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1. Introduction

In the Solow-Swan (SS) model, technological innovations are not associated with
the behaviors of economic agents. See Solow (1956) and Swan (1956). Technological
innovations have been considered to be exogenously given. On the other hand, Griliches
(1998) observes empirically the fact that the increasing rate of total factor productivity
(abbreviated as TFP) and/or the progress rate of technology depends on R&D
investment. See Griliches (1998, 2000) and Diamond (2004). This fact implies that
technological innovation is closely related to the behaviors of economic agents. Romer
(1986) is the first to demonstrate the fact theoretically. He constructs an endogenous
growth model that the efforts and researches for technological innovations increase the
growth rate of GDP per capita. See Romer (1986, 1990). In both of SS model and
Romer model, technological innovations play important role. However, in SS model,
technological innovations are exogenous. On the other hand, in Romer model,
innovations are endogenously produced as a result of various efforts for the
technological innovation. In this paper, we demonstrate that, through a mechanism
different from that in Romer model, various efforts based on profit motive produces
endogenous growth.

Keynes (1936, Sect. 7 of Ch. 12) emphasizes the economic important role played
by animal spirits®. Kaldor (1940) incorporates the Keynes’ perspective into the GDP
dependent part of the investment function based on profit principle and constructs a
endogenous business-cycle model. Adopting the Kaldor’s approach to technological
innovation investment and incorporating a mechanism that various efforts based on
animal spirits produce endogenous growth, we construct an endogenous growth model
based on profit principle. Our growth model possesses a globally stable quasi-steady
state that is similar to the steady state in SS model. We also demonstrate that if animal
spirits is not too intensive (in other words, if the intensity of animal spirits is sufficiently
sound), the intensity of animal spirits positively correlates with the level (not growth
rate) of GDP per capita at the quasi-steady state. However, the growth rate of GDP in
our model is independently of such intensity and the endogenous growth in our model is
produced irrespective of the intensity.

! For the importance of Animal Spirits, see also Akerlof and Shiller (2010).
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Our model is two-dimensional tractable model that allows a complete phase
diagram analysis. We demonstrate that our model possesses strong stability and gives a
natural generalization of SS model.

By the way, an important question is whether the investment behavior based on
profit principle is consistent. Such a behavior is adopted under the expectation that
profits increases. Since our model produces endogenous growth, such a behavior
becomes theoretically consistent. This implies that a self-fulfilling prophecies in the
sense of Merton (1948, Sec. I) occurs. It can also be said that profit principle is
rationalized from a long-run viewpoint. Thus, there is a rational link or affinity between
profit principle and endogenous growth. We will discuss this point in a bit more depth.

The paper is organized as follows. In Section 2, we explain the investment
behavior based on profit principle incorporating animal spirits. In Section 3, we
construct an endogenous growth model with the investment behavior derived in Section
1. In Sections 4 and 5, we consider effects of parameters on growth dynamics. In
Section 6, we discuss a close link between profit principle and endogenous growth. In

Section 7, we provide some conclusions. In Appendix, we prove several results

2. Investment Behavior and Animal Spirits

At the beginning of a project, large technological innovators possess unpredictable
possibilities to produce large innovations. In this section, we consider how will the
investments supporting the innovators be carried out. Since such investments in general
are economic matter, there should be some solid economic background for the
investment. We consider the common grounds.

To consider it, we distinguish between the following two types of investment:

Istec =IN the short-run, a certain percentage surely leads to small technological
innovation. We call such an investment small technological innovation
investment.

litec =the investment other than Ige. = the investment for large technological
innovation. We call such an investment large technological innovation

investment.



In the situation where the economy endogenously grows, the following process
concerning two types of innovation investments will be natural. The capital
accumulation for small technological innovation steadily produces small innovations.
Then, expectation and impulsiveness for large technological innovation are intensified
and I gradually increases. Thus, in the growing economy, through this process,
increases in small innovation investments lead to increases in large innovation
investments. We here give the following definition.

Definition 1. The process from small innovation investments to large innovation

investments is called an innovation process.m

We assume that through the innovation process, the following relation holds.

Assumption 1: liec=7(Y)=7nY, n>0.m

Through the innovation process, large innovation investments are put into the economy
and an endogenous growth is naturally produced. As a result, increases in I, lead to
increases in GDP. Then, since GDP is considered as a proxy variable of profit, increases
in GDP lead to increases in profits. We here assume profit principle concerning
investment planning:

Assumption 2: lstec =@(Y)=pY, p>0.m

In Section 2, we discuss the affinity between profit principle and endogenous growth.
In this paper, for simplification, we assume that the 7~ —function is linear:

Assumption 3: litec =7(Y)=7nY, n>0.m

Equation (1) gives a composite of small technological and large innovation investments.
Equation (1) denotes that large innovation investments also follow profit principle. We



here intuitively explain the implication of (1). We assume that GDP increases. Then,
following profit principle, small innovation investment increases. The increase in small
innovation investment increases capital stock for small innovation. As such a capital
stock increases, small innovations gradually progress. At the same time, GDP and
therefore profit also gradually increase. As a result, expectation? and impulsiveness for
large innovation are intensified. In such a situation, we consider that the animal spirits
operate and large innovation investments increase. We here define as follows.

