352535253525354535453525354535253545352
©5152535453545352535453525354535253525354
*535253525352535453545352535453525354535251525354535453525354
15382535453525352535453525352535253545354
*835253548352535453525382535451525354535453528354535253545382
©85352535453525352535253545354535253545352
*835453525352535451525354535453525354535253545352535253545352
©53528535253545354535253545352535451525354
©535453525354535253545352535253545352535253525354535453525354
*5352535453525352535451525354535453525354
©535253548352535253545352535253525354535453525354535253545152
©85354535453525354535253545352535253545352
+838283825354535483525354583528354583525818283545354838253548352
©8354535253525354535253525352535453545352
©535453525354515253545354535253545352535453525352535453525352
©5352535453545352535453525354535253525354
©515253545354515253545354535253545352535453525352535453525352
©5350535453545352535453525354515253545354
1538253545352535453525352535453525352535253545354535253545352
+8354535283525354535253825152535253545152
+835848384835825835848352535483582835283545835253582583825838453548352
©5354535253545352535253545352535251525352
©515253545352535453525352535453525352535253545354515253545354
©5352535453525354535253525354535253525352
©535453545352535453525354535253525354535253525152535453525354
©85350535253545352535251525352515253525354
*8352538251525384535253825152535253545352535258152535251528382
+8354535283525152835251825352515253548352
+83825152835453825835251525835251525352535453525352515283525152
+8385285152535453825835251528352515253525152

*8182

Fig.10: Hamilton circuit of Weyl group of type Fy with s% =e,
(5152)% = (s283)* = (s354)3 = e and (s;5;)2 =2 (|i — j| > 2)
(Length = 1152)

3. Weyl groupoids associated with Nichols algebras of diagonal
type
3.1. Basic of Nichols algebras of diagonal-type

Let K be a field of characteristic zero, and K* := K\ {0}. For z,y € K

and k € Z>o, let (k); == Zle 2" (k)y! = Hle(r)x, (kyz,y) == 1—
I‘k_l

y and (k;z,y)! = Hle(r;x, y). Let I be a non-empty finite set. Let
ZI(= @ierZa;) be a free Z-module with a basis IT := {«;|i € I}, where
III| = |I|. Let Z>oll := ®icrZ>oc; (C ZII). Let Autz(ZII) be the group
formed by Z-module automorphism of ZII.
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Let X1 be the set formed by all maps ' : ZII x ZII — K* with

XA+ v) =X X' (A v), XA+ w,v) =X (A v)X (1, v)

(A p, v € ZII). 8:1)

We call an element of X1 a bi-character associated with 1.

Let x € X1. We call x reducibe if there exists a non-empty proper subset
I’ of I such that x (o4, aj)x(aj, ;) =1 for every (i,5) € I’ x (I'\I'). If this
is not the case, we call x irreducible.

In this subsection, let x € &1, and let g;; := x (o, a5) for i, j € I.

Let U™ (x) be the Nichols algebra of diagonal-type associated with y, that
is to say, U™ () is the unital associative K-algebra with the generators E;
(7 € I) satisfying the conditions (Nicl)-(Nic2) below.

(Nicl) There exist subspaces U™ (x)x (A € Z>olI) such that

Ut(x) = @/\EZZOHU+(X)>\ (as a K-linear space),
UT0O0AUT (00 CUT(00)a4n (A 1 € Zxoll),

K1 =U*(x)o, dimU*(x)o = 1, KE; = U" (X)a,, dim U™ (x)a, = 1 (i € I).

(Nic2) There exist K-linear maps 9% : Ut (x) — U™ (x) (i € I) such that

i azL(l) =0,

o Vi,je VYA€ Z>oI,VX € UT(X)a,
OF(B;X) = 6;,;X + g ;07 (X),

° ﬂigker(‘?f = U+(X)0.

Namely U™ (x) is the Nichols algebra of diagonal-type associated with x, see
[13, Proposition 5.4], [16, Section 3] (see also [20, CHAPTER 38)).

Theorem 3.1. (Kharchenko PBW Theorem [18]) (We emphasize that x
be anyone satisfying (3.1).) There exists a unique pair (R (x),¢X) of a
subset RY(x) of Z>oIl \ {0} and a map ¢} : Rt(x) — N satisfying the
following condition (x), where notice Il C RT(x) C Zxoll \ {0}.

(%) There exist Egy € Ut (x)p (B € RT(x),t € Jl#’i(ﬂ)) and a total order
=< on X := {(B8,t)|8 € R*(x),t € J1ex (8 HC R (x) x N) such that for
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every X € Z>oll \ {0}, a K-basis of UT(x)x is formed by the elements
E’gi,hElﬁc;,tz”'EEZtm with m € N, (ﬂl,tl) < (ﬁz,tg) < - < (ﬁm,tm),

(kt)x(ﬂt,ﬁt)! #0 (e Jl,m) and ZQ1 kB = A.

Definition 3.2. (1) Let i,j € I with i # j. For k € Zsq, let EX" =

02,5
X~ e . (if b — Xt . ot k=1 Xt . Xo— .
Eo;i,j =FE; (ifk=0) and Ek;z’,j = EZEk—l;i,j q; quEk_lﬂ.’jEl, Ekﬂ.’j =

EX BT G B EY S (ifk > 1) Let N := [{k € N[BT # 0} (€
Zao U {o0}).

(2) Fori €I and e € {+,—}, let UM (x)[e; 4] be the non-unital K-subalgebra
of ®rezsomoyU T (X)r generated by Ei‘f] with j € I\ {i} and k € Z>g.
(3) Let UT(x)[e;4]x := U (xX)ANUT(x)[€; 1] for X € Z>pIl, where notice
U+ (0165 ko g = KBS (€ € {1~ {12} C 1,1 # 4, € Zso).

Lemma 3.3. Leti, j € I withi # j. Let k € Z>o. Then

(k)i ! (K Gia» gijg5i)! = 0 < E,’ﬁ‘:rj =0 Egz—] —0e kaj+a; € RJF(X)'

Proof. Use [2, Lemma 4.9 (1)] , and also use 2 and T of [2]. O

Lemma 3.4. ([13, Proposition 5.10], [16, Lemma 3.6 (ii)]) Let i € I. Let
Y :={y € Z>0|(y)q,! # 0}, and let Z be the |Y |-dimensional K-linear space
with a basis {zyly € Y'}. Then we have:

(1) We have Y = {y € Z>o|E} # 0}.
(2) We have ker 0F = U™ (x)[—; 1].
(3) For e € {+,—}, we have the K-linear isomorphism:

m:Z Ut (x)ei] = Ut(x) defined by
m(zy @) :=Elz(yeY, z €Ut (x)[ei]).

Definition 3.5. Let i € I. Assume N} < oo for all j € I\ {i}. Define
s¥ € Auty(ZII) by s¥(ay) := —ay and s¥(aj) == a; + Ni’gai (j € I'\{i}).
Define m;x € X1 by Tix (A, 1) := x(s¥(N), sX (1)) (A, p € ZII).

Lemma 3.6. Leti € I. Assume NZ?; < oo forall j € I\{i}. Then we
have the following.

(1) We have N;X = N;; forallj € I\{i}. In particular, 5] = s¥ = (s¥)7!

(2
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and T;T;X = X-

(2) There exists a unique (non-unital) K-algebra isomorphism
TX U 0)[=s1] = U (i) [+:4]
such that
TNEY)
k(k—1—2Nl.X].) .
—k T .z iXot

=45 9 ’ (Hr:O(Ni); =1+ 1)g; (N3§ —-r+1 qfith‘qu'i))EJTVg_km

for j € I\{i} and k € Jy yx, where 4z = TiX(0g, o) (z,y € I).
Vg
By Theorem 3.1 and Lemmas 3.4 (3) and 3.6 (2), we have:

Proposition 3.7. Let i € I. Assume NZ-); < oo forall j € I'\{i}. Then

we have
sP(RT(x) \ {ai}) = BT (1ix) \ {aui}
and (91X 0 S7)| R+ (x)\{as} = ¢§|R+(X)\{ai}'
3.2. Cayley graph associated with y satisfying |R*(x)| < co

In this subsection, let x € A, and assume |RT(x)| < oco. For a fi-

nite sequence iq,%2,...,% n I, let x¢, i) = Tip - TiaTin X (€ X11),
and let Sz(ik,~~~,i2,i1) = si‘k’“---sfs;ﬁl (€ Auty(ZII)), where x; := x and

Xt *= X(is_1,.i2si1) (t € J2x). Let x() := x and sz‘) = idgn. If k =0, let

X
X (i, yin,i1) and s;

(e siayiy) TOEATL X () and sz() respectively.

Definition 3.8. (Cayley graph associated with x) Let

V(X) = {Szc’ik,---,ig,h) € AUtZ(ZH) ‘ k€ Z207 Z.t € I(t € Jl,k)}7
G(X) = AX(ig,ini) € X1k € Lo, ip € 1(t € Jig)}-

Let pa(x) be the subset of the power set B (V(x)) of V(x) formed by all the
sets having two different elements of V(x). Let

S(X) = {{Szcik,...,iz,il)’ S?Cik+1,ik,...,i2,i1)} € pQ(X) ’ ke 2207 it el (t € Jl,k+1)}'
For x', X" € G(x), we write x' = X" if

X (ai, i) = X" (i, i) and X' (i, o)X (g, i) = X" (v, ) X" (g, @)
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for alli, j € I. Clearly = is an equivalent relation on G(x). Then for X/,
X" € G(x), we have

1

X/ = X/I = R+<X/) — R+(X”),3X — 87):( 7TiXI = TiX” (32)

7

(see [2, (4.28), Lemma 4.22] for example). Let G(x) be the quotient set of
G(x) by =. Let my, : G(x) = G(x) be the canonical projection map, i.e.,

() = X" € G =X (X' € G(0)-

Let T'(x) be the graph (V(x),E(x)), see also (x) below. When we draw the
graph T'(x) in a visible way, we do it in the following way. The subgraph
of T'(x) formed by the two vertices sz‘% Jinin)? Sék-&-l»ikv---vi%il) € V(x) and
the edge {5 (iininin)? (Zk+1 iin, 11)} € E(x) is written below, where ci =
ﬂ-X(X('Lk,...,lQ,Zl)) and b - WX(X(Zk+1,Zk,...,12,1,1))' Slnce 8 i X - Sic = (S;C)i by
Lemma 3.6 (1), T'(x) is an undirected graph, i.e., we do not need to consider
a direction to any edge of T'(x). We call T'(x) the Cayley graph of W(x),
where the Weyl groupoid W(x) will be defined by Definition 3.12.

a gy b

O——O
(%) In general, we do not care (resp. do care) that each vertex of the graph

['(x) exactly corresponds to an element of V(x) (resp. is assigned by an

element of G(x)).

Although a definition of a Cayley graphs of a groupoid does not seem
to often appear in literatures, we may claim that it is similar to that of
Definition 2.1 and that I'(y) satisfies the definition.

For i € I, define the map 7; : G(x) — G(x) by 7:(x') = X’ (X' € G(x)).

Definition 3.9. Let X' € G(x), a :=m(X') € G(x), R"(a) := RT(X') and
R(a) := R*(a)U(—R*(a)). Let s¢ := si‘/ (i € I), and define |I| x |I|-matriz
C* = (¢f;)ijer over Z by cf := =2 and cf; := —N;;/ (i # j). Foriel,
define the 7900 = G0 b Hm(0) = () (V€ G00)- For
a€G(x) and k € Zxo, iy € I (t € Jig), define ag,,. i,0) € G(x) (resp.

S?ik7-~~7i27i1) € Autyz(ZII)) in the same way as those for X(igyoonsinii) (T€SD-
Sz(ik,--.,imh)) with a and 7; in place of x and ;.
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(1) For alla € G(x) and all i, j € I, we have 77 = idg(x) and CZ-(a) =cf;.
Namely C(x) = C(I,G(x), (Ti)ier, (C%)aecg(y)) s a Cartan scheme, see [8,
Definition 2.1], [16, Definition 2.1] and [2, §2.1] for this term.

(2) We have the following (R1)-(R4). Namely R(x) = R(C(X), (R(a))acg(y))
is a generalized root system of type C(x), see [8, Definition 2.2|, [16, Defi-

nition 2.3 and [2, Definition 1.2, Lemma 1.5, Remark 1.6] for this term.

(R1)  R(a) = R*(a) U(-R"(a)) (a € G(x)).

(R2) R(a)NZao; = {a;, —a;} (a € G(x),i € I).

(R3)  si(R(a)) = R(7i(a)) (a € G(x),i € I).

