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Preface

A differentiable manifold M2n+1 is said to have a contact structure or 
to be a contact manifold if there exists a 1-form η over M2n+1 such that 
η ∧ (dη)n ̸= 0. The condition η ∧ (dη)n ̸= 0 means that a contact manifold is 
orientable. It is known that a smooth hypersurface satisfying some conditions
has a contact structure. As a special case S2n+1 is a contact manifold. When 
a contact form η is given on M2n+1, there exists a system (ξ, φ, g) of a vector 
field ξ, a tensor field φ of type (1,1) and a Riemannian metric g, which called
a contact metric structure.

On the other hand the notion of almost contact metric structures is a
generalization of the notion of contact metric structures. An almost contact
metric structure does not assume the condition η∧(dη)n ≠ 0. From the point 
of view of the Riemannian geometry of contact metric manifolds we consider
K-contact structures.

This paper consists of three chapters. In Chapter 1 we mention the
notion of an almost contact metric structure (φ, ξ, η, g) on M2n+1 and give 
its examples. Next we show that on an almost contact metric manifold M2n+1 

we can construct a useful orthonormal basis called φ-basis. And we explain
that on the almost contact metric manifold R2n+1 the sectional curvature of 
a vector X orthogonal to ξ and φX is equal to −3. Finally we show that on 
the Heisenberg group HR identified with R3 left translation preserves η and 
g is a left invariant metric.

Chapter 2 we mention the notion of a contact metric structure (φ, ξ, η, g)
and give its examples. Remark that for a contact form η, ξ is unique but g and
φ are not necessarily unique. Next we show that in Hopf’s mapping π : S3 −→ 
S2 the value of dπ(ξ) is equal to 0. Moreower we mention the notion of K-

contact structure. We consider the sectional curvature of K-contact manifold

M2n+1. Finally we check that the almost contact metric structure on M2n 

×R is not a contact metric structure.
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CONTENTS

It is known that every compact orientable 3-dimensional manifold has a
contact structure. In Chapter 3 we consider 3-dimensional contact manifolds,
especially S3, R3 and T 3. We give a typical contact form η on S3, R3 and T 3

respectively. Then we completely determine their contact metric structures.
Next, we check that such contact metric structures are η-Einstein or not. If
M3 = S3, (φ, ξ, η, g) is η-Einstein if and only if g is the standard metric. If
M3 = R3, all (φ, ξ, η, g) are η-Einstein. If M3 = T 3, one parameter family
of (φ, ξ, η, g) are η-Einstein. We check that such contact metric structures
are Sasakian or not. If M3 = S3, (φ, ξ, η, g) is Sasakian if and only if g is the
standard metric. If M3 = R3, all (φ, ξ, η, g) are Sasakian. If M3 = T 3, all
(φ, ξ, η, g) are not Sasakian. We check that such contact metric structures
are K-contact or not. If M3 = S3, (φ, ξ, η, g) is K-contact if and only if g is
the standard metric. If M3 = R3, all (φ, ξ, η, g) are K-contact. If M3 = T 3,
all (φ, ξ, η, g) are not K-contact.
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Chapter 1

Almost contact metric
manifolds

1.1 almost contact manifolds

We sayM2n+1 has an almost contact structure or sometimes (φ, ξ, η)-structure
if it admits a tensor field φ of type (1, 1), a vector field ξ and a 1-form η
satisfying

η(ξ) = 1,(1.1)

φ2(X) = −X + η(X)ξ,(1.2)

for X ∈ X(M2n+1).

Theorem 1.1.1. (cf.[3]) Suppose M2n+1 has a (φ, ξ, η)-structure. Then we
have

φ(ξ) = 0,(1.3)

η ◦ φ = 0,(1.4)

rank φ = 2n.(1.5)

Proof First by substituting X = ξ into (1.2), from (1.1) we get

φ(φξ) = 0. (1)

Now we assume
φξ ̸= 0. (2)
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CHAPTER 1. ALMOST CONTACT METRIC MANIFOLDS

We again substitute X = φξ into (1.2) and get

φ2(φξ) = −φξ + η(φξ)ξ. (3)

In the left side of (3) we get from (1)

φ2(φξ) = 0

and hence
φξ = η(φξ)ξ. (4)

From (2) we get
η(φξ) ̸= 0. (5)

On the other hand using (4) we get from (5)

φ(φξ) = φ(η(φξ)ξ) = {η(φξ)}2ξ ̸= 0,

that is
φ(φξ) ̸= 0.

This is a contradiction. Thus, φξ = 0.
Next by substituting φX into (1.2), we get

η(φX)ξ = φ2(φX) + φX. (6)

Using (1.2) we compute the right side of (6)

φ2(φX) + φX = φ(φ2X) + φX

= η(X)φξ.