Definition 2: We call p the short-run animal spirits parameter and 7 the long-run

animal spirits parameter. Moreover, we call
(1) ltec = Istec + litec =@(Y)+ I (Y)=(p+n)Y =Y

the innovation investment and ¢ the animal spirits parameter.m

From a Keynesian viewpoint, we modify SS model by explicitly incorporating
innovation investment which follows profit principle yielded through animal spirits.

Like SS model, we assume that

Assumption 4: Consumption=C =¢Y (6 <(0,1)), aggregate investment (Al)= laggr =
(1-0)Y , i.e. aggregate demand (AD)=aggregate supply (AS).m

Assumption 5: 1>6+¢ >0.m

Since ¢ is considered to be fairly small, Assumption 5 is natural. It follows from
Assumptions 4 and 5 that

(2) AD=AS << laggr+C=Y < laggr=(@1-0)Y
& [investment other than ltec ] = laggr — ltec = (1-0-J)Y.

This final equation possesses an economically important implication. We briefly explain

2 This type of expectation is considered to be closely related to long-run expectation in
Robinson (1962, Ch.2).



the implication of (2). The investment of Kaldor (1940) is determined by profit
principle based on animal spirits. As demonstrated by Kaldor (1940), such an
investment behavior generates instability of equilibrium. Therefore, profit principle is
incompatible with AD = AS. Therefore, although for technological innovation
investment we introduce Assumptions 2 and 3 (profits principle), we assume that the
final equation of (2) is satisfied for the investment other than Itec . Such an assumption
is included in Assumption 4, because (2) is derived from Assumption 4. It should be
noted that the final equation plays the same role of adjustment (AD =AS) as aggregate
investment in SS model. However, if profit principle is adopted in the investment other
than lwc, the economy becomes unstable and AD = AS. To avoid such an unstable
situation, we introduce Assumption 4 and therefore (2). If we can construct a model
describing the unstable case, we will obtain a endogenous growth-cycle model with
unstable equilibrium in the Keynesian tradition. Such a model will be much more
complicated than KSS model. The research in this direction is ongoing and it will take

time to complete. See Dohtani and Matsuyama (2022a, b).

3. Endogenous Growth Model
of Solow-Swan Type

In Section 2, we consider the technological innovation investment according to
profit principle based on animal spirits. In this section, incorporating such an investment
behavior into model, we construct a growth model. We demonstrate the model yields an

endogenous growth. In the following, we define as

Kitec =capital stock for large technological innovation, Kstec = capital stock
for small technological innovation, Kiec = Kstec + Kitec = capital stock for
technological innovation, Kaggr =aggregate capital stock, K = Kaggr — Ktec,
| = laggr — ltec, O = depreciation rate on K, otec = depreciation rate on

Ktec .

For simplification, we assume the following.



Assumption 6: Stec =0 .m

From the argument so far, we obtain the capital accumulation equation:

(3.1) Ktec = ltec = Ktec =8Y —Ktec, 0 >0,

3.2) K = Kaggr— Ktec = laggr — Kaggr — (ltec — Ktec)
= (1 O)Y — &Y — 8(Kaggr — Ktec) = 1— )Y —K, 5>0.

The historical fact founded by Griliches (1998) is as follows. From a long-run and
macro perspective, relentless research accumulations and various efforts of firms for
technological innovation have gradually produced large technological innovation and
therefore, effects on the growth trend. Based on this historical fact, we start to our

argument. First, we define a production function as follows.

Definition 3: To incorporating the fact that in the long-run increases in Ktec and Liec

boosts productivity, we consider the production function:
Y = F(Ktec, Ltec, K, L) =T (Ktec, Ltec )G(K, L),

where Liec = amount of labor involved innovations (including researchers) and
L=amount of labor other than Ltec . T(Kiec,Ltec) denotes the total factor
productivity (TFP) which is produced by using Ki and Li.. We call it as TFP

production function.m

Assumption 7: We assume that

T(Ktec’l—tec)=ﬂthaec|—?ec’ G(K,L):,HZKCLd, Y=ﬂlﬂ2Kt%cL?ecKch!
(a,b,c,d)e(0)*. m

We here assume the following.

Assumption 8: c+d=1 and 1>a+cC.=



Just like SS model, the first condition of Assumption 8 assumes that G(K, L) is linear
homogenous. On the other hand, since it is considered that c¢ is sufficiently small, the
second part of Assumption 8 is a natural assumption. Moreover, we assume the

following.
Assumption 9: L=rexp(nt) and Lec=7L=zrexp(nt), 7<(0,1).m

From Assumptions 7 and 9, we obtain the following.