(R4) ForaeG(x), keN, iy el (t € Jig), if S(ipriniy) — 1dzin, then
iy in....ix) = G- (By [2, Remark 1.6], this is equivalent to the condition that

for a € G(x) and i,j € I with i # j, letting mi; = |RT(a) N (Z>pc; @

Z>oa;j)|, we have

e . = [ a ... = a e
a("'?%]az) a(“'v]?%]) and 8(...,1,],1,) S(...,j,l,])')
a a

Definition 3.10. Let k := [V(x)| (¢ N). Let a := m(x) € G(x)-

(1) We say that a map 0 : Z/kZ — V(x) is a Hamilton circuit map of I'(x)
if 0 is a bijection for which {(0o7y)(t), (@o7g)(t+1)} € E(x) for allt € Z.
(2) Let 6 be a Hamilton circuit map of T'(x). Let a := my(x) € G(x), and
let x € Jo -1 be such that (0o7y)(x) = idzm (€ V(x)). Letjr € I (t € Jy )
be such that s¥ = (@ o7g)(x +1t). Define the map pg : Z/KZ — 1

(jtv“va’zl)
(resp. Vg : Z/KZ — G(x)) by

(g o @t )(x +1t) :=ji (resp. (Vgo@p)(w+1):=ag,,. i) forte€ Jig.

(3) Let 0 be a Hamilton circuit map of I'(x). We call 0 special if for every
a € G(x) and every i € I, there exists t € Z such that (9g o 7x)(t) = a and
(g o i) (1) = i

(4) Let 8 be a Hamilton circuit map of I'(x). For i € I, we say that 6 is



Hamilton circuits of Cayley graphs of Weyl groupoids 19

i-convenient if there exists r € Jy1 such that (pg o Ty)(2t + 1) =i for all
teZ.

By (3.2) and the definition of G(x), we see:

Lemma 3.11. (1) If there exists a special Hamilton circuit map of T'(x),
then for every v € V(x) and every i € I, there exists a Hamilton circuit
map 0 of T'(x) such that (Qo7)(t) = v and (pgo7y)(t) =i for somet € Z.
(2) Leti € I. If there exists an i-convenient Hamilton circuit map of I'(x),
then for every v € V(x), there exists a Hamilton circuit map 6 of I'(x) such
that (0 o Tx)(t) = v and (pg o 7k)(t) =@ for some t € 7Z.

Definition 3.12. Let W(x) be the semigroup defined by generators

0, e"(a€G(x)), # (a€G(x),i€l)

and relations

(21) 0=100 = 0e* = e®0 = 02 = 20,
(22) e%e* =e e%’ =0(a #b),
(23) zjl(a)zf = e,

a p— a . . . ) 1
(24) Z("'7Z7]7Z)_Z("?]72’7]) (/I/#]),

—— N—

m?j m‘i"j

where Z?ikrn:i%il) is defined in the same way as that for s‘(ll.k’m,i%il) with z}'

in place of s{. Let z?) = e,
Notice that by the definition [15, Section 3] of a semigroup defined by

generators and relations, we see:

Lemma 3.13. z& ) if and only if there exist m € N,

foizgit) Z?J'rv--wjz,h
xy € Z>p, and (i(x?,...,égt),igt)) € I (t € Jom), (we let I° mean {()}),
such that the following (r1)-(r2) are fulfilled.

1) (62,0 O = (i, .. ig, i1) and
G Y = G oy ).

(r2) For every t € Jom—1, there exist t',t" € Jo . with (t',t") € {(t,t +
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1), (t+ 1,t)} such that one of (r2-1)-(r2-2) below is fulfilled.
(r2-1) We have xy = xy — 2 and there exist y € J14, -1 such that

G, ) ) G0 ) Ly e )

()
PSRRI M T HEE P M PR RSP S| ).

(r2-2) Let aj := a and a), := Q| o) (u € J1g,). Forue Jigz, 1,

wuseeeyly Tl

() () o Ount

if tw” F iy, let my = mo st
lu+17lu

Y € J14,,-1 with z'ét,) # z'?gt_?l such that

We have xy = xp and there exists

G )

(2N )

() () .t () ) () () ()
= (i s oo By 1,...,z§ )7zy+1,z§ )7zy71,...,12 4 )
y—
m;

and

( -(t”) ~(t//) (t”))

P P
_ ) (t') () Lty ) () (t) ()
= (x5 - - y+m;_l,...,zy+l,z§/ )7zy+1,zy71,...,12 i),

my

. / ! / /
where in fact, xy > my and my, =my, (v € Jy7y+m;_1).

Theorem 3.14. ([15, Theorem 1]) We have

a _ a a — a
Sitprerizin) = SQrvdzadt) 7 Plipsmizit) = Z(red2idn)
; a — 3 a — a
In particular, i siniin) = idzn 8 ik, inin) = €
We have
[V(x)| € 2N. (3.3)

Proof of (3.3). Let V(x) := {SéQky"'yi%il) € Autz(ZIl) |k € Z>o, ir €
I(te Jigg)}and V()" = {s?‘i%_h%im) € Autz(ZIl) |k e N, i, € I(t €
Ji2k—1)}. By Lemma 3.13 and Theorem 3.14, we have V(x) = V(x)'UV(x)”
and V(x) NV(x)” = 0. Fix j € T and define the map f : V(x)" — V(x)”
by f(szi.%._.’i”l)) = 8237’52197"',1'2,7;1)' By Lemma 3.13 and Theorem 3.14, we

see that f is bijective. O
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Definition 3.15. Let X' € Xm, and assume |RT(X')| < oo. We write
X =\ if there exists a bijection f : I — I such that

VkeN,Vii e I(t € Jiyg), sy = S (i) i) f (i) (€ Autz(ZID)).

(ik--s82,81)
We also write my(x) = m (X') if x = X'
Clearly we have:

Lemma 3.16. Assume x = x'. Then there exists a unique bijection
V() = V(X) such that f(idzu) = idzn and {{f(z), f(y)}{z,y} €
EX)} = EW) (C p2(X))). In particular, if there exists a Hamilton circuit
map of T'(x), then it is also the case for T'(x').

Definition 3.17. Let ¢;; := x(a;, ) (4,5 € I).

NX
(1) We say that x is of (finite) Cartan-type if ¢; # 1 (i € I) and q;;"” ¢ijq5 =
1 (1,5 € 1,i+# j). In addition, if there exists a positive definite symmetric
bi-linear map (, ) : (R ®z ZII) x (R ®z ZII) — R such that [Z(Qi’aj)]i,jej

(ai,a4)
is a (finite) Cartan matriz of type X and Nl-); = —2(831753)) (1,7 €I,i#j),

then we say that x is a (finite) Cartan-type bi-character of type X. (Such

X really exists for any (finite) Cartan-type x, which can be directly seen by
[12].)

(2) We say that x is of quasi-Cartan-type if there exists X' € X with
|IRT(X)| < oo such that X' = x and X' is of Cartan-type. In addition, if
X' is a (finite) Cartan-type of type X, we say that X' is a (finite) quasi-
Cartan-type bi-character of type X.

Using Theorem 2.3, by (3.2) and the definitions of G(x) and =2, we see:

Lemma 3.18. Assume that |I| > 2. Let k := |V(x)| (€ N) and a :=
m(X) € G00)-

(1) Let x be of Cartan-type of type X. Then |G(x)| = 1, and the graph
I'(x) is isomorphic to the Cayley graph Cyw,s of the Coxeter system (W, S)
of type X . In particular, a Hamilton circuit of I'(x) exists and it is special.
(2) Let x be of quasi-Cartan-type of type X. Then the graph T'(x) is iso-
morphic to the Cayley graph Cw s of the Coxeter system (W, S) of type X.
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In particular, for every v € V(x) and every i € I, there exists a Hamilton
circuit map 0 : Z/kZ — V(x) such that (9go7i)(t) = v and (pgo @) (t) =1
for some t € Z.

The following lemma seems interesting although we will not use it.

Lemma 3.19. Assume that |I| > 3. Let x be of quasi-Cartan-type. Let
qiv o = X(ay,a5) (¢, 5" € I). Let k := |V(x)|. (Notice k € 2N since x is
of quasi-Cartan-type.) Let i1, i9, i35 € I be such that iy # i9 # i3 # i1.
Assume that i, inGiviy 7 1, GisizQisis 7 1 and @iy i35, = 1. Then there
exists a Hamilton circuit map 0 : Z/kZ — V(x) of I'(x) such that

vVt € Z, (QOQ o ﬁ'k)(Qt — 1) ¢ {il,ig}.
In particular, if |I| = 3, 0 is an iz-convenient Hamilton circuit map.

Proof. We use the Dynkin diagrams of the finite Coxeter systems. If |I| = 3,
the claim follows from Fig.2 and Fig.6. If |I| > 4, the claim is inductively

proved using the same argument as that of Proof of Theorem 2.3. g
Definition 3.20. Assume that |I| > 2. We call x special if there exists a
special Hamilton circuit map of T'(x).

3.3. Main tools

In this subsection, let x € &j, and assume |RT ()| < oo.

By an argument similar to that of Proof of Theorem 2.3, we have:

Proposition 3.21. Assume |I| > 3. Fizi € I. Fora € G(x), let

we = {S?uk,.‘.,umul)’k € ZZ()u Ut G I (t S Jl:k)}’_<c AUtZ(ZH>)’

r = |W? (Notice that r = |W*| for all a € G(x)),

GOOM = {aG o |k € L0, G € T\ {i} (¢ € J1)} (€ G(X)),

we B {S((ljk,...,jz,jl)‘k € Zxo, jr € I\ {i} (t € lek)} (C Autz(ZID)),

e = W,

(#* # 7% may happen for some a, ' € G(x) with a # a'.) Let B be a
subset of G(x) such that UyepG(x)™ = G(x) and G(x)"* N GH)™M =0
(b,b' € B, b# V). Assume that there exist x* € N (b € B) and surjections
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@b L2 — I\ {i} (b€ B, y € Jy ) satisfying the following (B1)-(B3).
In the following, for b€ B, y € Jy ;v and t € Z>o, let

; b .
jb7y;t T (py(ﬂ-f'b (t))7 by;t T b(jb,y;t7"'9jb,y;27jb,y;1) and
Sb’y;t = S(.jb,y;t7~~~7jb,y;27jb,y;1)7

where by,o :=b (= b()) and sp 0 = idzn(= sl(’)).

(B1) For b € B and y € Jy,, the map ég . L) — WP defined by
éZ('frTb () == spys (t € Z>g) is bijective.

(B2) Forb € B, y € Jy» and t € Jy s, there exist t € Jyiq1, V' € B,
y € lexb/ and t' € Jlfb/ such that

b
=. . — / - yt 1 —
Tz(by;t—l) by';t/fl’ ]b,y7 jb/ y'st! and m % Jyst—1 2’
v, b,.i_ b .. b
where notice s.”" vl — guit gl
.7 ylit! —1 ( ? v, y;t

Then for a € G(x), there exists a surjection ©* : Z/rZ — I such that the
map 0% : Z/rZ — W defined by 0%(7,(h)) := S (o (1) 0 (70 (2)), 0% (R (1))
(h € Ji) is bijective, where notice that 0%(7,(0)) = 6%(7,(r)) = idzn(=

s‘(‘)). In other words, there exists a Hamilton circuit map of I'(x).

Proposition 3.22. (Recall (3.3).) Let x € X1, and assume |RT(x)| < oo.
Let N € J3 o0 and assume I = Jyn. Leti € Jyn—o. Let Iy :== J1 ;-1 and
I:=Jioin. Letk:=i+1.

Assume that V' € G(x), V(i1,i2) € (I1 x I2) U ({i} x (I2\ {k})),

X (i, @iy )X (g, iy ) = 1.
For X' € G(x) and v € Jio, if I, # 0, let II, = {aylg € I,}, Y, =
Gger, Log, and X = XTerYr’ regard x.. € X1, in a natural way, and let

hY = V(X..)|, where notice Iy # 0. For x' € G(x) and r € Jy1 2, assume
that if hYX > 4, there exists a Hamilton circuit map 0% : Z/hX 7 — V(x\)
of T'(x}.), where notice h%(/ > 4.

Assume that 9;(’ is special for every x' € G(x).

(3.4)
(See also Remark 3.23 below.)

Then there exists a Hamilton circuit map of I'(x).
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Proof. Let X' € G(x). By Lemma 3.11 (1), we have a special Hamilton
circuit map 0%‘/ : Z/h§/Z — V(x4) of T'(x4) such that (9;( o ﬁhgf)(O) = idy,
and (80936 o frh%(/)(hg/) = k (See also Remark 3.23 below.) Let I3 := I\
{i}(=LUL), Iz ==\ {a;} (=1 UILL), Y3 := Y] & Y, x5 := XTstYg
and hY = [V(x4)|. Then hY = nY -h¥ if I, # 0, and hY = hY if
I = (. Define the Hamilton circuit map 9?{, : Z/h%‘/Z — V(x4) of T'(x4) by
(6X o7 /)(0) := idy, and

!
X
h3

((p%{/ o ﬁ'h%(/)(t)
(SDQQX, © ﬁ-h%/ ) (t,)

o X / ,
fort =t +u-hy with ¢ €J1,h;<—1

and u € 2Z,
(Spgéc’ Oﬁhg’)(_t/) /

= fort =t +u-hy witht' € J17h§/—1
k fort=hY if |I] =0,

1 forte {h¥ 20X }if |I| =1,

(g Ty )(r) fort=r- Y with r € Ty

and u € 2Z + 1 if |I;| > 1,

A

(ted , where see also Fig.11. Notice that for y” € G(x) and t € J

17h§/ ) 1,/’%(// s

there exists r € Jo1 such that (¢, o7, )(t + 1) € I\ {k}. Then the
3 3

claim follows from Proposition 3.21. O

Remark 3.23. We can define the injection x : V(x.) = V(X') by

x(skr ) = sk (p € Z>o, it € I (L € J1p)).