Since φξ = 0, we get from (6)

η(φX)ξ = 0

and hence η(φX) = 0. Thus, η ◦ φ = 0.
Finally for X ∈ Ker(φ) we get

φ2X = 0. (7)

By substituting X into (1.2), from (7) we get X = η(X)ξ and hence

dim(Ker(φ)) = 1

Thus, rank φ = 2n+ 1− 1 = 2n. □
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1.1. ALMOST CONTACT MANIFOLDS

Example

Proposition 1.1.2. (cf.[3]) Let η be the 1-form, ξ the characteristic vector
field and φ the tensor field on R2n+1 defined by

η =
1

2
(dz −

n∑
i=1

yidxi),(1.6)

ξ = 2
∂

∂z
,(1.7)

φ =

 0 δij 0
−δij 0 0
0 yj 0

 ,(1.8)

respectively. Then (R2n+1, φ, ξ, η) is an almost contact manifold.

Proof First using (1.6), (1.7) we get

η(ξ) =
1

2
(dz −

n∑
i=1

yidxi)(2
∂

∂z
) = 1.

Next let ∂
∂x1
, · · · , ∂

∂xn
, ∂
∂y1
, · · · , ∂

∂yn
, ∂
∂z

be natural basis on R2n+1.

Using (1.8), we get

φ2(
∂

∂xi
) = φ(− ∂

∂yi
) = − ∂

∂xi
− yi

∂

∂z
,

(−I + η ⊗ ξ)(
∂

∂xi
) = − ∂

∂xi
+

1

2
(0− yi)2

∂

∂z
= − ∂

∂xi
− yi

∂

∂z
,

and

φ2(
∂

∂yi
) = φ(

∂

∂xi
+ yi

∂

∂z
) = − ∂

∂yi
+ yi · 0 = − ∂

∂yi
,

(−I + η ⊗ ξ)(
∂

∂yi
) = − ∂

∂yi
+

1

2
(0− 0)2

∂

∂z
= − ∂

∂yi
,

where i = 1, · · · , n.
Moreover we get

φ2(
∂

∂z
) = φ(0) = 0,

(−I + η ⊗ ξ)(
∂

∂z
) = − ∂

∂z
+

∂

∂z
= 0.

Therefore (1.1) and (1.2) hold. □
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CHAPTER 1. ALMOST CONTACT METRIC MANIFOLDS

1.2 almost contact metric manifolds

Definition 1.2.1. If a manifold M2n+1 with an a almost contact structure
(φ, ξ, η) admits a Riemannian metric satisfying

(1.9) g(φX,φY ) = g(X, Y )− η(X)η(Y ),

then g is called a compatible metric and (φ, ξ, η, g) is called an almost contact
metric structure on M2n+1.

Proposition 1.2.1. (cf.[3]) On an almost contact metric manifold (M2n+1, φ, ξ, η, g),

(1.10) η(X) = g(X, ξ)

hold.

Proof By substituting Y = ξ into (1.9), from (1.1), (1.3) we get

0 = g(φX,φξ) = g(X, ξ)− η(X)η(ξ) = g(X, ξ)− η(X)

and hence (1.10). □

Proposition 1.2.2. (cf.[3])M2n+1 is an almost contact metric manifold with
(φ, ξ, η, g). U is a local coordinate neighborhood on M2n+1.
(1) If X1 is a unit vector field on U orthogonal to ξ, then φX1 is a unit vector
field orthogonal to both ξ and X1.
(2) If X2 is a unit vector field on U orthogonal to ξ,X1 and φX1, then φX2

is a unit vector field orthogonal to ξ,X1, X2 and φX1.
(3) We proceed in the same way as (1), (2). Then we can obtain a orthonor-
mal basis {X1, · · · , Xn, φX1, · · · , φXn, ξ} on U .

Proof (1) First by substituting φX1 into (1.10), from (1.4) we get

g(φX1, ξ) = η(φX1) = 0.

Next from (1.2) and the above equation we get

g(φ2X1, φX1) = g(−X1 + η(X1)ξ, φX1)

= −g(X1, φX1) + η(X1)g(ξ, φX1)

= −g(X1, φX1).
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The other hand from (1.9), (1.4) we get

g(φ2X1, φX1) = g(φX1, X1)− η(φX1)η(X1) = g(φX1, X1).

And hence
g(φX1, X1) = 0.

Finally computing g(φX1, φX1) by (1.9), from the assumption and (1.10) we
get

g(φX1, φX1) = g(X1, X1)− η(X1)η(X1) = g(X1, X1)− g(X1, ξ)g(X1, ξ) = 1.

(2) Similarly we can see that φX2 is a unit vector field orthogonal to ξ,X1

and X2. We shall prove g(φX2, φX1) = 0. From (1.9) and the assumption
we get

g(φX2, φX1) = g(X2, X1)− η(X2)η(X1) = 0.