Lemma 1: Y = F(Kiec, Liec, K, L) = SKE KLP*Y | where g= B8, (zr)%.m

Proof: Directly from Assumptions 7 and 9.m

Under the assumptions so far, (3) and Lemma 1 yields

(4-1) Ktec = Itec _%tec = QF(Ktec’ I—'[ec’ K, I-)_éKtec = (ﬂKtaecKcLb+d — Kiec,

(42) K=1-K=(1-6-7)F(Kiec, Lec, K, L) =K =(1—t9—é’)ﬂ|(t%CKcl_b+d —&K.

Thus, we obtain the following system.

7 Ktec = CﬁK{"eCKCLb*d — Ktec,

K=01-0-¢)BKa KELPHI — K.

Since System /7 possesses an exogenous increase in labor, the system is
non-autonomous. In SS model, the autonomous system is obtained by transforming
capital stock into capital stock per capita. Consequently, we can obtain many
economically clear results. However, this method does not hold true for System /7.
However, in the following we demonstrate that, using a slightly modified method,
System /7 can be transformed into an autonomous differential equations system.

To transform System /7 into a tractable autonomous differential equations

system, we introduce the following variables.



Ktec |'<' _ ﬁ
L© e

b+d _1—c+b>1—c—a_1
l-a-c¢ 1-a-c¢c l-a-c

(5) lZtec = y €

It should be noted here that kec and k are not variables per capita. We can now

derive the autonomous differential equations system concerning the variables of (5).

Lemma 2: We have

~le

_ paC L.
Phess tec = Beck ™ — (5 +en)keec,

e

=(1-0-¢) BBk E = (5 +en)k.

Proof: See Appendix.m

System ¥kss corresponds to the capital accumulation equation of SS model.

Definition 4: We call System %kss the Keynes-Solow-Swan (KSS) model.m

The phase diagram analysis of KSS model is as follows.

Lemma 3: We have

Proof: See Appendix.m

Since (1-a)/c>1 and a/(1-c)<1, we obtain

d 2T2 (ktec) <0.

5 =
d“71(Kigc) S0 2
dkiee

dkede ’

Noting this point, we carry out the phase diagram analysis of KSS model. See Figure 1.

In Figure 1, we define



Curve A : graph of [{tec =0 (i.e. graph of E:n(@ec)),
K

Curve B : graph of k =0 (i.e. graph of Ezfz(ﬁec)),

31 ={(K  kec) 1k > 71(ktee) F{(K, Kreg) : K > 72 (ke )3,
22 ={(K. kiee) 1k < 71(ktee) }{(K, Kreg) : K > 72 (ke )3,
Sg ={(K. kec) K <71 (kiee) FP{(K. keee) 1K <72 (Keec )3,
21 ={(K. kiee) 1k > 71(kieg) F{(K  kieg) K < 72 (ke )}

Figure 1 about here.

Figure 1 and Lemma 3 yields

Theorem 1: The directions of vector fields in the domains defined by Figure 1 are as
follows.

(E,Etec)GZJ_ = Etec >0, E<O, (E,Etec)GZZ = Etec<o, IZ<0

(E,@ec)ezg = Ktec <0, k >0, (E,l?tec)em — Ktc>0, k>0™
Proof: See Appendix.m

Directly from Theorem 1, the phase diagram of KSS model is given by Figure 2.

Figure 2 about here.

From Figure 2, we demonstrate

Theorem 2: The equilibrium point of KSS model is globally asymptotically stable.m

Proof: Directly from Figure 2.m

Figure 2 demonstrates that KSS model possesses non-oscillatory strong stability.
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Example 1: We here numerically describes a typical paths of KSS model. See Figure 3.

In Figure 3, we set

0=085 ¢=005 ~7=0.001, pB=p=1 r=1 a=03 b=0.57,
c=013 d=01 6=0.021, n=0.003.

Then, we have
B=79=0001"1, e=(b+d)/(b—c)=67/44.

Then, KSS model (i.e. System %kss ) becomes

tec =0.05x0.001%1k 23k 013 _ (0.021+ 0.003x 67/ 44)kec,

= le

YKss
K =(1-0.9)x0.001% Kk 2:3k 913 — (0.021+ 0.003x 67/ 44)k .

In Figure 3, blue curves describe typical paths of KSS model with different initial points
and the red point describes the fixed point. Figure 3 numerically describes the  result
of Theorem 2.m

Figure 3 about here.

We now demonstrate the following.

Theorem 3: For the growth rates of GDP per capita=y=Y /L and capital stock per
capita= kaggr = Kaggr/ L = (K + Ktec)/ L, from (5) we obtain the following.

limt e (Iog Kaggr) = n(e—1) >0, limt—se (log y) = n(e—1) > 0.