(Tpyeesi2yin)? "7 T (ipyenyinyit)

Let a' == my(X') (= m (X)) € G(x) (= G(X)) and a.. := Ty (Xr) € G(xL).
Let Y := {a’(. P E Lo, i € I (t € Jip)}. We can define the

zp,...,ig,i1)|
surjection y Y — V() by ylal, ) = (@)ini) (P € oo,
iv € I (t € Jip)). However y is not necessarily injective. See Fig.78.
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kpy—1 kpy =k k1

Jhy Jhy Jhy Jhy

khy—1 \khzzk v k1

1 i1 i1 J1

Fhy—1 kpy, =k k1
J x'
Here v := (63 o 7th/ )(0),
) 3
2 J2 2 j2 by = (“PQ%U ° “h%d )(®),
kiny—1 kpy, =k ke Jt = (wei(/o Trhag)(t),

’ !
and hy := hy , hg := hY .

Fig.11: Idea of Hamilton circuit of I'(x%) in Proof of Proposition 3.22

Using an argument similar to that of Proof of Proposition 3.22, we also

have:

Proposition 3.24. Replace the assumption (3.4) of Proposition 3.22 by
one of (x) and (y) below.

(x) For every X' € G(x), there exists a Hamilton circuit map (9%(/)' :
Z/h%‘,Z —V(x5) of T(x)- ((9%()’ may differ from 9%‘/ )

(¥) For every x' € 600, Gxd) x (I \ (k) € {(py o 7 )0). (2 o
R DI € ZY ULy, © (D). (053, © V) € 2.

Then there exists a Hamilton circuit map of T'(x).

Definition 3.25. Assume |I| > 3, and leti € I and (ZI)" := ©;cp (3 Lo
Let x4y = X|@zuy x(zimy € Xm\{a;}- Notice that T'(xu) = V(xa))s € (X))
means the one defined in the same way as that for I'(x) = (V(x),E(x)) with
X and IT\{a;} in place of x and II respectively. (Notice that R* (x ;) can
be identified with R (x)N(ZI1)', and that T(x ) is the full subgraph of T'(x)
with the vertices labeled by oj with j € I\ {i}.) Letting a := my(x) € G(x),
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define
Guy(X) = {77, -~ Tjalr € Nyig € I\ {i} (t € Ji,)} (C G(X)),

where notice a € G@ (x). For a non-empty subset G of G(x), we say that
G (resp. {m(X')|X' € G}) is an i-complete T-representative subset of G(x)
(resp. G(x)) if G(x) = UyeaGu (X)) and Gy (X') NG (X") = 0 (X, X" €
G, X' #X")-

Definition 3.26. Assume || > 3.

(1) We call x (i,j)-special if there exist i,j € I with i # j such that for
every X' € G(x), the equations x'(c;, ag)x (g, ;) =1 (k€ T\ {4,5}) hold
and F(X,@) is special.

(2) We call x (i,7)-convenient if there exist i,j5 € I with i # j such that
for every X" € G(x), the equation X'(cy, o)X (ej, ;) = 1 holds and F(X’@)

18 j-convenient.
By Lemma 3.11 and Proposition 3.21, we have:

Proposition 3.27. Assume |I| > 3. If x is (i, j)-special or (i, j)-convenient
for some i,5 € I with i # j, then there exists a Hamilton circuit map of
I'(x)-

Lemma 3.28. Let x € Xy with |[R*(x)| < oo. Let Iy be a non-empty
proper subset of I, and let I :== I\ Iy. Assume that x (o, o) x(ay, o) =1
for all (i,7) € Iy x Iy. Forr € Jyig, letIl, := {aylg € I}, Y, := Dger, Loy,
and Xr := X|y,xy,, regard xr € X1, in a natural way, and let hy = [V(x,)|-
Assume that for each r € Jia, there exists a Hamilton circuit map 6y :
Z/hZ — V(xr) of T(xr). Let k := |V(x)| (€ N). Then there exists a
Hamilton circuit map 6 : Z/kZ — V(x) of I'(x).

Proof. The map 0 can be realized as a graph similar to that of Fig.11.
O

3.4. Further notation, terminology and examples

Definition 3.29. Let x € &n1. Let ¢;j := x(o, o) (€ K*) (4,5 € I). The
generalized Dynkin diagram of x is the graph composed of the |I|-vertices
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one-to-one corresponding to «;’s (i € I) and the edges connected vertices
corresponding to o; and «; (i # j) with 4ijqji # 1; moreover oy and g;; are
attached to the vertex corresponding to oy, and q;;q;i(# 1) is attached to the
edge connecting o; and oj. For example, the generalized Dynkin diagram
Dgz,g) of Fig.12 means that I = J13 and qu1 = q, g2 = —1, q33 =,

q12g21 = ¢ 1, q23gs2 = ! and qi3g31 = 1.

Let n;; denote the cardinal number of the generalized Dynkin diagrams
drawn in [12, Row t of Table i]. For example, ny4, =1 (t1 € Jo1), n12 =2,
nizg =1, ..., nog, =1 (t2 € J13), nog = 2, nag =3, ..., ngy, = 1
(tz € Ji5), n36 =3, n37 =4, ..., and ng 11 =4, ng12 = 15, ng13 = 2.

Let D,(:’t) (k € Jin,,) denote the the generalized Dynkin diagrams drawn
n [12, Row t of Table i]. Let DI mean D,Ef,’t) for any k' € Jiy,,. Let

). To each vertex of
D,(f’t), we attach the symbol o, (p € lel(i,t)). Define the order of D,(f’t)’s
and the order of vertices of D,(j’t) by the following (£1)-(£3).

1(:Y) denote the cardinal number of the vertices of D,(:’t

(#1) Let w and v be two different vertices of D,(;’t)’s in the middle box of
[12, Row t of Table i]. They may belong to different D,(:’t) and D,(;’t) . We
say that u locates at a north-east place to v if u locates at a higher place
than v, or if they locate at the same height but u locates on the left side
of v. We also say that u locates at an east-north place to v if u locates on
the left side of v, or if they locate at the same column but u locates at a

higher place than v.

(#2) If the leftmost vertex of D,Efl’t) locates at a north-east place to the one
of DIV, then ky < ko.

(#3) For two different vertices of D,(j’t) attached by «y,, and «y,, if the vertex
attached by «y, locates at an east-north place to the one attached by c,,,

then p1 < po.

For example, see Fig.12 and Fig.13. Moreover for a bijection f : Jy ;. —

Jy ), let D,(j’t) o f mean the generalized Dynkin diagram obtained from
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D,(j’t) by replacing a; by ap-1(5) (j € Jy6n), Le., D;(j’t) o f is obtained

from DY by changing the order of its vertices by replacing f(j) by j for
k

J € Jy 6. We also denote a bijection

Fodyen = Jy e b ! (e
: 1,16:1) 1,10i5t) Yy .
FQA) F@2) - FOED)
See Fig.14 for example.
q -1—1 1 r -1
D(Q’g) = O g o—" O o
1 (6%) as 2 - q r
—1 -1
q -1 —1 -1 s
- o1 o o o S ag
(65} a9 as
S -1 —1 -1 7
D(2’9) - 0O $ o r o
a1 a9 Qs

(¢,r,s e K\ {1}, qrs=1,q#r#s#q)

Fig.12: Orders of the generalized Dynkin diagrams and
their vertices for [12, Row 9 of Table 2]

Fig.13: Order of vertices of [12, 3rd graph of Row 18 of Table 3]
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(3,18) 1,2,3,4
Dy ° [4,1,2,3

Fig.14: Order changing of vertices of D§3’18)

Definition 3.30. Let x € X1. We say that x is irreducibe if the generalized

Dynkin diagram of x is connected.

4. Hamilton Circuits of Rank-3 Cases

First of all, we comment on rank-2 cases. Let xy € A be such that
|[RT(x)| < oo and |I| = 2. Then I'(x) is a circle graph. So its Hamilton
circuit map clearly exists in a similar way to that for Lemme 2.2. For
example, see Fig.84 and Fig.85.

In this section, we directly draw a Hamilton circuit map of I'(x) of each
irreducible x € AXp with |RT(x)| < oo and |I]| = 3.

Proposition 4.1 below tells that for x € Xj; with |[R* ()| < oo, and |I| =
3, if we draw a graph inside a bounded 2-dimensional region fulfilling such
an appropriate property as (d1)-(d5) of its statement, it must be isomorphic

to I'(x) as a graph.

Proposition 4.1. Let x € Xy be such that |I| = 3 and |R*(x)| < oo.
Let X be a non-empty finite subset of R? fulfilling the following conditions
(d1)-(d6).

dl) For i € I, we have 0¥ € Gx with (0;*)? = idx and 0i*(z) # =

%

(

(x € X), where &x is the group formed by all bijections from X to X.
(d2) We have a surjection n: X — G(x) withnooX =7, 0n for alli € I.
(

d3) For x € X and i € I, we have a piecewise smooth curve vy, :
0,1] — R? such that 'Vx,i(o) =T, ’Y:E,i(l) = O-iX(:E); 'YUZ.X(x)J(U) = ’790,1'(1 —v)
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(v € [0,1]) and vy, is injective. Moreover, for x € X and i,5 € I with

i # j, we have v,;([0,1]) N v2,;([0,1]) = {z}.
(d4) Let x € X, and let i, j € I with i # j. Let m := m’® . Then

1]
(UJXU;X)m(@ =x. Let iy :=1i and iy = j fort € Ji;m. Let zp == x
and xy, = 05 (vy—1) for u € Jiom (whence xoy, = x). Define the piece-

wise smooth closed curve 4y @ [0,2m] — R? by 450 (t) = Vauin(t + )
(u € Jogm—1, t € [u,u+1]). Then A, ; is injective.
(d5) For k € Jia, let oy, € X, iy, ji € I with iy, # ji and let my, := m?k(?;)

and Hy, 4,5, = Y2,i,;([0,2]). Then ezactly one of the following (d5):-
(db)4 holds.

(d5)1 Hw1,i1,j1 N Hz‘z,iz,jz =0.

(d5)2  Hgpyijy = Haeingor {01,751} = {i2, 42} and Yy 4,5, (u) = x2 for
some u € Jo gy —1-

(d5)3  Fur € Jomy—1, Fu2 € Jogny—1, Hey iy sV Hay iz jo = {Varir 0 (U1)} =
{Vwssiz,2 (u2) }-

(d5)s  Fur € Jogiy—1, Jua € Jomy—1, Hay iy s MHay g jo = Yy in o (U1, ur+
1]) = Aais,jo ([u2, u2 + 1]).

(d6) For x € X and i, j € I with i # j, let .FAIWJ be the bounded sim-
ply connected closed subset of R? whose boundary is 4;;([0,2m]). Then

Uzex Ui jer,izj Heij 18 simply connected.
(d7) Let & € X be such that my(x) = n(Z). Forl € Zx>o and iy € I

(t, S Jl,l); let ‘%(il,...,iz,h) = UZ»)Z( .. 'U;Q(O'i)f(i’), where Lf;(il,...,iz,il) = :IA,’() =X
ifl =0. Then X = {j(it,.--,imil)’l c Zzo,it/ c I(tl c Jl,l)}-
Then there exists a bijection ¢ : V(x) — X such that gp(sél’__’iml)) =

A~

2 y foralll € Z>p and iy € 1 (t' € Ji,), where notice ¢(idz) = Z.

eyt
Proof. Let RX be an |X|-dimensional R-linear space whose basis is X.
For b € G(x) and i € I, define f € Endg(RX) by f2(z) := 6j,()0; (2)
(x € X). By (dl) and (d4), we have the semigroup homomorphism (¢ :
W(x) — Endg(RX) with ¢(z0) := f° (b € G(x),i € I). By Theorem 3.14,
there exists a surjection ¢ : V(x) — X of the statement.

Let | € Nand i; € I (t € Ji;) be such that & =3. Let 39 := %

15e592,01)
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and @y := B(,,. ) (B € Jig). Then & = 2. We have [ > 2 by (dl).
Let hq, hy € J071_1 be such that h; < hs, Zﬁhl = .th and T/ 7& fﬁhl for
h' € Jh 41,hs—1- We have hy < hy — 2 by (d1). If hy = hg — 2, we have
ihy+1 = in, by (d1) and (d3), whence sél .... i) = s%‘ilw
X mean s

(405 esihy £358Ry 5e512,01) (f1—2;.-s82481)"

hi + 3. Let Z be the bounded simply connected closed subset of R? whose

Bhy +3Thy 5es82,81)7

where if ho = I, let s Assume ho >

boundary is composed of vz, , 4, ([0,1]) (t € Jp, hy—1)- Let [|Z]| mean the

area of Z. Then 0 < ||Z]| < co. By (d4), (d5) and (d6), using an induction
X X

on ||Z]||, we see that s .~ =sX . Thus we prove
(ie-512,i1) (i15++sThg+15Thy 5e-s12,01)

sél i) = idzr. Hence by (d7), the inverse map ¢! of ¢ can be defined.