(3) Suppose that {X1, · · · , Xk, φX1, · · · , φXk, ξ} is an orthonormal frame
and Xk+1 is a unit vector field orthogonal to X1, · · · , Xk, φX1, · · · , φXk and
ξ. Similarly we can see that φXk+1 is a unit vector field orthogonal to
X1, · · · , Xk, Xk+1, φX1, · · · , φXk, ξ. □

Definition 1.2.2. We call {X1, · · · , Xn, φX1, · · · , φXn, ξ} a φ-basis onM2n+1.

Example

Proposition 1.2.3. (cf.[3]) Let R2n+1 be an almost contact manifold with
(φ, ξ, η) satisfying (1.6), (1.7) and (1.8). Let g be the Riemannian metric on
R2n+1 defined by

(1.11) g = η ⊗ η +
1

4

n∑
i=1

((dxi)2 + (dyi)2)

and the matrix of components of g, namely

(1.12)
1

4

δij + yiyj 0 −yi
0 δij 0

−yj 0 1

 .

Then R2n+1 is an almost contact metric manifold.
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Before the proof of this proposition, we prepare the following Lemma.

Lemma 1.2.4. For i = 1, · · · , n, put Xi = 2
∂

∂yi
, Xn+i = 2(

∂

∂xi
+ yi

∂

∂z
) on

R2n+1. Then {Xi, Xn+i, ξ}i=1,··· ,n forms a φ-basis on R2n+1.

Proof Using (1.12) we have

g(Xi, Xj) = g(2
∂

∂yi
, 2

∂

∂yj
) = 4g(

∂

∂yi
,
∂

∂yj
) = δij,

g(Xn+i, Xn+j) = g(2(
∂

∂xi
+ yi

∂

∂z
), 2(

∂

∂xj
+ yj

∂

∂z
))

= δij + yiyj + yj(−yi) + yi(−yj) + yiyj = δij,

g(Xi, Xn+j) = g(2
∂

∂yi
, 2(

∂

∂xj
+ yj

∂

∂z
)) = 0 + yj · 0 = 0,

g(ξ,Xi) = g(2
∂

∂z
, 2

∂

∂yi
) = 0,

g(ξ,Xn+i) = g(2
∂

∂z
, 2(

∂

∂xi
+ yi

∂

∂z
)) = −yi + yi = 0.

Hence {Xi, Xn+i, ξ}i=1,··· ,n is an orthonormal basis on R2n+1. Moreover

φ(Xi) = φ(2
∂

∂yi
) = 2φ(

∂

∂yi
) = 2(

∂

∂xi
+ yi

∂

∂z
) = Xn+i.

Therefore we can denote {Xi, Xn+i, ξ}i=1,··· ,n by {Xi, φ(Xi), ξ}i=1,··· ,n. □

Now we prove Proposition 1.2.3.
Proof We can easily get

η(Xi) = η(Xn+i) = 0,(1.13)

φ(Xi) = Xn+i,(1.14)

φ(Xn+i) = −Xi,(1.15)

where i = 1, · · · , n.
In proposition 1.1.2 we proved that the R2n+1 is an almost contact manifold.
And then by using above equations and a φ-basis {Xi, φ(Xi), ξ}, we shall
verify (1.9).
(1) For X = Xi, Y = Xj,

g(φXi, φXj) = g(Xn+i, Xn+j) = δij,

g(Xi, Xj)− η(Xi)η(Xj) = δij − 0 · 0 = δij.
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(2) For X = Xi, Y = Xn+j,

g(φXi, φXn+j) = g(Xn+i,−Xj) = 0,

g(Xi, Xn+j)− η(Xi)η(Xn+j) = 0− 0 · 0 = 0.

(3) For X = Xi, Y = ξ,

g(φXi, φξ) = g(Xn+i, 0) = 0,

g(Xi, ξ)− η(Xi)η(ξ) = 0− 0 · 1 = 0.

(4) For X = Xn+i, Y = Xn+j,

g(φXn+i, φXn+j) = g(−Xi,−Xj) = δij,

g(Xn+i, Xn+j)− η(Xn+i)η(Xn+j) = δij − 0 · 0 = δij.

(5) For X = Xn+i, Y = ξ,

g(φXn+i, φξ) = g(−Xi, 0) = 0,

g(Xn+i, ξ)− η(Xn+i)η(ξ) = 0− 0 · 1 = 0.

(6) For X = ξ, Y = ξ,

g(φξ, φξ) = g(0, 0) = 0,

g(ξ, ξ)− η(ξ)η(ξ) = 1− 1 · 1 = 0.