Thus, we see from (5) that, in KSS model, the growth rates of GDP per capita at the
equilibrium point is positive.m

Proof: See Appendix.m
We here remark the following.

Corollary 1: As a and b increase, e increases.m
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Proof: Directly from the definition of e.m

From Corollary 1, we observe

Observation 1: The parameters of TFP production function depend on research
accumulations and various efforts of firms. From Theorem 3, the efforts and
accumulations increase the growth rate of GDP per capita at the equilibrium point. This
implies that KSS model yields an endogenous growth.m

Concerning Observation 1, we must emphasize one important feature:

Observation: 2: The source of endogenous growth in KSS model is the Keynesian

investment behavior based on animal spirits.m

By a simple calculation, we obtain the equilibrium point of KSS model:

Theorem 4: The equilibrium point of KSS model is given by

o Lol pita 9 g )lao
(6 +enyt/d-a=0)
o (1-0-¢) (1-a)/(1-a~c) ~a/(1-a-c) gl/(1-a—c)

(5 + en)l/(l—a—C)

Proof: See Appendix.m

The equilibrium point of Theorem 4 corresponds to the steady state of SS model.
Therefore, we define the equilibrium point as

Definition 5: The equilibrium point of KSS model, (IZIZC,E*), is called the
quasi-steady state. m
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In the next section we consider the effects of important parameters on economic
growth. Figure 2 shows that the equilibrium point of KSS model possesses strong global
stability. In the following, speaking of growth rates and levels of variables, we always
consider those at the quasi-steady state (i.e., the equilibrium point in KSS model).

4. Effects of Parameters on
Growth Dynamics of KSS Model

It follows directly from Theorem 3 that

Corollary 2: In KSS model, as parameters a and b concerning TFP production
function increase the growth rates of GDP per capita and capital stock per capita also

increase.m
Proof: Directly from Theorem 3.m

Corollary 3: In KSS model, as the growth rates of labor increases the growth rates of
GDP per capita and capital stock per capita also increase.m

Proof: Directly from Theorem 3.m

The results of Corollaries 2 and 3 are almost the same in the related literature.
However, the mechanism and the source of yielding the results are quite different from
those known so far. Because, in KSS model, Corollaries 2 and 3 are derived through
profit principle based on animal spirits. We here intuitively explain the result of
Corollary 3.

In the following, for simplification, we assume that the number of enterprises is

constant. We consider the case where the growth rate of labor increases. In the case, a
chain reaction of short-run and long-run animal spirits starts. Like SS model, the
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growth rate of GDP also increases. GDP is considered a proxy variable for profit.
Therefore, the growth rate of profit also increases. As a result, small innovation
investment increases (through short-run animal spirits) and therefore, the realization
rate of small innovation increases. This raises expectations for the realization of large
innovation and large innovation investment start to increase (through long-run animal
spirits). As a result, in the long-run, large innovation starts to increase. Thus, through
short-run and long-run animal spirits (Definition 2), an increase in growth rate of labor
raises the growth rate of GDP.

In KSS model, we see from Theorem 3 that the short-run and long-run animal
spirits parameters (Definition 2) do not affect the growth rate of GDP per capita.
However, we can demonstrate that the level or the growth (not growth rate) of GDP per
capita is related to the animal spirits parameters:

Corollary 4: We assume that the following condition is satisfied.

(6) a=0a_ .
a+cC

Then, the level of GDP per capita increases with animal spirits parameter, ¢ .m

Proof: See Appendix.m

Corollary 4 suggests that under (6), short-run and long-run animal spirits parameters are
important sources of the development of capitalist economy. Condition (6) implies that,
unless animal spirits parameter exceeds the threshold given by (6), it is positively
correlated to the level of GDP. However, in the case where animal spirits is too intensive,
animal spirits is positively correlated to the level of GDP. The reason is that in such a
case, animal spirits cause overinvestment. Noting this point, we define the following.

Definition 6: Condition (6) is called a soundness condition of animal spirits. Moreover,

if animal spirits parameter, ¢, satisfies the soundness condition, we say the animal

spirits to be sound.m
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Now, compared to Observation 2, we here make an important remark.

Observation 3: In Observation 2, we see that the source of endogenous growth in KSS
model is in profit principle yielded through animal spirits and, therefore, in research
accumulations and the efforts of firms for innovation. Moreover, Corollary 4 states that,
as far as animal spirits is sound, the intensity of animal spirits increases the level of
GDP per capita.m

Concerning Observation 3, we make one important remark:

Remark: From Theorem 3, we see that the growth rate of GDP per capita is
independent of animal spirits parameter, ¢. Thus, although the endogenous growth of
KSS model is yielded by the profit principle based on animal spirits, the growth rate is
determined irrespective of the intensity of animal spirits.m

5. Remarks on KSS Model

In the following, we examine KSS model with well-known endogenous growth
models. The remarkable feature of KSS model is the mechanism of generating
endogenous growth. We find it in the short-run and long-run animal spirits
(Assumptions 1 and 2). Moreover, as far as animal spirits is sound, an increase in the
intensity of animal spirits leads to an increase in the level of GDP per capita. Thus, in
KSS model, the intensity of animal spirits is the source of abundance.