In particular, ¢ is bijective. ([l

Using Proposition 4.1, we directly have:

Theorem 4.2. Assume that |I| = 3. Then for every x of [12, Table 2],
there exists a Hamilton circuit map of I'(x). In fact, (up to elements of
G(x)) it is drawn by Fig.20 (D£271), DSZ’A‘), D£2’8)), Fig.25 (D£2’2), DSQ’S),
D), A D)y Fig.or (DY), Fig.29 (D7), Fig.32 (D), D7,
D) Fig.35 (D', D)), Fig.37 (D), Fig.39 (D*'9)) and Fig.41
(D£2’17)).

Rank-3-Case-0: We shall also need the Hamilton circuit map of Fig.16
for y of Ay x Ai-case.

q q—l q T
Oo——=O O

(¢,r e K*,q#1)
aq (%] a3

Fig.15: the generalized Dynkin diagram for As x A;
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Fig.16: Special and 1-convenient Hamilton circuit for Ay x A;

Rank-3-Case-1: Let x be of Dgz,g) . We draw a Hamilton circuit map of

I'(x) by Fig.20. Notice that x is of [12, Table 2, Row 8] and that x1 = xo
for any two x1 and x2 of [12, Table 2, Row 1,4,8].

a = DY)
a 1 a4 g1 4q
q q
o O o
(qeK*,q#1)
a1 a9 Qs

o — [D§2’4)] by — [D£274)]

-1 -1 gq -1 q -1 -1 1 q

O a a O @ a O q O

aq €5 a3 aq o9 s

"o n 123 " o.__ I 123

c’=0b"o [321] d’:=a"o [321]

q -1 —1 -1 q -1 q -1 —1

-1 o1 o oL o5 1 o5 (qeKX, g#1)
o1 a9 a3 aq (6% a3

Fig.18: Generalized Dynkin diagrams for [12, Table 2, Row 4]
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2,8 2,8 2,8

a = [D*Y)] b:= DY) c:= DY)

qg -1 -1 gt -1 -1 1 -1 -1 -1 q -1 -1

O ¢ O ¢ O @ q O q O @ d O ¢ O

aq a9 a3 a1 a9 Qs (65} a9 Qs
2,8 2,8 123 2,8 123

d:= [Dé(l )] €= [Dé )] © [321] [i= [DE )] © [321]

-1 g ! -1 -1 —1-1 -1 ¢! -1 -1 g

O d O d O O q O q O O d O g O

051 e%)] a3 o (0% a3z O 0% Qa3

(¢ € K\ {0,1})

Fig.19: The generalized Dynkin diagrams for [12, Table 2, Row §|

Fig.21: 2-convenient and special Hamilton circuit
for [12, Table 2, Row 4 (= Rows 1,8)]

Rank-3-Case-2: Let x be of D§2’5) or D§2’14). We draw Hamilton circuit



34

Hiroyuki YAMANE

maps of I'(x) by Fig.25. Notice that x is of [12, Table 2, Rows 5,14] and
that x1 = x2 for any two x1 and 2 of [12, Table 2, Row 2,3,5,12,14].

a = D) a = DY) a = [P

@ g2 @ g2 a  q gtag g2 ol ¢

O O O O O 0 0 ®

aq a2 a3 aq a as aq a2 a3
(¢ € KX, ¢* #1) (e K", ¢* #1) CeKX, (+(+1=0)

Fig.22: Generalized Dynkin diagrams of [12, Table 2, Rows 2,3,12]

(2,5) (2,5) — 1(2:5)
a:= [D;"”)] b:= Dy c:= [Dy)]
-1 42 q> g2 4 -1 2 -1 42 ¢ q? g2 -1 2 —q 1
O O O O O O O O O
] Qa2 asg aq a as aq 8% a3

(e KX, ¢ #1)

Fig.23: Generalized Dynkin diagrams for [12, Table 2, Row 5]

a:= D] b= DY) ¢:= [P

S T T T S W S e
O O O O O O O O O
a7 a9 a3 (05} a9 a3 a7 a9 Qs

(CeEK*, *+¢+1=0)

Fig.24: The generalized Dynkin diagrams for [12, Table 2, Row 14]
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Fig.25: Special Hamilton circuit of
[12, Table 2, Rows 5,14 (and Rows 2,3,12)]

The Cayley graphs of Fig.3 and Fig.25 are essentially the same because

we have R(x1) = R(x2) for x;1 of Fig.3 and y2 of Fig.25. The same is true
for Fig.6 and Fig.20. Recall the notation & from Definition 3.15.

Rank-3-Case-3: Let x be of D§2’6). We draw a Hamilton circuit map of
I'(x) by Fig.27. Notice that x is of [12, Table 2, Row 6].

2,6
(2,6) (2,6) = 0]

a:=[D;""] b:=[D3] q !
Logta g2 @ 1o L g2 g g gt -l o2 -l
O O O (@, O O O
o1 o9 a3 o a9 a3 o o9 o3
d D(2’6) 123 D(2’6) 123

= [D;] [132} e:= D3] [132]
-1 —1 —2 q2 —1 -1 q -2 q2
o1 o1 5 oL 5T 5 (geKXFP#D)
aq a3 a9 a1 Qs Q2

Fig.26: Generalized Dynkin diagrams for [12, Table 2, Row 6]
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Fig.27: Special Hamilton circuit of [12, Table 2, Row 6]

Rank-3-Case-4: Let x be of D§2’7). We draw Hamilton circuit maps of

I'(x) by Fig.29 and Fig.30. Notice that x is of [12, Table 2, Rows 7].

132

2,7 2,7 z

a:= D7) bi=[D§") 0
3 g3 1 s B o _

—logta g3 Lg L¢3 @ af gt -1 g 1
O O O O O O
(05} a9 a3 (65) (5] a3 (05} a9 a3
d = [DF7)]
3 —1
¢ g3 -1 g2 —q 9
o2t o % 5 (qeK*,¢* #1#¢)
Qa9 a3 (&3]

Fig.28: Generalized Dynkin diagrams of [12, Table 2, Row 7]
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Fig.29: 2-convenient Hamilton circuit of [12, Table 2, Row 7]

Fig.30: Special Hamilton circuit of [12, Table 2, Row 7]
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Rank-3-Case-5: Let x be of D§2’9), D&Q’lo) or DgQ’H). We draw a Hamil-

ton circuit map of I'(x) by Fig.32. Notice that x is of [12, Table 2,
Rows 9,10,11].

a gr €KX, g# 1, r#1,qr #1,
It q#r# (qr)~" #q, then a := [DS)], b:= [D{],
(gr)~! ¢ i= [P0 [122] and d:= [DPV) o [123].
1 1 1 Ifq=r+#(qr)~ %, then a:= [D{Z1D], b= [D{>10)],
T - 7 e:= D100 [123] and d = co [1%].
(65} a9 a3

If g=7r=(qgr)" ', then a := [DgQ’ll)], b= [DgQ’ll)].,

cim o [132) wna 1- o 3]

b c d
—1 —1
q q*l :\1 -1 T q qfl ;1 qr (qrr) (q’f’) qr :\1 7'71 r
O O O O O O O O
(65} a9 Qa3 a9 a1 Qs (65} Qs a9

Fig.32: Special and 3-convenient Hamilton circuit
for [12, Table 2, Rows 9, 10, 11]

Rank-3-Case-6: Let x be of DEQ’B) or DEQ’IS). We draw a Hamilton circuit

map of I'(x) by Fig.35. Notice that y is of [12, Table 2, Rows 13,18].
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3,13 3,13
a:= D) b:= D]

¢ Cfl ¢ C72 —1 ¢ Cfl —C_l 4-2 —1
O O O O O
a1 a9 a3 aq (0%)] (6%

(CeK*, ¢+ ¢%+1=0)

Fig.33: Generalized Dynkin diagrams for [12, Table 2, Rows 13]

3,18 3,18
a =D b:=[D5™)]

¢ ¢t ¢ ¢ ¢ ¢ ¢t s (P
o 0 O O ®
aq Qo a3 aq (0%)] (8%

(CeK*, 5 +¢3+1=0)

Fig.34: Generalized Dynkin diagrams for [12, Table 2, Rows 18]

Fig.35: Special and 2-convenient Hamilton circuit of

[12, Table 3, Rows 13,18]
(2’15), where let ( € K* be such that

Rank-3-Case-7: Let x be of D,
(24 (¢ +1=0. We draw a Hamilton circuit map of I'() by Fig.37. Notice

that y is of [12, Table 2, Rows 15].
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O
a7 a9 a3
_ 123
d:=co [321]
—1 ¢ ¢ ¢! -1
O O O
aq a9 a3
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2,15

b= D5

-1 ¢ -1 ¢ -1

O O O

a1 a9 Qs
2,15

e := D]

—1 €71 —C71C71 -1

O O O

aq a9 Qs

ci= (D7)

-1 ¢! ¢ ¢ —1
O O O
(65} a9 Qa3

(CeK*, (2+C+1=0)

Fig.36: The generalized Dynkin diagrams for [12, Table 2, Row15]

Fig.37: Special and 2-convenient Hamilton circuit of

[12, Table 2, Row 15]

Rank-3-Case-8: Let x be of D;

(2,16)

, where let ¢ € K* be such that

(24 (¢ +1=0. We draw a Hamilton circuit map of I'() by Fig.38. Notice
that x is of [12, Table 2, Rows 16].
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2,16 _ 2,16

a:= [Dg )] ! c:= [Dé )]

-1 C_l C _<—1 —C C -1 —1 _C -1 -1 C -1 _ -1 —C
O O O 0 O O O
a1 (63 ag Qi a3 a1 a1 (€3] Qs

7 2,16
f=0F e 8] 9= D50 3]
¢ -1 —l_¢1-C ¢ 1 -C_¢1—¢
o O O O o)
(6% ag aq Q2 a3 aq

(CeKX, (?+(¢+1=0)
di=bo (58] ei=co [ himao[§] ii=so i) ji=go 1)

Fig.38: The generalized Dynkin diagrams for [12, Table 2, Row16]

Fig.39: Hamilton circuit for [12, Table 2, Row 16]

Rank-3-Case-9: Let x be of D§2’17), where let ( € K* be such that

(24 (¢ +1=0. We draw a Hamilton circuit map of I'(x) by Fig.41. Notice
that x is of [12, Table 2, Rows 17].



Hiroyuki YAMANE

2,17
(2,17) b= [,Dg )] (2,17)
a:=[D;""] - c:=[Dy" "]
-1 1 -1 ¢ -1 -1 / -1 -1 ¢t ?C -1 1 ¢ ¢! -1
O O O O
oy o az o s a3 o o a3
2,17
(2,17) 123 = [,Dé )_}1 (2,17) 123
d:=[Dg" "o ] — f=[D5 "o [35]
-1 1 -1 —¢! C_I*C; ¢! ¢ ¢t 271 -1 ¢ —1 e -1
O O O O
(D] (65} a3 [e3) (D)) a3 (D)) a3 aq

9= o 38]  h=DPMe ]  i=[DP)o 5]

1 1 ¢ ¢ -1 -1 ¢ —C_¢1-1 -1 ¢ ¢t 11
O O O O O O
(%) Qs (e5) (%) Qs (&3] (%) Qs (&3]

(CeK*, 2+(¢+1=0)

Fig.40: Generalized Dynkin diagrams in [12, Table 2, Row 17]

Fig.41: Hamilton Circuit for [12, Table 2, Row 17|
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5. Hamilton Circuits of Rank-4 Cases

In this section, we directly draw a Hamilton circuit map of I'(x) of each
irreducible x € Xpp with |[RT(x)| < co and |I| = 4.

In this section, analyzing carefully in each case, we shall see:

Theorem 5.1. Assume that |I| = 4. Then for every x of [12, Table 3|, a
Hamilton circuit map of I'(x) exists. In fact, (up to elements of G(x)) it is
drawn by Fig.8 (DY, D3O, D) Figa (D>, D3P, DE7, DY,
P pP18  pE19) wig10 (DPY), Fig.o (DY), Figas (DEY)
Fig.48 (D{*'?), Fig.52 (DY), Fig.55 (DP2Y), Fig.58 (DY), Fig.61
(DY, Fig.64 (D), Fig.67 (D7), Fig.74 (D) and

Fig.81 (D).