Thus
g(φX,φY ) = g(X, Y )− η(X)η(Y )

holds for X, Y ∈ X(R2n+1).
Hence the R2n+1 is an almost contact metric manifold. □

Moreover we can easily obtain the following equations about the φ-basis
{Xi, φ(Xi), ξ}i=1,··· ,n,

(1.16) [Xi, Xn+j] = 2δijξ, others are equal to 0.

Proposition 1.2.5. (cf.[3]) Let R2n+1 be the almost contact metric manifold 
defined in Proposition 1.2.3. Then the sectional curvature of a plane section 
spanned by a vector X orthogonal to ξ and φX is equal to −3.

9



CHAPTER 1. ALMOST CONTACT METRIC MANIFOLDS

Proof Let {X1, · · · , Xn, φX1, · · · , φXn, ξ} be a φ-basis. Using (1.7)
and (1.16) we get

∇Xi
Xj = 0, ∇Xi

Xn+j = δijξ, ∇Xi
ξ = −Xn+i

∇Xn+i
Xj = −δjiξ, ∇Xn+i

Xn+j = 0, ∇Xn+i
ξ = Xi

∇ξXj = −Xn+j, ∇ξXn+j = Xj, ∇ξξ = 0

Then we get

R(Xi, Xj)Xk = 0, R(Xi, Xj)Xn+k = −δjkXn+i + δikXn+j,
R(Xi, Xn+j)Xk = δkjXn+i + 2δijXn+k, R(Xi, Xn+j)Xn+k = −δjkXj − 2δijXk,
R(Xn+i, Xn+j)Xk = −δkjXi + δkiXj, R(Xn+i, Xn+j)Xn+k = 0.

For X orthogonal to ξ, we can put

(1.17) X =
n∑
h=1

αhXh +
n∑
h=1

βhXn+h αh, βh ∈ C∞(R2n+1),

and put Y =
n∑
h=1

αhXh, Z =
n∑
h=1

βhXn+h.

Then we have

R(Y, φY )φY = −
n∑

i,j,k=1

αiαjαk(δikXj + 2δijXk),

R(Y, φY )φZ = −
n∑

i,j,k=1

αiαjβk(δkjXn+i + 2δijXn+k),

R(Y, φZ)φY = −
n∑

i,j,k=1

αiβjαk(−δjkXn+i + δikXn+j),

R(Y, φZ)φZ = 0,

10



1.2. ALMOST CONTACT METRIC MANIFOLDS

R(Z, φY )φY = 0,

R(Z, φY )φZ = −
n∑

i,j,k=1

βiαjβk(−δkjXi + δkiXj),

R(Z, φZ)φY = −
n∑

i,j,k=1

βiβjαk(δjkXi + 2δjiXk),

R(Z,φZ)φZ = −
n∑

i,j,k=1

βiβjβk(δkiXn+j + 2δjiXn+k).

Now we compute g(R(X,φX)φX,X) as follows:

g(R(X,φX)φX,X)

= g(R(Y, φY )φY, Y + Z)

+g(R(Y, φY )φZ, Y + Z)

+g(R(Y, φZ)φY, Y + Z)

+g(R(Z, φY )φZ, Y + Z)

+g(R(Z, φZ)φY, Y + Z)

+g(R(Z, φZ)φZ, Y + Z)

= −3
n∑

i,j=1

α2
iα

2
j − 6

n∑
i,j=1

α2
iβ

2
j − 3

n∑
i,j=1

β2
i β

2
j

= −3(
n∑
i=1

α2
i +

n∑
i=1

β2
i )

2

= −3g(X,X)2.

Next we compute g(X,X)g(φX,φX)− g(X,φX)2. Since X is orthogonal to
ξ, g(X,φX) = 0. Hence by using (1.13) we get

g(X,X)g(φX,φX)− g(X,φX)2

= g(X,X){g(X,X)− η(X)η(X)}
= g(X,X)2.

Therefore
g(R(X,φX)φX,X) = −3{g(X,X)g(φX,φX)− g(X,φX)2}. □
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Proposition 1.2.6. (cf.[3]) Let R3 be the almost contact metric manifold
defined in Proposition 1.2.3. We can identify R3 with the Heisenberg group

HR =

{1 y z
0 1 x
0 0 1

∣∣∣∣∣x, y, z ∈ R

}
.

And then the followings hold
(1) Left translation preserves η,
(2) g is a left invariant metric on HR.

Proof Let A,Q ∈ HR be the elements

A =

1 b c
0 1 a
0 0 1

 and Q =

1 y z
0 1 x
0 0 1

 , respectively.

Then the left translation on HR by A is denoted by

AQ =

1 y + b z + bx+ c
0 1 x+ a
0 0 1

 .

And then we define the map ψ : R3 −→ R3 such that

(1.18) ψ(x, y, z) = (x+ a, y + b, z + bx+ c).