Taking a hint from Griliches (1998) and Diamond (2004), we assume that, in the
long-run, increase in large innovation investment leads to increase in technological
innovations concerning TFP. By the way, the empirical fact found by Griliches (1998)
and Diamond (2004) is that R&D investment positively correlates the growth rate of

TFP. We now demonstrate that the empirical fact is found in KSS model:

Corollary 5: If the growth rate of labor and/or the parameters concerning TFP (a and
b) increase, the growth rate of TFP and R&D investment increase at the same time.m
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Proof: See Appendix.m

Noting Observation 1, we see from Corollary 5 that the empirical result in Griliches

(1998) and Diamond (2004) holds true in the case where a and b increase.
The Romer model (Romer (1990)) is the epochal starting point of endogenous

growth theory. In the Romer model, the growth rate of an economy with a large labor is
larger than that that with small labor. From a theoretical viewpoint, this is considered a
significant drawback. Assuming that the growth rate of TFP depends on the growth rate
of labor and the parameters concerning technical innovation, Jones (1995) tries to
correct this drawback. We demonstrate that such an assumption of Jones (1995) are

derived as a result of KSS model.

(-c)a+b)

Corollary 6: Growth rate of TFP =
l-a-c

Proof: See Appendix.m

From Corollary 6, we observe that the growth rate of TFP positively correlates with the
growth rate of labor and the technical parameters concerning TFP, a and b, which
depend on research accumulations and the efforts of firms for large technological
innovation. For the parameter b, our results are similar to those of Jones (1995).
Therefore, enhancing education from various perspectives leads to an increase in growth
rate. This result has been well-known.

However, in this paper we emphasize that the growth rate of TFP positively
correlates with the parameter a. It is the technological parameter concerning Ktec .

KSS model possesses the accumulation equation of Kiec , into which the
profit principle is incorporated. Thus, through the profit principle based on
the animal spirits becomes a source of the TFP growth.

The parameter a represents the intensity of its reflection. In this sense, the parameter
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plays an important role in our endogenous growth model.

Moreover, we obtain the following.

Corollary 7: Anincrease in 7 = Ltec /L arises the level of GDP per capita.m

Proof: See Appendix.m

Corollary 7 shows that although an increase in 7 =Ltec/L may not rise the growth
rate of GDP per capita, the increase enriches people’s lives.

KSS model is constructed by incorporating profit principle into SS model. The
investment based on profit principle depends on GDP. In the case where the factor
increasing GDP operates, profit principle operates in the economy and GDP per capita
start to grow. In KSS model, such a factor is the growth of labor. If labor does not grow,
KSS model does not produce the growth of GDP per capita and becomes SS model. We
here briefly explain it. We assume that the growth rate of labor as the factor is zero.
Then, defining L=L (constant), it follows from (A.3.3) in Appendix that

y=Y/L= ﬂk‘tgck‘ch+d—l+e(a+c)_

From Theorem 2, we see that k and I?tec converge to quasi-stationary state.
Therefore, we obtain that if labor does not grow, GDP per capita does not grow.

Therefore, GDP also does not grow. Thus, we obtain

Observation 4. In KSS model, the cooperation of profit principle (i.e. animal spirits)
and growth of labor produces the growth of GDP per capita.m

6. Rationality and Consistency of Economic
Behaviors Based on Profit Principles

The investment behavior we adopt is classical profit principle in which
technological innovation investment depends on GDP (i.e., profit). If this investment
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behavior is not consistent, such a behavior will be discarded sooner or later. In this
section, we consider this problem from a longer-run perspective than the business cycle.

What does the consistency of profit principle mean? We first consider profit
principle based on short-run animal spirits. We call such a profit principle short-run
profit principle. Firms adopting the investment behavior of short-run profit principle
expect larger future profits than present profits. Therefore, in the situation that profits
grow, it can be said that short-run profit principle is consistent. This also implies that
expectations for future profits based on short-run profit principle becomes a
self-fulfilling prophesy. Thus, short-run profit principle becomes consistent in a growing
economy.

Secondly, we considered profit principle based on long-run animal spirits. We call
such a profit principle long-run profit principle. In long-run profits principle, firms
expect growth at a higher level than in short-run profit principle. In KSS model, GDP
per capita grows. Then, the economy gradually enjoys a higher level of prosperity.
Therefore, profits of firms gradually grow. This implies that long-run profit principle
also becomes consistent. Thus, expectations for the future profits based on long-run
profit principle also becomes a self-fulfilling prophesy. Thus, in KSS model, long-run
profit principle becomes consistent in the economy where GDP per capita grows and
both profits principles become consistent. In other words, although both profits
principles may be not ex ante rational, they are rationalized ex post. Thus, in a roughly
sense, there is a rational link or affinity between profit principle and endogenous
growth.