Rank-4-Case-1: Let x be of [12, Table 3, Rows 1-7,10,11,15,16,19]. Then

it is of Cartan-type or of quasi-Cartan-type. See Fig.42. If y is of Dgg’l)
(3,2) (3,3) (3:4) (3,5) R

(resp. Dy, D™, Dy, D7), then it is of Cartan-type of type Ay

(resp. By, resp. Cy, resp. Fy, resp. Dy), a Hamilton circuit of I'(y) is given

by Fig.8 (resp. Fig.4, resp. Fig.4, resp. Fig.10, resp. Fig.9). If x is of D§3,1)

(resp. D§3’2)), we have y =/ for x of Dg?”ﬁ) and D%g’lo) (resp. D%S’S), D§377),
D§3’11), Df”m), ,D§3,16) and D§3’19)), where x’ is of quasi-Cartan-type of type

Ay (resp. By).
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(3,1) (3,2) (3,3) (3,4)
Dl Dl Dl Dl
aq rtqqglagqglag 0?2 ¢%;=2 ¢%—2¢ qq1qqlqq2d a?;=2¢%~2q g~ 1q
da q a9 Lq q a9 dq q a9 Lq q a9
@1 a2 a3 Qg @l a2 a3 g aq a2 a3 Qg (238 a2 a3 Qg
(g €KX, g#1) (g €KX, g% #£1) (g €KX, ¢® #1) (a €KX, g% #1)
(3,5) (3,6) (3,7) (3,10)
Dl —1 Dl Dl Dl
q
79714 )qgta ¢ —lglaglagle  —1472¢%2d°%2¢ ¢ 'g-lglaglg
[e; O O O [e; O
(258 a2 a3 Qg a1 a2 a3 (e aq a2 a3 Qq (25§ a2 a3 Qg
(g €KX, g#1) (g €KX, g% #£1) (a € KX, g* #1) (@ €K*, gt #1)
(3,11) (3,15) (3,16) (3,19)
Dl D1 Dl Dl
“2 5 4 9.2 o 1 1 _1 c 1 1 _1 ¢ c-1_y -1 c
q —1¢=2q%¢=2¢q (¢ ¢—¢T ¢ —¢TC—¢ < ¢ —¢—1_¢ ¢—
o9 q a7 S ¢ ¢ S > ° ¢ ¢ ¢ o o S S S
(238 a2 a3 Qyq (o5 1 a2 ag (e %) aq a2 a3 Qg (238 a2 a3 Qg
(g €KX, g* #1) (CERX, ¢T4+¢+1=0) (CERX,(P4+(¢+1=0) (CEKX,¢2+¢+1=0)

Fig.42: First diagrams of [12, Table 3, Rows 1-7,10,11,15,16,19]

Rank-4-Case-2: Let x be of [12, Table 3, Rows 8, 12, 13, 20, 21]. As
mentioned by Table 1, it is of (1, 2)-special, whence a Hamilton circuit map

of I'(x) exists by Proposition 3.27.

Table 1: Rank-4 (1,2)-special bicharacters

X Dg?,,s) D§3’12) D53,13) Dg:-',,20) D53,21)
Fig.s 43,44 46,47 49,50, 53,54 56, 57
Extracted o o o1 a1 a1 o1

Rep.s {a,b,g} {a,c} {a,e} {c,d} {a,c}

Figs for x(y 25,27,25, 27,32 32,21 37,27 35,37

Special (1,2) (1,2)  (12)  (1,2)  (1.2)
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e1260{1234] f::bo{m“] g::ao[1234}

1243 1243 1243

Fig.43: Generalized Dynkin diagram of [12, Table 3, Row §]

T T T T. T T
a 1 b 2 c 3 d 4 e 2 f 1

Fig.44: Changing of diagrams of Fig.43

(53)(s3)s5 5555 (s§)s5 555554 58555 sFs3sfs3s5s5s s34 s5sGs5s5s5s5s5s 555553
“sqsgssgsisgsy
-sgsgsgsgsgsng(sl{)(sg)(sg)(sg)(si)(sg)(sff)(s§)(si)(sg)(si)(sg)sgsgsisgsgsgsg
-sgsngsngsi(sg)(si)(s3)345354(33)55
o] o] 555 (s0)sGsgs§sdsgsghshshsgsdsgsgodsgohshshsgsgsdsgsdsfsfs]s]s]ss
-35553433(5?)
-s§sgsgsisgsZsgsgsgsisgsngsgsgsngsflsgsisgsisgs£s£s£s§s§s£s‘{sgsfsgsgsgsz
'52545355
~sgsf‘1sgsisgsgsgsngsngsisgs‘{sﬁf.s‘{sgs‘{s§s§s£s£sgsfsgsgsgsisgsﬁsgsgsgs‘isgsg
'55555?,52
~sgszsgsis£s£sgs£s§s£s§s§s£(sg)(sg)(sz)(sg)sisgsgsgsgsgsgsgsgsgszsgsi

3

595959595959 5959
5385,855,535,535,8

Fe9:9.9.9.9.9:.9.9.9:.9.9.9:.9.9.9:.9.9.9.9.9fqe.d.docbboc.dd.d.doc.b.b
'325‘&358(%83545 S4S3S 32348334338482545354333 5234323332345233323132338284
c

183538251

d.c.b.b

s§s§egsisgegsgstsfsgshshs§(sD)sh(s])

Fig.45: Special Hamilton circuit of [12, Table 3, Row 8],
where (s7)’s mean that it is really special (Length = 336)
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g::co[}gié] h::bo[1234] i::ao[1234}

o< b e
731 173
d < e&f
ﬁI Iﬁ

i <2 h L g

Fig.47: Changing of diagrams of Fig.46

() (sD)s] () (59) (D) (55) (55) (55) (55)5 ()5 (5§55 5] ] sf ] 5§

5§89 sgsgsfsgssgssd(sh)(sH)(sD)(s8)(s5)(s5) (s§)(s3)(s5)
<(sg)(sg)sgsz(sg)s:ssgszg%sgsgsg(sé)(si)(sé‘)sg’sési(sé)sisésisgsgsgsﬁsg’sz
‘(3(11)3235343334 s3sgs583558%

shod ol ahai ol ol shag s shabod of s sB (s5) g 55 g 550
4353235523532323252 EA

of a1 58 (s)0b 58 s b b ool ol s s og o shafadl o oo ot o sl
‘SESZSQ 545354335'2/5%32

Bl ool of o ool sh okl (5955 o] o] s of o5 o8 o555 055

cgegdgdgesS Fof sfyge
"sqsgsys3sisy sy sy (s1)ss

<59 d 5555555555559 5§ 5] o] o] 5] s8] s] 555555555 555] g sgs] 5]
-5y 5559555555555 55

G Rt o7 i b i g ohodoboboacacab.d h hodb a.ab.d.h h g.g.e
1845152545354535452545354525453525354535453525152835453575354

- c (b b.d_h
~s%s%s%(sl>535252525354
-sgsys3s5slsgsg(sy)

Fig.48: Hamilton circuit of [12, Table 3, Row 12] missing s¢,
where (s7)’s mean that s} with (u,v) # (i,1) exist (Length = 288)
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3,13 3,13 3,13 3,13
a:= D313 b= [P | d:= [P e=[D) |
q q q
_ —2 _ _ _ _ _ _
4 q 44 1-14% ¢ q g 1-1)g=1-1472] 1 gqulq 10‘7 q —lg7'a)q 4 q
a1 a2 a3 a4 a1 a2 a3 a4 a1 @z a3 Q4 Qa1 az Qa3 Q4
L n(3,13) 1234
ci=[D; ] {1243]
q qg-1-1,2 q 2 X 2
o1 o1 o214 qc K , q 75 1
a1 az  ag  ag

Fig.49: Generalized Dynkin diagram of [12, Table 3, Row 13]

Fig.51: Parts of Hamilton circuit of [12, Table 3, Row 13]

being 2-convenient and special
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<s§>£s4)<s3b><s4><s;>><s4)5782><s4><3§3;i<sz>sz<s§>si<s§>s2sgszsaszsssisgsisg
"84 8584555455 (s])sg s 835455555584
-s§sfshsgsgshsgsfsgsgshsgsgslsgsdsg(s)(s5)(s5)s5(s5)s5sGs5s5s5s555sG
-s5s5s5sGs5sis5(sy)sgs3
-s§s5shsgsdsysdshsssslsssgsshssgslsgstsgsfsgsfss(sf)sgslss
s§s3sisgsgssslssdsg

-sfsgsgsgslsg s s sfslsfassfsgslsgstsgsfslsfsss]sgssgsdshsgsg
848551858 5350855459
-sfsfs{sSsgsssfsss]sssfsssgssssssfessgssssssgsssgsss]shsgsg
34333255325354523253

SZSBSZS{%’SZsésng fs%sﬁs%sisésisgsgs3s492(51)33323513233 l{sgsgs
85858557 835455555557

Fig.52: Special Hamilton circuit of [12, Table 3, Row 13] by Fig.51,
where (s7)’s mean that it is really special (Length = 240)

o= [DS’QO)] - bim [’D§3’20)] o= [D§3’20)]

—1¢—1¢ fe—1—1,-1 —1¢—1l-1¢ —1 ¢ —1 e 11 -1
PR .S St S SR Sl Sl S Sk S-S S

(3} (o) as gy aq g asg Qg aq ag as Qg

d = [D{29) e 1= [D§320)] a:=[p3?) -

¢Tle —1e-1 -1 “le —1e-1 -1-1 -1 -1

SR oAt S S S Stk S S S S DA

oy asg as ay a1 ag ,(*1 ay aq ag as ay

PNCED) e=(V) L dm )

¢ c—1-1 1)1 -1 —1fe-1-10-1) —l¢—l-1¢p —1 ¢ —1
¢ J¢ ¢ Le Y¢ S GRS ¢ ¢ 3

(251 a2 a3 (e aq a2 ag Qg a1 a2 a3 Qg

&= [p{*2]

e sttt (CeKX P4 C+1=0)

@l a2 a3 oq

Fig.53: Generalized Dynkin diagrams of [12, Table 3, Row 20]
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E
o E\,
-

2

L Agrs 2
o~

I ‘ I

~ f

Ll scTagk i SRt
~ h

Fig.54: Changing of diagrams of Fig.53

5" = (55)(55)(8)(55)55 (s§) (5) (59)55 55 5§ 55 5§ 5§ 55 55 5§ 5555 (3) (5) (5§) (5)
‘(52)5353535453525353535453(52)53525354535253(52)535153<54)5352
~sgsgsgsis§sgsgsg(sl)(54)(53)(52)(53)(34)(93)(s2 )(34)(52)(33)(32)sgsgsZs%sg
‘545352535253(54)52545352555253(54)(53)52555255(52)( s{)s5s5sg
‘Ss828354538483828382538483845354838253 8483825382S§SZSgSgS§Sg
-s§s§sgsfsgsssgsfsgshsgsgsgsfsgs]sgsgslsg
‘Sg52<5f)535253525353545355 555555253545354 Ssis
b b.ec.d.d.c.c.b.a.ab

d
d b 3
‘9382838483%_,8384(81)94835283782833482548384

d.d
452

[V

Sisgs Sisgs

e c.boboacacacb o.ay.acbododoe e d
‘52545354535452545352535253545352535353525452(51)52535453525352
c_C_e_e_c_cC a .a

<83828384SSS483828382535483845354835283S4

‘3332335233345332333233S4Sgsgsg S63§ZS§SZ§ES§S§SZS§SZS?SSSESZ
‘54525354535253525354535453525352 gsisgsg

s sgs5s5s]s5sgsdsgsSagsgsgagsgegsgassgsgsgsagsgsgafsgstsgss
<538253545352535253S45354S3SSS§SZ§§S%S§S% B B o
‘338283823%355283348233SZSgSgSgsegsegsczscgsezSgSZSgSZSgSzSgSgSgSZ
‘333281SESSSZ3332338453343382S:}‘S%S%S%S%S% e oo . b @ abd
‘SgS%SiS%SSS%S%S%S%‘SZaSg545382653852d53d84653654653525354(51)5253525354
‘53345352533433345352535453125382i§i3i§i4a e b oecboaatd
"s58gs§s5 85558550558 55505555551 8355555555 5] 53555555555 5354
‘5154535253545352525283825353\525%5%525355

Fig.55: Definition of S’ of Fig.55
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S/ - Sgsgsg52SgSZSgSZSgsisgsi\sg\sf\sgsgsgSgsgsg5%525%52555%5%5;5%52
<S§SZS§S§S§SZS§SZS§S%SgsgsgsiSgsgsgsgsgsz o _ o
5855855555 555058 58 s8ssGs]sd s s8ssGs] Y55 sGs35G 5555555555
‘S(siSgsgsisgSgSgSZSgsgsgsisgsgsgsisgsgsgsg _ o

555G 55385 shslsTsqsds5s s3sq 5§ 5] 555 s s5sq s 55555555
~S§SZS§S%S§SZS(IlSgsgsgsgsgsgsisgSgsgsz\sgsi o _
s9s§s§sdsgsfsfsfsgssagssgslsfs]s]slsfsfogsdsgagsbsfsgsfsgs]
‘stgsgSgSgSgSSSgSZSgSZSgSZSgSZSgSZSgSiS?
<SSSgSgsgsgsgstgSisgsgisgSgsgsisgi\SngiszisgSgsgSZSgsgsgsgsgSZSg
<sgsgsgsgsngsgsisisgsgsgsgsgsgs?lsgsgsgsg o
4538283525283SgsgsgsgSisgSgsg’sisgsgSgsiS%SZS%SZS?SSS%SSS?SSSE
'5;5%5;5;52SSSgsgszsgsg;szi\sg\sg\sgsgsg(5?)f;SisgsisgsgSgSngSgSgSg
432818553538282sgsgsgsgﬁsgﬁsgsgsgSgs?‘sgsi’lsg o
<sgsgsésgsgsé‘sgsgsésésgsgsf’sgsgsgs;fsgsgsés‘fsgsgs‘lisgsisgsgsgsg
181852838481525353535453545352535453545352 o
s3sqs{s5sGssGs3s8 s o5 T s]s5 5] 5358 sGs] s 03 s8sdsTs5s5sq 5555
'SgszSg/SgSZSSS({/SgSgszsgsgs%sgsgsgszsg\sgsg
<sgsgsfsgsgsgsi§s%s%s§

Fig.55: Hamilton circuit of [12, Table 3, Row 20] missing s?, s§ and s§
(In this circuit, there exists s7 for every (z,i) € {a,...,e} x Ja4.)
(Length = 960)

a = D> b= [D§2Y) c:= DY)

—1¢-1 -1 -1  —1¢-1 -1 —1-1 —1 ¢ —1¢-1 -1
Jemtec C<O PR I S Lo demte ¢

aq asg as ay a1 g ,g*l ay %1 ag as ay

e:= D2 b= D21 d:= [p{*?]