From (1.6) η is denoted as follows:

(1.19) η =
1

2
(dz − ydx).

For p ∈ R3, we take a local coordinate (x, y, z). From (1.18) we get a Jacobian
matrix of ψ at p as follows :

(Jψ)p =

1 0 0
0 1 0
b 0 1

 .

Hence we get

(dψ)p(

(
∂

∂x

)
p

) =

(
∂

∂x

)
ψ(p)

+ b

(
∂

∂z

)
ψ(p)

,(1.20)

(dψ)p(

(
∂

∂y

)
p

) =

(
∂

∂y

)
ψ(p)

,(1.21)

(dψ)p(

(
∂

∂z

)
p

) =

(
∂

∂z

)
ψ(p)

.(1.22)
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13

First we shall prove (1). We check the equation

ηψ(p) ◦ (dψ)p(X) = ηp(X) for X ∈ Tp(R
3).

From (1.20), (1.21) and (1.22), using (1.19) we substitute ( ∂
∂x
)p, (

∂
∂y
)p, (

∂
∂z
)p

into ηψ(p) ◦ (dψ)p and ηp respectively.

Case 1 : X =

(
∂

∂x

)
p

.

ηψ(p) ◦ (dψ)p
(
∂

∂x

)
p

=
1

2
{(dz)ψ(p) − y(ψ(p))(dx)ψ(p)}{

(
∂

∂x

)
ψ(p)

+ b

(
∂

∂z

)
ψ(p)

}

=
1

2
(b− y(ψ(p)) =

1

2
{b− (y + b)} = −1

2
y,

ηp

(
∂

∂x

)
p

=
1

2
{(dz)p − y(p)(dx)p}

(
∂

∂x

)
p

=
1

2
(−y(p)) = −1

2
y.

Case 2 : X =

(
∂

∂y

)
p

.

ηψ(p) ◦ (dψ)p
(
∂

∂y

)
p

=
1

2
{(dz)ψ(p) − y(ψ(p))(dx)ψ(p)}

(
∂

∂y

)
ψ(p)

= 0,

ηp

(
∂

∂y

)
p

=
1

2
{(dz)p − y(p)(dx)p}

(
∂

∂y

)
p

= 0.

Case 3 : X =

(
∂

∂z

)
p

.

ηψ(p) ◦ (dψ)p
(
∂

∂z

)
p

=
1

2
{(dz)ψ(p) − y(ψ(p))(dx)ψ(p)}

(
∂

∂z

)
ψ(p)

=
1

2
,

ηp

(
∂

∂z

)
p

=
1

2
{(dz)p − y(p)(dx)p}

(
∂

∂z

)
p

=
1

2
.

Next we shall prove (2). Let p be a point on R3. From (1.18) the
Thus ψ∗η = η holds.
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Riemannian metric gp and gψ(p) are

(1.23) gp =

1 + y2 0 −y
0 1 0
−y 0 1

 , gψ(p) =

1 + (y + b)2 0 −(y + b)
0 1 0

−(y + b) 0 1

 ,

respectively.
Now we check the equation

(1.24) gp(X, Y ) = gψ(p)((dψ)p(X), (dψp)(Y )) for X, Y ∈ Tp(R
3).

We substitute ( ∂
∂x
)p, (

∂
∂y
)p, (

∂
∂z
)p into the both side of (1.24). Using (1.23),

from (1.20), (1.21) and (1.22) we get

Case 1′: X =

(
∂

∂x

)
p

, Y =

(
∂

∂y

)
p

.

gp(

(
∂

∂x

)
p

,

(
∂

∂y

)
p

) = 0,

gψ(p)(

(
∂

∂x

)
p

, (dψ)p(

(
∂

∂y

)
p

) = gψ(p)(

(
∂

∂x

)
ψ(p)

+ b

(
∂

∂z

)
ψ(p)

,

(
∂

∂y

)
ψ(p)

)

= 0 + 0 = 0.

Case 2′: X =

(
∂

∂x

)
p

, Y =

(
∂

∂z

)
p.

gp(

(
∂

∂x

)
p

,

(
∂

∂z

)
p

) = −y,

gψ(p)((dψ)p((
∂

∂x
)p), (dψ)p((

∂

∂z
)p)) = gψ(p)(

(
∂

∂x

)
ψ(p)

+ b

(
∂

∂z

)
ψ(p)

,

(
∂

∂z

)
ψ(p)

)

= −(y + b) + b = −y.

Case 3′: X =

(
∂

∂x

)
p

, Y =

(
∂

∂x

)
p.

gp(

(
∂

∂x

)
p

,

(
∂

∂x

)
p

) = 1 + y2,

gψ(p)(

(
∂

∂x

)
p

, (dψ)p(

(
∂

∂x

)
p

) = 1 + (y + b)2 − b(y + b)− b(y + b) + b2

= 1 + y2.