7. Conclusions and Final remarks

In this paper, we considered Keynesian profit principle based on animal spirits
and incorporated profit principle into the investment function concerning technological
innovations. Moreover, incorporating the innovation investment function and modifying
SS model, we constructed a growth model from a Keynesian perspective. The model is
non-autonomous. Modifying the way used in Solow (1956) and Swan (1956), we

derived an autonomous system that allows a complete phase diagram analysis. We
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named it KSS model. We proved that KSS model produces growth of GDP per capita
and that the equilibrium of KSS model is globally asymptotically stable. The
equilibrium is similar to the steady state in SS model. We call the equilibrium the
quasi-steady state.

The mechanism producing it is intuitively as follows. We assumed that labor
grows at a constant rate. Like SS model, GDP also grows. Then, through the operation
of (short-run) profit principle, small technological innovation investment increases.
Small technological innovation investments will gradually lead to the realizations of
small innovations. As a result, expectation and impulsiveness for large technological
innovation are gradually intensified. Then, through the operation of (long-run) profit
principle, large technological innovation investments (containing R&D investments)
increase. Here, based on the empirical fact by Griliches (1986) that the increasing rate
of TFP and/or the progress rate of technology depend on R&D investment, we assumed
that large technological innovation investments increase TFP. In assuming it, we
considered that the investments produce TFP. As the TFP production function, we
assumed the Cobb-Douglas production function. As a result, in the long-run, TFP
gradually increases and KSS model produces growth of GDP per capita. We
demonstrated that if research accumulations increase and various efforts of firms for
technological innovation are intensified, TFP increases through the TFP production
function and, as a result, growth rate of GDP per capita also increases. Moreover, we
demonstrated that growth of labor leads to growth of GDP per capita.

We proved that if labor does not grow, GDP cannot even grow. This implies that
growth in KSS model is yielded by the operation of growth of labor and various efforts
for technological innovation. More precisely, we can say that growth of labor produces
growth of GDP (in the same way as of SS model) and the operation of them leads to the
endogenous growth.

We also proved that, as far as animal spirits are sound, the intensity of animal
spirits correlates with the level or the growth of GDP per capita at the quasi-steady state.
However, we proved that the growth rate of GDP in KSS model is independently of
such intensity and the endogenous growth of KSS model yielded by animal spirits is
produced irrespective of the intensity.

Thus, KSS model demonstrates that sound animal spirits are an important pulling
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force of the capitalist economy. However, it has been well-known that the animal spirits
are a source of market instability and therefore business fluctuations. These results are
derived from qualitatively different models. The result on pulling force (resp.
instability) is derived from equilibrium (resp. disequilibrium) model. To derive
seemingly contradictory two results simultaneously, we need construct an endogenous
growth-cycle model. Research in this direction is currently in progress. See Dohtani and
Matsuyama (2022a, b).

Finally, we demonstrated that the investment behavior of profit principle, in
which technological innovation investment depends on GDP (i.e., profit), is consistent
(i.e. rational) in KSS model. Firms adopting profit principle based on animal spirits
expect larger future profits than present profits. Therefore, in the situation that profits
grow, it can be said that profit principle is consistent. This also implies that expectations
for future profits based on profit principle becomes a self-fulfilling prophesy. Thus,
profit principle becomes consistent in a growing economy. In (long-run) profits
principle concerning large technological innovation, firms will expect growth at a
higher quality level. In KSS model, GDP per capita grows. Then, the economy enjoys a
higher level of prosperity and profits of firms step up to a higher level. This implies that
long-run profit principle also becomes consistent. In any case, profit principle becomes
consistent. In other words, although both profits principle seems ex ante irrational, they
are rationalized as a result. Thus, there is a rational link or affinity between profit
principle and endogenous growth.

We could consider slightly modified profit principle in which innovation
investments depends on expected income. If we incorporate such a profit principle into
KSS model, KSS model becomes three dimensional. It will be not easy to analyze
dynamic behavior of the three-dimensional version. However, since our original
two-dimensional KSS model possesses non-oscillatory strong stability, it is much
expected that almost the same results will hold true for the three-dimensional version.

However, we must leave its confirmation for future research.