—1 ¢ —1¢-1 —-1-1 “l1—-1¢ —1 ¢ —1 —-1-1 —-1-1
¢ temtascmi o gc ¢ ¢ % gc <C<O

ay s _4*1 ay a1 g as ay a1 Qg as gy

(CeK*, ?+(C+1=0)

[,D$3,21)] -
¢t <<
a1 a9 (e %:3 (o7}

Fig.56: Generalized Dynkin diagrams of [12, Table 3, Row 21]
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Fig.57: Changing of diagrams of Fig.56



51

x Y

x
d

x
e

x
e

T YL Y
34333233323354335453525354
e.c.c

x
e

x
d

x
d

x
e

d
a
e

x

e
a
c

y
3

Yy Yy r.r.r xr xr . Y Y. xr . T
52333483323332833483343332
b

e
c

d
b
d d
e e

d
d

e

d
e
c

)855584558583848

d

c.e
e e
c.c e
a b .c

c
c

e

c
d
b
a

e
b

d
b
1
d b
c

d
c

d
18354535453545352535253545354535253525352

e e
e e
a b

Hamilton circuits of Cayley graphs of Weyl groupoids
d

c
d
18384535253525352935451525354535253545354

(s5)(s7)(s5)(s])s5 (s5) 8 55 s 5755 (53 )55 53 5
b

e
e
c

erYygr r x x Y Y o Y Y Y YY
s5(s1)sysgsgs5sysgs]s5sys55555555

d b a_a b d_d.b
83848385 8357555,(s

e
e
c

c

b.c.c.e e c.c e e e_e_c c
+S3555354535,53548355583555354838S

c

b
1838253525354 53525352835,535253545354535453525352535453545393

a d d b by (adyod b bod.d.b b d.db
“(s5)(s5)s555 55 (s4) (55)(s3) (s3) (s4)s5sqs5 5 5354 554555553 (s5) 55545555 555455 (s])

B CoaClab)a@ o b CoCob @ a b C.C € e(.C)C o€
-s3s5s3(s3)sgsfsgsgsgsgsys]sgsgsgsisg(sy)sgs]

eodiodybeaca b cocoececdodb acab cocboacaboccb oacab, c
5355 (87)8155 5553555351 5355 55515550 535555535557 5355535353 575355

Y Y Y Y YT T T T Y Y T T T T C\C\ )€l
S3858385535]55sy 855y 55y s3s555(s7)(s5)(s5)(s5)(s2)
a.abococoeeccoeedde.ec.oce.e.d
'SS54535253545354535453525352535453545352

-sgsgsgsgsgsgsgsgsgsgs

s

Y Y Y YT T
ece.d.d b a_.a

YLy
c.c

x
b

x
a

Y
a

+S3 85 535253545354535253525354535

b

x
d

x
d

x

b
18354935453525352535453525354535,

8O
@
8 St
@ 0
LR 8o
E3 @«
ySS Sial
£
BN CQnuJ
@
1) A
@ @
8oy =5
@«
e S
B
@
8o oo
w
gy o
> S
x% o @
o T[N
| w
Dow v,
I[N @B
D w oo
DM o @
@« n oM
S ma @
@« wn 0N
D 3m ?
w T oM
2 2w 2
A
8 ¢
@« xema aqm&
30 20 o
BN
o Tu O

)
BIEY
@ o o
R
PR aeﬂ
LI
w w W
ERIER
n » ot

0}
20 B S,
Y
DY B S
w o Ty

HO 20 .0m
w o @«
BO D% S
w @« @
B BM S
R

e

d
c
4

d

S

d
e
e
3
e

d
e
e
e

e

c
d

c

e
c
d
c

c
e
e
e

c
e
e
e

e
d
c
d

e
d

c
d

c

e
e

e

e
c
a
e
b
e
c
e
b

c
b

c
d
c
b

c
d

c
a
b a
c
d
c
a
b a
8483
d

sisgsgs
c

b
a
d
e
e
b
a
c
3
d
3
e
e

s
s

b
b
d
e
e
a
b
c
4
d
2
e
e

s
s

d
c
c
c
b
3
b
1
a
d
e
3
e
3
c
c

d :
$3592939491925394

c

ee

c

c
SZS

b

4

b

d
SZS
SZS

c

c

e
b
c
b
b
a
3
d
3
c
e
c
3
c
3
b
b

s
s
s

a
c
a
b
b
2
d
4
c
e
c
2
c
2
a

o
b
a
d
§s
b
3
b
:
B
bs
a
d_b

s
s

b
a
b
d
c
2
a
2
a
c
a
1

SgSZS
b
d

E]

c
c
b
b
S3
a
3
a
b
a
SBS
c
b

c
b a
c
a
a
S4
b
4
b
a
b
2
d
4
c
a

b
d
b
a
a
3
d
3
c
a
b
a

E]

a
a
b
b
2
sgsgsssssssss
c
b
a
b

Definition of S” for Fig.58

a
d

b
8483808359535, 53598380535,5359535453545354538983S535

e d
18354535251545352535253545352535453545352

d

e d
d

18354535453825154538253525354535253545334
a
c
835
a

sgsgs
b
e
b
d
£l
a
b
d

c
3
d
3
d
c
e
b
3
d
3
a
3
c
e

E]
s
c.c
s
£
S

c
S2
d
S2
d
1838283545354 53525352535,535253525354535253545354535453825352
c
e
a
S4
d
S2
b
S4
e
c
e

e
e
b

©83555355835, 53855380535, 535553545354535453505355535453545389

d
©S35855359535,5359535,535,5]5553545359535

a

3

e

3

d

3

c

b
©535553595835, 53505350535, 535553545354535453595355535453545359

S
-8
-S
-S
d
19382935293545352535453945152535453925394

Fig.58"



Hiroyuki YAMANE

52

a aboc.coboacacb cocboasaboccoe e cocoece.ddeee.c.c.e
$35453825352535,53525392535,53825354535453545352535253545354

S’

8

B

B

@

BN

£

8m

0

By

@

8™

0

8oy

&3

8o

@

B8

@

Bl

B

et
8Y o u
Sy DN BN
2P o w
S DA 8N
N o w
e DM B
EC
S D BN
A
oo B0 8o
PR
S B 8
w W w
Qoy DN 2
e Ty
ga DT 20
N Ty
S B0 2m
EI

a >
e

80 20
80 T Ty
& B ¢
BN T Ty
Hey DO B0
o w
f DT B
U
S B0 D0
A
va B D
% @
Sy 8oy 8o
w w
ERERER
R
oM B Bm

a.a/b.c.c.e e.c.c.e e dd.ee.c.ce Y .z x.x Y Y. xr x YYY
'835433328354333483543332333283543334813453525354338483843382

Yr . x x o Y Y x T Y

Y YT LT T T T

Yy Yy
'8332333433825332838433343382333433343334

o

3 S

c.boaca b c.coe.e.c.c e e d
c.e e d

c
c

a
b

d.b.a a/ b .c.c.b_.a
c.e.e d.d e.d.d

d b
1838453525354535,53525352535453525352535,53525354535453545352
b

c

e
e

e
e

c

d e
18352835453545352535253525354515253545352

boa.a/ b c.cboa.ab c.c.b a
3

d
1838453854 53525359838483898382S

d

~sgszs§sgs3s§s?{s

Yyr.x.x x r.r Y Yy rrxrx Yy xrxrYyyyyyrrr e xx Y
15354 535553855535,535,535)535,85354535,5355535,835,53558385835,

a,a.b.oc.coee.d.db.acab.c.c.boa.ab.c
18382838253545352535453545352535253545353

c.c

e e e e

cobeaga b c e c.c d.d e e e Y o Y Y T T Y
18352535453525354535453545352535253545354571545382535,5354535

Y Y x x x .z Y Y .z x x x Y Y T
5553545355535 535, 535,838,835, 8354

YUYy
35253

.S

T x Y Y x x Y Y YYY Y X

x

Yy
53545357535, 535,835,535583855535y

T Y Y YY LYY T T Tk X Y
894535253929354935293529394

.S

a.a b d.d.b_.a_a

b

z . eqe.d.d.e.e.d.d
$4515453825392535293549392539453945392

b.c d.d.b b b b c.c.b b
s394 (s)s3 355555555585 5455 5355555355 84 355559355 s s3s5558]

e d.d.b_a_ a/b_c

ceece d. d_ e e c.c e
183545354 535583555354535,535587 5453858385

e.c

d.b.a_ab.c.c.b.a.ab.c.c.b.a_ab.c.c.e.ec.c.e.e.d
352

~S3S4SssgS3S4S35483828352838483528382835483828354838483548

e
db.aab c.ceed.db.a.ab.c.c.b a_a
+S784538558355535,53575354535,535553555835y

c.e

d.d_e_e.c.c.e.e.d.d.b_.a_.a.b_.c

c.eboaca b ococoe e c.c e

b e
1935253528354535293545354535453529352535453545352519453929393

coepeod d boa ab c.coboacaboc.cb aa
1838453525354535,53525352535453525352935

ed.dee.e.d. d.b. b c.c.e e.d

e

coec.ece coc e e d.d.e.e.c

b c
18382535453545354535253525354535453525352535253545152535453953

agagb cocoboa b c

d.b.a_a/b c.c.b a c.e
183848384 83555355535 53555355538, 8355835y

d.d.b.a_ab.d.d.b

c e e d. d_ e e
d.d.b_a_a b .d

e
b

e
a

d
a

d
b

e
d

e
d

c
e

c
e

e
d

e
d

b
18352535451 525382535453525354535453525334

c.c
a

b c
1838253545354535453525352535453545352535253525354535253945354

a
dbeaa,aab d.db.aab d.deeddbaadb.d.db.a.ab.d
18384838581 855384535,5355835,8]555355535,5385835,53548385835y

dee.ed.d.b.a_ab.d.d.b
2°3°4°3°4

e e _c_c e e

'8%8283548354835553523352535483S

c e
3°4

s o
@« @
8o so
« @
o s
&) &
Sl o
@« @
R EXNS
E) @
oM
2 s
s
5 e
Sm
@« e
o
@ &y
s
% >
ek
@ o SN
v @
@ om >0
EX]
PRI ysZ
8o @
W Ve DO
TS
@ Vo DN
By &%
w oM D
ge 22
n SN ys4
@«
ys3 S B
sa B @
w O 8
S L @
w5 T 20
Sl @
PARCIEYN
@
D0 5m men
o Ty F
2N 5N Hay
IR
2P 9 me
RIS
BSICIS IR
G
89 g0 sm
2T Ty
B ot s
)
BNV vm
@ Tn
DT o
I
2H0m 0M

Al

@«

S

)

S

@«

Esloel

@«

Slal

@

St

&)

I

«

S;m

&

5

a1l

s @
@ VY SN
o= @ w
@ ..chd S
e «
] a&z S~
8m o
® S sm
8N «
n SO
Ben @ @«
n SNTM
8 @« @«
%bm, S
@«
e
ydee% n,eﬂ
ysSbema o
@
AN s o
w0
S
yssz S
)
e
2V s
MY
rﬁdbS Son
o @«
8¢ S .o
w o ow
ys3 Sm T
@« @
SN0 TN
wonow
2HTVm oM

.58

1g

Definition of S’ for F

Fig.58'



Hamilton circuits of Cayley graphs of Weyl groupoids 53

1" ’ bddbeaaaabddeeddb.aab.ddb.a.ab.d.dyb_a.a
s.s © 535453545359 57]5553545]55535953545359535,535,5355535453545359

Yy Yy Y .y y.r. .z x Yy.ed.db.a.ab.d.db.a.ab.d.db.a.a.a.a
'3152335233848382333451323334338233343334335233343384835231 So

b.d.d.b_a_a b d. d.e_e c.c.e.e.d.d.e Y Y
'-5‘3343334833233343132333433343332333231 82

~sgsgsgsisgS%s%sis?s%s%sisgsgsgsgsgsisgsgsgsgsgsisgsgs%sgsgsg
-sgsisgsgsgszs?sgsgsﬁsgsisgsgsgsgsgsgsgsi

z.x . x Yed. db.aoa b d.d.b.aa b d.d.b_.a_a.a.a/b.d.d.b_a_.a
15352535,5152835453525354535453525354535453525152935453545352

a.a b d d e e Y
*81859835451555357

Fig.58: Special Hamilton circuit of [12, Table 3, Row 21|, where S”
and S’ are those of Fig.58" and Fig.58' respectively,

and let z := @ and y := b and let (s7)’s mean that

this is exactly special (Length = 2688)

Rank-4-Case-3: Let x be of [12, Table 3, Rows 9, 14, 17]. As mentioned
by Table 2, it is of (i, j)-convenient for some ¢ and j, whence a Hamilton

circuit map of I'(x) exists by Proposition 3.27.