14



1.2. ALMOST CONTACT METRIC MANIFOLDS

Case 4′: X =

(
∂

∂y

)
p

, Y =

(
∂

∂z

)
p.

gp(

(
∂

∂y

)
p

,

(
∂

∂z

)
p

) = 0,

gψ(p)((dψ)p(

(
∂

∂y

)
p

, (dψ)p(

(
∂

∂z

)
p

) = gψ(p)(

(
∂

∂y

)
ψ(p)

,

(
∂

∂z

)
ψ(p)

)

= 0.

Case 5′: X =

(
∂

∂y

)
p

, Y =

(
∂

∂y

)
p.

gp(

(
∂

∂y

)
p

,

(
∂

∂y

)
p

) = 1,

gψ(p)((dψ)p(

(
∂

∂y

)
p

, (dψ)p(

(
∂

∂y

)
p

) = gψ(p)(

(
∂

∂y

)
ψ(p)

,

(
∂

∂y

)
ψ(p)

)

= 1.

Case 6′: X =

(
∂

∂z

)
p

, Y =

(
∂

∂z

)
p.

gp(

(
∂

∂z

)
p

,

(
∂

∂z

)
p

) = 1,

gψ(p)((dψ)p(

(
∂

∂z

)
p

, (dψ)p(

(
∂

∂z

)
p

) = gψ(p)(

(
∂

∂z

)
ψ(p)

,

(
∂

∂z

)
ψ(p)

)

= 1.

Therefore (1.24) holds. □
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Chapter 2

Contact metric manifolds

2.1 contact manifolds

Remark that, in this paper, the exterior differentiation dη of a 1-form η is
defined by

dη(X,Y ) =
1

2
(Xη(Y )− Y η(X)− η([X, Y ])),

for X,Y ∈ X(M).

In terms of a local coordinates x1, · · · , x2n+1 of M2n+1, if η =
2n+1∑
i=1

ηidx
i,

then dη is expressed as

dη =
1

2

2n+1∑
i,j=1

∂ηi
∂xj

dxj ∧ dxi.

　
Definition 2.1.1. A (2n + 1)-dimensional C∞ manifold M is said to be a
contact manifold if it carries a 1-form η such that

(2.1) η ∧ (dη)n ≠ 0.

The 1-form η is called a contact form on M . It is well known that there
exists the unique vector field ξ satisfying

(2.2)

(2.3)

η(ξ) = 1,

dη(ξ, X) = 0,

16



CHAPTER 2. CONTACT METRIC MANIFOLDS

for X, Y ∈ X(M).
The pair (M, η) is called a contact manifold and the vector field ξ is called
the characteristic vector field of η.

Example

Proposition 2.1.1. (cf.[3]) If η is the 1-form defined by (1.6) on R2n+1, then
the pair (R2n+1, η) is a contact manifold.

Proof Since dη = −1

4

n∑
i=1

dyi ∧ dxi, if we put dyi ∧ dxi = ωi,

dη = −1

4

n∑
i=1

ωi.

Clearly
ωi ∧ ωj = ωj ∧ ωi.

Then we have

(dη)n = (−1

4

n∑
i=1

ωi) ∧ (−1

4

n∑
i=1

ωi) ∧ · · · ∧ (−1

4

n∑
i=1

ωi)

= (−1

4
)n

∑
i1 ̸=i2 ̸=···̸=in

ωi1 ∧ ωi2 ∧ · · · ∧ ωin

= (−1

4
)nn! ω1 ∧ ω2 ∧ · · · ∧ ωn.

Hence

η ∧ (dη)n =
1

2
(dz −

n∑
i=1

yidxi) ∧ (−1

4
)nn! ω1 ∧ ω2 ∧ · · · ∧ ωn

=
1

2
(
1

4
)nn! dz ∧ ω1 ∧ ω2 ∧ · · · ∧ ωn

=
1

2
(
1

4
)nn! dz ∧ dy1 ∧ dx1 ∧ dy2 ∧ dx2 ∧ · · · ∧ dyn ∧ dxn

̸= 0.

Therefore (2.1) holds. □

The following theorem was proved by J.Gray.
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2.1. CONTACT MANIFOLDS

Theorem 2.1.2. (see[2]) Let ι :M2n+1 −→ R2n+2 be a smooth hypersurface
immersed inR2n+2. If no tangent space ofM2n+1 contains the origin ofR2n+2,
then M2n+1 has a contact structure. That is, let (x1, · · · , x2n+2) be cartesian
coordinates on R2n+2. And we consider the 1-form α defined by

α = x1dx2 − x2dx1 + · · ·+ x2n+1dx2n+2 − x2n+2dx2n+1,

then η = ι∗α is a contact form.