Appendix

In the following, we prove several Lemmas, Theorems and Corollaries.
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Proof of Lemma 1: Assumptions 7 and 8 yields
F(Kiec, Liec, K, L) = A182KE L2 KLY = a1 oK B 2P LPK LY = g2 KL+,

This proves Lemma 1.m

Proof of Lemma 2: It follows from definitions and (4) that

ALD ke :(Ktecj: Kie L° —eL®LKiee _ Kree L Kec

L& L2e L€ L |®

_ é’ﬁKtaecKCLmd — Kiec enkiee = gBKt%cKCme —(§+en)|ztec
L® L°
- 5,5’( K::C ja(%jc Le_ea—elc—(b+d) — (5 +en)Ktec
B (ﬂlztchC Le(l—a—i)—(b+d) —(0+ en)lztec = éﬁiztgcizc —-(6+ en)lzrec’
(A.12) g:(ﬁ] _ KLE —el® LK :E_ L.ﬁ

L® L2¢ & L ®

_ (l—@—g)ﬂK%chLb+d K-

_4-0-¢ >ﬂL*§taecK°Lb+d _(s+en)k

~a-o-0p K (K] ke

~a ~ 1 ~
=(1-6- g)ﬂktgck ¢ Le(l—a—c)—(b+d) —(d+en)k

= (1—9—.f;)ﬂthgchC — (5 +en)k.

This proves Lemma 2.m

Proof of Lemma 3: It follows from Lemma 2 that

(A21)  Kiec >0 BREKE > (5 +en)kge <> k© > 52;” kige”
~ (o+en e _ 1-a)/ ~
<k Z( 17 j ktgc_a) ¢ =71 (Kiec)
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(A22) K20 (1—0-C)HKaKE > (5+en)k @(1;9‘§jﬂ|'£tgc > e
+en

1/(1—c)
~ ((1-0— ~ B ~
k< {%} I(teca/(1 RE 72 (Ktec)-

This proves Lemma 3.m

Proof of Theorem 1: From (A.2) and the definitions of 2'j (j<{1,2,3,4}), we obtain

(Ef[{tec)ezll = i-<~>T1(lztec)1 i.<~>72([<~tec) = ktec >0, k<0,
(IZ,IZteC)eZZ = lz-<Tl(lztec)’ lz>T2(ktec) = lz-tec <0, IZ<O,

(Rlztec)ezi% = lz-<Tl(lztec)1 Iz<T2(|Ztec) = IZIEC<O’ E>0,

(Iz1lz'cec)€24 = l—(~>"'1(|ztec)’ lZ<T2(Etec) = Ktec >0, k >0.

This completes the proof.m

Proof of Theorem 3: It follows from the definitions that

Kiee _ Kiecl®
L L

e -

(A31) Ky = =kecLE 1

L
(A.3.3) y = Y _ ,BKt%cKCLbJFd =B Kt%c K* | b+d-+ea+ec—1
o L L |ea |ec

— ﬂk‘ta IZC Lb+d —1+e(a+c)
- eCc :

Since |Ztec and k are solutions of KSS model, they converge. Therefore,

lim t—oo IZ =0, lim t—so0 Etec =0.
From this, we obtain
(A4.1) limi_ye (logk )=lim_e, KIK =0, lim¢_. (10g Ktec )= liMt_yo Ktec/ Ktec =0,

(A42) limi o {'090Z + lztec)}: lim o0 (K + Ktec ) /(K + kiec) = 0.

Moreover, we have
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Ka r K+K ~~ _
Kaggr = E]g T, e =K +kiee = (K +kigc )L L

Therefore, (A.3) and (A.4) yield

M e (100 Kaggr) = My 00 +ige) 53]
—limy.p J09(K +Kiee) (e~ Dlim ., (log L)
=n(e-1)>0,

limt_se0 (I0g y) = alimt_se0 (Iog Ktec ) + € limt o0 (logk )

+{b+d—-1+e(a+c)Himt—wo (Iog.; L)
=n{b+d-1+e(a+c)}
=n{b+d-e(d-a-c)+e-1}=n(e-1)>0.

Thus, we complete the proof.m

Proof of Theorem 4: The equilibrium point of KSS model is given by the solution of
the equations:

l/c 1/(1—c)
~ (J+en ~(1- ~ 1-0- ~ \a/(l-c
k=£ J ce-ac, k:{( §)ﬂ} (ke F10.

B S+en

Therefore, we have

/ _
[Men]l Fayc _{(1—9—4)/3}1"1 C)(i; ple-o

tec - tec .
P o-+en

We see from this equation that

o+en o+en
kd-a-c)/c(l-c) _ ( B )1/ c {(1_ 0—-¢) ﬂ}ll(l—c)
e o+en o+en '

It follows from this fact that

—_— (I-c)/(1-a—¢) (1 _pn_ c/(1-a—c)
(A5.1) ktecz( b j {(1 0 C)ﬂ}

o+en J+en
g(l—c)/(l—a—c)ﬁll(l—a—c) 1-6- é,)c/(l—a—c)