Table 2: Rank-4 (i, j)-convenient bicharacters
D53,9) D§3’14) D53,17)

X

Fig.s 59, 60 62, 63, 64, 66
Extracted o; a3 o1 a3

Rep.s {a,c} {a,h,j} {g,b,i}
Fig.s for x(; 16,32 32,16,16 17, 32, 17

Convenient  (3,1) (1,3) (3,1)
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— [Dé?”g)] ° {1234]

(3,9 1234 (3,9 1234 3421
a:= [Py ] o | 3351 bi=[Dy7 ] 0| 3351 .
2 2,2 2 —1_1 2 242 2 _q 1 2 _2_q
q q q q q q
o q q q ° ° q q q ° Oq q
oy agz o az ag oz o az ag  az o o

a:= Do [1334]

= V1e [1555] =010 [155]

-3 3_1 —242 —242 -3 3_1 -1 —2 42
q 1 q q q 1 q q
o4 q a " o1 q a
a2 (e a3 (251 aq a3 a2 Qg

Fig.59: Generalized Dynkin diagrams of [12, Table 3, Row 9]

T T T T
a2 b Y e B d ™

Fig.60: Changing of diagrams of Fig.59

(D (D)s] (5D (55 (5) (5D (5 (59) (55)5 (59) 55 (5§) 59 5] ] s ]

s 5§ s§sds§sgssgsdsgsg(s§)s§sdsd s s s]sdsg

325453345254535433525551 gsﬁsg%sgsgsgsg

452(51)(52)(54)(53)545354(52)(5 )sgsisgsz‘s;s‘{ 5515%52

525453545254535453525£5£ §s£5{2154525453 15252555253525}2’(52)(53)5‘1‘5'31525;,5255 icsés‘{s%sz
323433543234333433323534{33{3£5554323433 1523433343334525433 1sg5453323£5£s£3£3533
3234335432345354533255521033{54{5%52523453 ?52543354535432 1S§S433343£S<{ §S£SSSZSSSZ‘
5554855 4Sg5453525534{ §SZIS§SZ 2521153 ?3254335453545332 g 1Sg34sssgsgsz{ 55153545252
333432543g343352355£ 3{54{5254525453 1525433343354335555‘3525552 gsﬁsgsz{SQSﬁgsgsg%
525453545352 z{ 15§54{55545254535152545354535453545g ngSESgsi 554{5554{535452545354
‘52545354535452(51)5254525453545254535453525554{ :{ 555525552%525254535453545£ {5254
s5ss§egsgsgagagsgsfs]sfslsfsdsfasedsgagssslsgatsgagss (sf)shshshslshsfsgagsgstshsh
s§sfslslsgsfsgsf sl slslsl s sdsagsgegss]sfs]s]sdsfagsfsgslsgagsgsfagsgsls]
shsfshsfssfefsgegafslsfsfofsgsgassfagagasssafstsfagogagstshsfshsfefefegstalsl
-shslshslsgsfshslshshshshsgstsgstsgsfsgstsgstsgsfsgstsgsisgstsgstsgsisysishsfsls]
sgsfsgsisgszsgsﬁsgsfsgs{sgs‘{sgsisgsngsng l{sgsfsgsl{sgsgsgscsgslisgs‘iszs?sgsgsgs
s5sys8sfsgstshsfsgs]slsfslsisg(s)

b
5453

Fig.61: Special Hamilton circuit of [12, Table 3, Row 9] (Length = 576)
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fi= [Dé3=14)] o {1234]

3,14 3,14 3412 3,14 1234
a = [D31) b= {1 3 d:=[D§ )]0[1243}
q —q
— -1

g ¢ 'aq ' "1g o4 gq—1,1)71 Lg=t-1 T —a Y1 la -1 g e a3
o az as —q¢ ' a1 o2 asg oy asg oy o2 ay o az ay  —q '
) 3,14 1234
7= [Dé o [3412}

q g lal_qoq _qas (quX’QQ#l)

o—o0—o0—o0

az  —1 _g=l g1

. 1234 . 1234 _ 1234 L 12341 , ._ . [1234
c:=bo [3214] e:=do [3214] h:=ao [3214} g:=fo [3214] 1i=J0 [3214}

Fig.62: Generalized Dynkin diagrams of [12, Table 3, Row 14]

aT3b7'4d7_'2f7_'1j

Fig.63: Changing of diagrams of Fig.62

(B HH D) 5D (5) (1) (59)(58) (55) () (5§) (s5) (s3) (s9)
sgsgsgsgsg9233523J523334s352(sl)(32)53(54)33(32)335233(34)
3<32)33(34)5334Sgsz s§s§s§sgsyshsys 4(51)(54)(53)5453(32)5354(5{)

‘SgsgsngSZSgSgSgSZSgSgSgSgSgSi

s sdsdsY 58 5q 5555 (sh) () (sh)sh sl (sh)shsh (s9)

54535%53825§5£S§S25352835453825354535 8352535

'511531353515?55%33 43{323334335433 5585555555 ésgsﬁsgsgsgszsgszSgsgsifsgsg shsfsfsgsd
-sésésgsé{sgsgsgsz%s4sg323334s3525332(31)SZSgsﬁsgsgsgsZse’&lsg325354333 S3SéSgS£S£Sg
‘Sgsﬁsg325g55533453525352 3Sz{51SisgsésésisgSisgsgsfsgsg%%545332535453 2S§S§S§S£

o] sfadabsf s b sgah sl of of of ol s0a s5ad (9)s] of s s sg s shagal sl oh oh oh ohoh sh st sgsg s
shshade] ol sfadch o e afab g aq sbagal ah ol afa afaadshadof af sfodeh o] efad e oo (sF)sF

Fig.64: Hamilton circuit of [12, Table 3, Row 14] missing s%, s¢, s

and s} (From this Hamilton circuit, by Fig.62, we obtain another
Hamilton circuit of [12, Table 3, Row 14] missing s%, s§, s4 and si.
Indeed it is obtained by replacing 1, 3 and = € {a,...,j} by 3, 1
and z o [égi’ﬂ respectively.) (Length = 360)
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(3,17) 1234

e:=[D o

g =[P £ = D) I (Pi e 53]
¢ <

1 1 1 1 1 1 1

=l 1l_-1le -l -1 P S Y } B | Y S

¢ ¢—¢ <S CTc s 1s ¢t ¢ 1le =¢7¢ ¢ ¢ -1

aq a2 a3 Qg @1 a2 @3 Qg @l a2 a3 Qg a3 a2 aq Qg

(3,17 1234 1 (3,17) 1234
a = [Dé o [4312] l:=[Dg lo [3214}

SeTElegTi e bttt (Ce KX, (P +(+1=0)
a1 a9 g asg as oy %) ag
himao [B] ermao[15] 1= ro[15] ameo[S] kemso[44] 5imoo [134]

Fig.65: Generalized Dynkin diagrams of [12, Table 3, Row 17]

Fig.66: Changing of diagrams of Fig.65
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Fig.67: Hamilton circuit of [12, Table 3, Row 17]
missing s

For

Use the symbols in Fig.68.
t € {a,b,c,d} of Fig.68, let t' be the one obtained from ¢ by changing oy

(3,18)

: Let x be of Dy

Rank-4-Case-3

T1T2T3T4X €

a. Let xo :

X € Ai. Then m(x1)
T1Tem3TaX2 € G(Xx). Then m(x2)

and ay. Let x1

G(x) and x3

e and my(x3) = d.

By Fig.69, {x1,x2,x3} is a l-complete T-representative subset of G(x).

Moreover Hamilton circuit maps of I'((x1)1y), T'((x2)ay), T'((x3)q)) are

drawn in by Fig.70, Fig.71, Fig.72 respectively. Then by Proposition 3.21

and Fig.73, we see an existence of a Hamilton circuit map for x. In fact, it

is written in Fig.74.
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(3,18) 1234
d:=[D ]o
o= [D§3,1s)] bo— [Dg3,18)] = [Dés,m)] . 4 [3214]
¢ ¢
—1, -1 1 -1, -1, _ 1 -1, _qfm1_1,.—1 1 _17m7
S S S SN Sl S e, Sl S (SRS ¢ 1
aq ag ag oy aq ag (e %:3 Qg aq a9 (e Qg aq ag ag Qg
.— (p(3:18) 1234 :
e:= [Dg lo [3214] fi= [DéS’ls)] o [gfﬂ
¢ ¢t
—1 —1 — -1
*01<<OJ<<; 11y <<; 1 (CeKRX, 24+ (+1=0)
@q ag ag gy aq ag asg Qg

Fig.68: Generalized Dynkin diagrams of [12, Table 3, Row 18]

T4 b T3 T2 T1

Al w

Fig.69: Changing of diagrams of Fig.68

Fig.70: First part of Hamilton circuit for [12, Table 3, Row 18]
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Fig.71:

e Ii g e
1 1
h ziwu {(i7$7y,zyu)7(i’ZﬂL:x,y)v(i,ya$7U,2)7(i7U727y7$)}
i ﬂ{(3, a,a,a, CL), (4, a, b7 a, b)7 (37 b: C, b7 C)7 (47 G ¢, G, C),
x i Y

o 1! il o (37d7d7676)7(47d7f7e7d/)7(3?f7f7d,7d,)7(470,70,701701)7
) (2,0, d ), (4,0, a')} # 0

Fig.73: Joints of Fig.70, Fig.71, Fig.72
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Fig.74: Special Hamilton circuit of [12, Table 3, Row 18] obtained
from Fig.70, Fig.71, and Fig.72 by joints mentioned by Fig.68,
where g :=d', h:=¢, i:=V and j := o’ (Length = 480)

Rank-4-Case-4: Let y € A7 be that of D§3’22). Use the symbols in Fig.75
and Fig.76. As shown in Fig.75, for t € {a,b,c,d,a,b, ¢, d} of Fig.75, let t'
mean the one obtained from ¢ by changing as and «a4. Let x1 := x. Then
my(Xx) = a. By Fig.76, for X', x” € G(x) with 71 (x") = x”, we have

(m(X), 1 (X")) € {(a, @), (&,d), (b,1), (d, &)} (5.1)

Let x1 := x. Then my(x1) = a. Let xa, (resp. x3) € G(x) be such that
my(x2) = a (resp. my(x3) = a’). By Fig.76, {x1, x2, x3} is a 1-complete 7-
representative subset of G(). Notice that the generalized Dynkin diagram
of T(xy) 0y (X1) (1)) (resp. m(yy) ,, ((X3)(1)) is the same as a of Fig.28 with ¢,
2, 3, 4 (resp. ¢, 2, 4, 3) in place of ¢, 1, 2, 3 respectively, and that the
generalized Dynkin diagram of T(x2) () ((x2)(1y) is the same as a of Fig.31.
with ¢, 2, 3, 4 in place of —q = —r, 1, 2, 3 respectively, By Fig.30 and
Fig.32, we see that for ¢ € J; 3, there exists a special Hamilton circuit map

718)

of F(’/T(Xt)<1> ((xt)ay))- By an argument similar to that for DY , we see the

existence of a Hamilton circuit map for x. In fact, it is written in Fig.81.
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a = [D{>?)] b= [D§*?P) b= [D§?Y) c:= [P .
— -1 _ — —1 _¢—1 —1 — —1 — —1 — -1 _ _¢c —1_ _
S ¢ S S SRS S SIS ¢ 5 ¢S J=¢ ¢ -1
aq a2 [0%:3 Qg @l a2 [e%:1 Qg a1 a2 a3 Qg a1 a2 [0%:3 Qg
: E E P (3,22) 1234
@i P a = PP)o 23] = o2 ¢ =[Py 1‘1[13214]
—1 —1j_¢+ —1_ _ -1 _ _1-1 — -1 -1 _1-1 — — —1j_ _ _
Oc)c cloc<1 cOC oL 1 COC Oﬁchﬁc 1
Q] a2 ag (e @1 a2 Qg ag a1 a2 a3 (e [e%:3 a2 @] (e’
/. 1234 X 2 _
t':=to [1is) (CeK*, ¢*+1=0)

Fig.75: Generalized Dynkin diagrams of [12, Table 3, Row 22]

a<2 b b
_31 1_3
<l a2 e 3T,
?41 174 ‘7'21 I‘T'z
d T1 d T2 & T4 a T1 ¢
7:31 17:3
E/ T1 b/ T4 a/

Fig.76: Changing of diagrams of Fig.75
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Fig.77: First part for Hamilton circuit of [12, Table 3, Row 22]

Fig.78': Second part for Hamilton circuit of
[12, Table 3, Row 22]
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Fig.78: Third part for Hamilton circuit of
[12, Table 3, Row 22]

1Ii yl {G4G,z,y,z,u), (i, z,u, z,y), 1,y, 2, u, 2), (i,u, z,y, ) }

Tu N{(3,a,a,a,a),(4,a,a,a,a),(3,b,c,b,a),(4,b,b,b,b),

i (4,¢,d,a,d), (3,d,d,d,d), (3,¢¢¢¢7),(3,¢,¢,2,¢),
:iif: (2,d.a',d, c),(38,d,d,d,d),(3,a,b,cb), (20,0,

(2,a',d',d',a'),(8,d',a',d’,a')} #0

Fig.80: Joints of Fig.77, Fig.78, Fig.79
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6. Existence of a Hamilton circuit of I'(x) with |[I| > 5
In this section, analyzing carefully in each case, we shall see:

Theorem 6.1. Assume |I| > 5. For every x of [12, Table 4], there ezists

a Hamilton circuit map of I'(x).