Corollary 1. (cf.[2]) S2n+1 is a contact manifold.

Using the above results we will show that the real projective space P 2n+1

is a contact manifold. We consider a system of coordinate neighborhoods
{(U+

i , ψ
+
i ), (U

−
i , ψ

−
i )}i=1,··· ,2n+2 on S2n+1 such that

U+
i = {(x1, · · · , xi, · · · , x2n+2) ∈ S2n+1 | xi > 0},

U−
i = {(x1, · · · , xi, · · · , x2n+2) ∈ S2n+1 | xi < 0},

ψ+
i (x

1, · · · , xi, · · · , x2n+2) = (x1, · · · , x̂i, · · · , x2n+2),

−
i (x

1, · · · , xi, · · · , x2n+2) = (x1, · · · , x̂i, · · · , x2n+2).

Lemma 2.1.3. Let η be the 1-form given in Theorem 2.1.2. We define the
map F : S2n+1 −→ S2n+1 by

(2.4) F (p) = −p for p ∈ S2n+1.

Then F ∗η = η holds.

Proof First we consider ι : U+
i −→ R2n+2. We set the local co-

ordinate of R2n+2 (z1, · · · , z2n+2). And we set the local coordinate of U+
i

(x1, · · · , x2n+1).
For Xp ∈ Tp(U

+
i )(p ∈ U+

i ), we put

Xp = (ξ1
∂

∂x1
+ · · ·+ ξ2n+1

∂

∂x2n+1
)p.

Since ι(p) = p, we get
(2.5)

(z1, · · · , zi−1, zi, zi+1, · · · , z2n+2) = (x1, · · · , xi−1,
√
1− ∥ x ∥2, xi, · · · , x2n+1),

18
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where (x1)2 + · · ·+ (x2n+1)2 =∥ x ∥2.
We put

1√
1− ∥ x ∥2

= λ and hence get

(dι)p(Xp) = (ξ1
∂

∂z1
+ · · ·+ ξi−1

∂

∂zi−1
− λ(ξ1x

1 + · · ·+ ξ2n+1x
2n+1)

∂

∂zi
+

ξi
∂

∂zi+1
+ · · ·+ ξ2n+1

∂

∂z2n+2
)ι(p).

Moreover we put µ = ξ1x
1 + · · ·+ ξ2n+1x

2n+1 and get

ηp(Xp) = (ι∗α)p(Xp)) = αι(p)((dι)p(Xp))ι(p)

= (z1dz2 − z2dz1 + · · ·+ z2n+1dz2n+2 − z2n+2dz2n+1)ι(p)

(ξ1
∂

∂z1
+ · · ·+ ξi−1

∂

∂zi−1
− λµ

∂

∂zi
+ ξi

∂

∂zi+1
+ · · ·+ ξ2n+1

∂

∂z2n+2
)ι(p).

When i = 2k − 1 (k ∈ {1, · · · , n+ 1}),

ηp(Xp)

= (z1dz2 − · · ·+ z2k−1dz2k − z2kdz2k−1 + z2k+1dz2k+2 − · · · − z2n+2dz2n+1)ι(p)

(ξ1
∂

∂z1
+ · · · − λµ

∂

∂z2k−1
+ ξ2k−1

∂

∂z2k
+ ξ2k

∂

∂z2k+1
· · ·+ ξ2n+1

∂

∂z2n+2
)ι(p)

= ξ2z
1 − · · ·+ ξ2k−1z

2k−1 + λµz2k + ξ2k+1z
2k+1 − · · · − ξ2nz

2n+2.

From (2.5) we get

ηp(Xp) = ξ2x
1 − · · ·+ ξ2k−1

1

λ
+ λµx2k−1 + ξ2k+1x

2k − · · · − ξ2nx
2n+1.

When i = 2k (k ∈ {1, · · · , n+ 1}), similarly

ηp(Xp) = ξ2x
1 − · · · − λµx2k−1 − ξ2k−1

1

λ
+ ξ2k+1x

2k − · · · − ξ2nx
2n+1.

Next we put the local coordinates of F (U+
i ) (y

1, · · · , y2n+1) and get

(2.6) (y1, · · · , y2n+1) = (−x1, · · · ,−x2n+1)

We put (dF )p(Xp) = YF (p) and get

YF (p) = (−ξ1
∂

∂y1
− · · · − ξ2n+1

∂

∂y2n+1
)F (p).
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We consider the mapping ι : U−
i −→ R2n+2 and get

(2.7)

(z1, · · · , zi−1, zi, zi+1, · · · , z2n+2) = (y1, · · · , yi−1,−
√

1− ∥ y ∥2, yi, · · · , y2n+1),

where (y1)2 + · · ·+ (y2n+1)2 =∥ y ∥2.
We put

1√
1− ∥ y ∥2

= λ′ and hence get

(dι)F (p)(YF (p))

= (ξ1
∂

∂z1
− · · · − ξi−1

∂

∂zi−1
− λ′(ξ1y

1 + · · ·+ ξ2n+1y
2n+1)

∂

∂zi
− ξi

∂

∂zi+1
−

· · · − ξ2n+1
∂

∂z2n+2
)ι(F (p)).