(5 + en)l/(l—a—c)
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1/(1-c)
- _JA=0-0)p ~*a/(l-c)
A5.2 =
( ) K { o+en } rec

o+en (5 + en)ll(l_a_c)
éua/(l—a—c) (1-6- 4)(1—a) /(1—a—c)ﬂ1/(1—a—c)

(5 + en)ll(l—a—c)

11—
) {(1_ 0-2) ﬂ}ll(l—c) { F4-0)/1-a-c) gli-a-0) g _ g _ ryc/l-a—c) F‘ (1-c)

This proves Theorem 4.m

Proof of Corollary 4. We see from Theorem 2 that any solution of KSS model

converges to the quasi-steady state:

liMt—seo ke = ktec, limtsok =k .
We define
ﬂll(l—a—c)

M= (& +en)li-a—<)"

N = ,Bl_b+d —1+e(a+c)_

It follows from (A.3.3) that
y = ﬂl_b+d —1+e(a+c) ktgck c_ thgck c

Therefore, from (A.5), we see that GDP per capita is given by

* . ~x%x Ad~xC
y =1lim¢_,,y=Nkge k
a(l-c) ac ac c(l-a)
=NMéslac@_g-)l-aceMsla—c(l_g-)lac

a c

=NM & Crla—c_g-)l-a-c,

Therefore, we see that

~* a+c a 4 c a € 4
(jjyé’ = TM aé’l—a—c (1_,9_4)1—a—c _Céfl—a—c (1_9_4’)1—a—c
—a—cCc

Therefore, we have

* a Cc a Cc
dy

-1 1
E>o if and only if agl-a-¢ (1-g-¢)l-a-¢>crla—c@q-g-¢)l-a—c |
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This implies that

_*

%>o if and only if a(l—6—¢)>cl.

Therefore, we obtain

Y o itandonlyif L=9D3 . -
dg a+c
Thus, under Condition (6), we see that as animal spirits parameters ¢ increase, the

growth of GDP per capita also increases.m

Proof of Corollary 5: We define:

Increase rate of Ko = (Iog Ktec)E GRKec, Increase rate of TFP = GRTyec.

Then, we have

(A6.1)  GRTec = {log T (Ktec, Ltec)} = log (ﬂKt%C L'?ec)z aGRKiec +bn,

L]
lec _ Kiec+Kiec

(A6.2) = GRKgq + 6.

Ktec Ktec

The definition (5) yields Kiec =kecl® and en=(b+d)n/(l-a—c). Moreover, as
stated in the proof of Theorem 3, we have [imt_x Et.ec — (- Therefore, we see

(A7) limt—se0 GRKtec = limt—sw {log(Ktec) } = limt—oo {Iog(thec Le)}

b+d
l1-a-c

=limt—w {log(|.(~tec)}+ en=

The capital stock for technological innovation at the quasi-steady state is given by
Ktec = ktecL®. Therefore, from (A.6.2) and (A.7), we see that R&D investment at the
quasi-steady state (= Itfac) is given by

* * . % b d
(A.8) ltec = Ktec ® (limt—o0 GRKtec + &) = ktec L® 0(1 ; 5 n+5).

From (A.7) and (A.8), we see that as the parameters a and b concerning TFP
function increase under the condition 1>a+c of Assumption 8, limt—swx GRKtec and
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ltec also increase. Therefore, we see from (A.6.1) that as the parameters a and b
increase, limt—o GRTtec also increases. These results imply that the growth rate of
TFP and the R&D investment increase at the same time. This completes the proof.m

Proof of Corollary 6: From Assumption 8, the definition and (A.6), we have

b+d

l-a-c
:{a®+1—®+ba—a—®}n

l-a-c l-a-c

_[a—ac+b—bcjn_ (L-c)(a+b) "
1-a—c l-a-c

Growth rate of TFP = aGRKtec +bn=a n+bn

This completes the proof.m

Proof of Corollary 7: From Theorem 4, K. and Kat the steady state, we have

—_— é,(l—c) /(1-a—c) ﬁl/(l—a—c) 1-6- g)c/(l—a—c)

ol e_ e
Ktec = ktecL o en)ll(l—a—c) L,

_ 1-6-2) (1-a)/(1-a-c) ga/(l—a—c)ﬁll(l—a—c) e

~ o
kKL (6 +en)l/Q-a-c)

K*

Therefore, noting Assumption 8, Kiec and K™ are monotonously increasing
functions with respect to . Moreover, we see from Lemma 1 that GDP per capita at
the quasi-steady state is given by

= Pkt KO Lb+d -1,

. Y* ﬂKikeCaK*CLb_i_d
ET

L

Therefore, GDP per capita is monotonously increasing functions with respect to 5.
Since ﬁ:ﬂlﬂz(m)d, GDP at per capita is monotonously increasing functions with
respect to 7. This completes the proof.m
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Figure 1 : The description of X (j=12,34).



Figure 2 : Vector field demonstrates global asymptotical stability
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Figure 3 : Typical paths of KSS model
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