Rank > 5-Case-1: Let x be one of [12, Table 4, Rows 1-8, 16, 20, 22].
Then we can easily see that x is of Cartan-type or quasi-Cartan-type. By

Theorem 2.3, a Hamilton circuit of I'()) exists.

q —1q -1 —1q -1 —1q —1q —1q
(1) da q q q q q a4

aq ag am Qo QR Oy

-1 —1 -1
qq lqgqgt —1-1 q q q
(2) Gataat T S a9 a0 @
o ag am ) QAR Qg Oy
(N>5,qekX, ¢2#1,1<m< NfL
2 2 _ _ 2 _ _ 2 2
(3) Pt 2L

al [P am A2 %N-1 %K

(4) et @ e A |
[e 5] a2 Qo aN—zaN—laN
(N>5,geK*, gt #1, 1 <m < NtL)

1 _1 1

(5) STEme g Y

@y ag Qam AR oAy Oy

(N>25CeRX, 2 +¢+1=001<m<N-1)

6 e e A SRR X XY
(6) ctet ot G
oy az am N2 YN -1 %N

(N>5,CeRX, ¢?+¢+1=0,1<m<N-1)

[e%} (o) Qm QR oA _q Oy

(N>5¢g€KX, ¢ #1(1<m< N —2)

g g lqggqgt —lqgg1? —lqjg=1q q
(8) Gataat R ooty )

o as am AN—2%N -1 9K

(N>5g€KX, g#1(1<m< N —3))

Fig.82: One of diagrams of each row of [12, Table 4, Rows 1-§]

Rank > 5-Case-2: Let ¢ € K* \ {1,-1}, N € J5,00, I = J| 5 and
m € J1 N_1-
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Let # be a rank-N free Z-module with a basis {e]i € I}. Let I :=
Jy jrpq- Let P(N m) be the set formed by all maps p : 1 — Jo1 with
(—1)EMHDEN+Y) = 1 and |{i € I|p(i) = 0} = m. For p € P(N,m),
define the Z-bihomomophism \; : H x H — Z by A(ei, €;) := 5;;(—1)P@)
(i,j € I). For p e P(N,m) and i € I, define ozf € H by

( € — €i+1 1fz€J1N 9
€ExN—1 ~ €N if (N +1)=0andi=N —1,
o = 2 if p(N) = p (N—|—1)=1andz:]§/'—1,
Z ey t+ey HPN)=p(N+1)=0andi=N,
2e if (N)—1=p(N+1)=0andi= N,
L EN—1 — €N ifP(N): (]\7 )—landi:N.

For p € p(N,m), define the map pp : I — Jo1 by pp(i) == 0o, where
t:= )\ﬁ(af,af) = 0. For p € P(N,m), define x? € X1 by

1 it i > 7,
for i, j € I. Then we see |[R*(xP)| < oo by [12, Table 4, Rows 9,10]. For x1,
X2 € &, we write x1=xX2 if X1 (i, i) = X2(, ;) and x1 (a4, aj)x1(aj, 0q) =
X2(ai, aj)x2(aj,0q) for all 4, j € I. It follows from [2, Lemma 4.22]
that if x1=x2 and |R*(x1)| < oo, then RT(x2) = R™(x1). By [12, Ta-
ble 4, Rows 9,10], we have

Vp € P(N,m), {x1 € X |3k € G(xP), x1=x2}
= {X3 € X |3 € P(N,m), xs=x"}.

(For every ¥ € Ap of [12, Table 4, Rows 9,10], we have Y=xP for some
q €K*\{1,~1}, N € J500, m € J, ,_, and p € P(N,m). See Fig.83.)
For p € P(N,m) and i, j € I with i # j, we have

0 if )\ﬁ(af,ag) =0,
N 1 if /\ﬁ(ag,af) = —2)\p(a?,a§) 75 0, (6.1)
e 1 if A\p(a?,al) =0 and )\p(af,af) #0,
2 if Ap(af, o) = =Ap(af, of) #0.
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Define pp € P(N,m) by Py ({0}) = Jim U{N + 1} and p;'({1}) =
Ji1 i Let x = Xpo. We can define the bijection Q : P(N,m) — G(x)
in a way that for every p € P(IN,m), there exists a unique Q(p) € G(x)
with x'=x? for X' € G(x) satisfying m(X') = Q(p). For i € I, define the
bijection 7; : P(N,m) — P(N,m) by Q(#(p)) = 7:(Q(p)) (p € P(N,m)).

Let 6(]\7 + 1) be the symmetric group of degree N +1, and let 0; :=
(i,i+1) e S(N+1) (i € J, x)- Regarding 7;(p) for p € P(N,m)andiclI,
by (6.1), we have the following.

o If Xs(a, aP) # 0, then 7(p) = p.

olfic J1 N_2 jchen 7i(p) = po .

o If \;(o N %) =0 (whence H(N + 1) = 0), then 7(p) = ﬁvoN_l.

o If )\ﬁ( X ]\7) = 0, then f'l(ﬁ)u = (ﬁ)u CO0x_4 and (ﬁ(ﬁ))(N + 1) =
— p(N +1). Hence by (6.1), for p € P(N,m) and i, j € I with ¢ # j,

letting a := Q(p), we have

0 1f)\ﬁ(af,a§):0,
. )3 el al) = —20(alad) 20,
i 3 1f)\ﬁ(af,af):0and)\( a;, ]);éO
4 i Mp(a?,a?) = —As(a?,al) £0.

Notice N > 5. By Fig.83, Fig.84 and Fig.85, using the claim obtained from
that of Proposition 3.22 by letting N = N,i= N —2 and then changing
1,2,...,Nby N,N—1,...,1, we see that a Hamilton circuit map of I'(x?)
exists. Similarly, by Proposition 3.22 for N = Nandi= N — 3, using
Fig.3, Fig.6, Fig.27 and Fig.32, we also see that fact.
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a=7y(x), x =xP0, i =q7 ! (i € Jom), T =0q (5 € Jont1,K—1)

-1 -1 -2
qgqlqqg? —1-1 q 7 q%4q
oq 9 ... q 9 ... g q q re)
o a9 Qm, QAR o Qg Oy
PN)=1,r5 |, =gq
AN—2 IN -1 2
q1 rq{ 42 r ri_19ir; T"R—2 "N-1 2q
o—02L 2 i AT L % -~
aq ag a; Ao Qg O
R O SR —1
PIN—-1)=p(N)=p(N+1)=0,ry_ ,=rg_ ;=9 _,
aq N -
AR _o o1 @x—a 1
q1 ry; 42 ro ri 19141 "N-2 qilg q
o—t o2 ... il
aq ag a; g _o O _q Ay

ol
=3
=
=}
[
5
[V
3
|
L
2
3
3
T
r
5
Z oo
b
, [V
| _Q
e
ST = |
=]
| |
[V
|
AR

(%1 g a; QAR _o QN _q Oy
PN)=1,rg5_1=4q tx (ag_, =-1)
AN -2 I8N -1 R
q1 ry 92 r ri_1%ir; TN—2 "N-1 ¢%2a
o—1 2 _ ... i VSTiL L 5 P
aq ag (77 QR _o gy ag_q

Fig.83: Diagrams of [12, Table 4, Rows 9,10, where i € J, 5 o,

q € KX, q2 75 1, q; € {—1,(]:‘:1} (j c Jl,N—1)7 T € {qil} (k‘ S JO,N—l)’
ric1@?r; =1 and m = |{i € JOJHH =q 1.

g ¢ ¢t
a O0——0
o %)

(¢ € KX\ {1})

Fig.84: Special Hamilton circuit of [12, Table 1, Row 1]
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q gt -1 —1 g -1
a O——O b o——o0
o1 (D) a1 €%)
c o1 5 (e K*\{-1,1})
aq a9

Fig.85: Special Hamilton circuit of [12, Table 1, Row 2]

We emphasize:

Theorem 6.2. For every x of [12, Table 4, Rows 9,10], there exists a

Hamilton circuit map of T'(x).

Rank > 5-Case-3: Let x be of [12, Table 4, Rows 11-15, 17-19, 21].
Let N := |lI|. Here N € Js7 and I = J;n. Notice Tables 3 and 4,
where we show a Hamilton circuit of I'(X|zay_sezZan_seZan_16Zax) Of X €
G(x). Recall that we have a special Hamilton circuit map of I'(y’) for x’
of [12, Table 3, Rows 11,13,18] by Fig.61, Fig.52 and Fig.74. Hence by
Proposition 3.22, we have a Hamilton circuit map of I'(x) for x of [12,
Table 4, Rows 11, 12, 15, 17, 18, 21]. Although the Hamilton circuit
maps Fig.64 and Fig.55 of of I'(x”) for x” of [12, Table 3, Rows 14, 20|
are not special, it follows from Proposition 3.24 that we have a Hamilton
circuit map of I'(x) for x of [12, Table 4, Rows 13, 14, 19]. Incidentally, if
N > 6, then by Fig.84 and Fig.85, using the claim obtained from that of
Prop051tlon 3.22 by letting N = N,i= N—2and then changing 1, 2,. N
by N,N —1,...,1, we see that a Hamilton circuit map of () exists.
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(4,11)
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(4,12) (4,13)
Dy Dy
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Fig.86: First diagrams

ae ar ag

of [12, Table 4, Rows 11-22]

ag

Table 3: Rank-5’s rank-4 edge sub-Hamilton circuits

—1 -1 -1 —1_1,—1 —1
F RS D S R4 S

T

X pi11

) D£4’12) D£4,13) D£4,14)

,D£4,15)

Figs 8, 52

92,74 8,74,55 8,64

8, 61

as
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Table 4: Rank-6, 7 and 8’s rank-4 edge sub-Hamilton circuits
P16 pAIT)  pA18)  p(419)  p(420)  p(A21)  p(422)

X

Fig.s 8 8,92 §,52,74 8,64 8 8, 52 8

To obtain the above Tables 3 and 4, we can use some diagrams in [1]
together with Section 6 below.

After all, by Theorems 4.2, 5.1 and 6.1, we prove our main theorem:

Theorem 6.3. For every x € Xy with |RT(x)| < oo, there exists a Hamil-

ton circuit map of T'(x).

Appendix: Names by [1]

As mentioned in Definition 3.29, DE“’) means the family of the gener-
alized Dynkin diagrams belonging to Row-y of Table x of [12]. In [1], a
)

suitable name of each DE‘T’y has been introduced with consideration of not

only simple Lie superalgerbas but also modular simple Lie superalgerbas.
The names are RHSs of the following.
(2) See [1, Section 7].

DM = wk(4), DY) = br(2), DY = br(3).

(2) See [1, Section §].

DM = brj(2:3), DO = g(1,6), D) = g(2,3), DI = g(3,3),
DE?) = g(4,3), DI = g(3,6), DY = g(2,6), DM = e1(5;3),
D) — g(8,3), DI = g(4,6), DIY'® = g(6,6), DIV = g(8,6).

(3) See [1, Section 9].
D51,13) —brj(2:5), D£4’15) = el(5;5).

(3) See [1, Section 10].
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P _ ufo(1), P19 _ ufo(2), D16 _ ufo(3), DRI _ ufo(4),
D£3’17) — ufo(5), D£3’22) — ufo(6), D£1’7) = uto(7), D£1,8) = ufo(8),
DM = ufo(9), DI = ufo(10), DI = ufo(11), DY = ufo(12).
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