Moreover we put µ′ = ξ1y
1 + · · ·+ ξ2n+1y

2n+1, then

(F ∗η)p(Xp) = ηF (p)((dF )p(Xp))

= (ι∗α)F (p)((dF )p(Xp)) = αι(F (p))((dι)F (p)(YF (p))

= (z1dz2 − z2dz1 + · · ·+ z2n+1dz2n+2 − z2n+2dz2n+1)ι(F (p))

(−ξ1
∂

∂z1
− · · · − ξi−1

∂

∂zi−1
− λ′µ′ ∂

∂zi
− ξi

∂

∂zi+1
− · · · − ξ2n+1

∂

∂z2n+2
)ι(F (p)).

When i = 2k − 1 (k ∈ {1, · · · , n+ 1}),

(F ∗η)p(Xp)

= (z1dz2 − · · ·+ z2k−1dz2k − z2kdz2k−1 + z2k+1dz2k+2 − · · · − z2n+2dz2n+1)ι(F (p))

(−ξ1
∂

∂z1
− · · · − λ′µ′ ∂

∂z2k−1
− ξ2k−1

∂

∂z2k
− ξ2k

∂

∂z2k+1
− · · · − ξ2n+1

∂

∂z2n+2
)ι(F (p))

= −ξ2z1 + · · ·+ ξ2k−3z
2k−2 − ξ2k−1z

2k−1 + λ′µ′z2k − ξ2k+1z
2k+1 + · · ·+ ξ2nz

2n+2.

Then from (2.7)

(F ∗η)p(Xp) = −ξ2y1+· · ·+ξ2k−3y
2k−2+ξ2k−1

1

λ′
+λ′µ′y2k−1−ξ2k+1y

2k+· · ·+ξ2ny2n+2.

From (2.6)

(F ∗η)p(Xp) = ξ2x
1−· · ·−ξ2k−3x

2k−2+ξ2k−1
1

λ′
−λ′µ′x2k−1+ξ2k+1x

2k−· · ·−ξ2nx2n+2.
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Since λ′ = λ, µ′ = µ,

(F ∗η)p(Xp) = ξ2x
1 − · · · − ξ2k−3x

2k−2 + ξ2k−1
1

λ
+ λµx2k−1 + ξ2k+1x

2k − · · · − ξ2nx
2n+2

= ηp(Xp).

When i = 2k (k ∈ {1, · · · , n+ 1}), similarly

(F ∗η)p(Xp) = ξ2x
1 − · · · − λµx2k−1 − ξ2k−1

1

λ
+ ξ2k+1x

2k − · · · − ξ2nx
2n+1

= ηp(Xp).

Therefore we get F ∗η = η. □
Next we consider a natural projection π : R2n+2−{0} −→ P 2n+1. We define
a open set Wi of R

2n+2 − {0} and the open set Vi of P
2n+1 such that

Wi = {(x1, · · · , xi, · · · , x2n+2)|xi ̸= 0},(2.8)

Vi = π(Wi),(2.9)

for i = 1, · · · , 2n+ 2.

Moreover we define the homeomorphism σi : Vi → R2n+1 and then get the
following Lemma.

Lemma 2.1.4. Let {(Vi, σi)}i=1,··· ,2n+2 be a system of coordinate neighbor-
hood on P 2n+1. Then in the natural projection π : S2n+1 → P 2n+1 the fol-
lowings hold.

π : U+
i → Vi is a C

∞diffeomorphism,(2.10)

π : U−
i → Vi is a C

∞diffeomorphism,(2.11)

π(x) = π(−x) for x ∈ U+
i .(2.12)

Theorem 2.1.5. (cf.[9]) P 2n+1 is a contact manifold.

Proof For x ∈ U+
i we put π(x) = l and then from (2.12) get

(2.13) π(x) = π(−x) = l

Since (2.10) and (2.11) hold, forXl ∈ Tl(Vi) there exists a unique Yx ∈ Tx(U
+
i )

and a unique Y−x ∈ T−x(U
−
i ) such that

(2.14) (dπ)x(Yx) = (dπ)−x(Y−x) = Xl.
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From (2.13) the following equation holds

(2.15) π = π ◦ F.

And then from (2.14) and (2.15) we get

Xl = (dπ)x(Yx) = d(π ◦ F )x(Yx) = (dπ)F (x)((dF )x(Yx))

= (dπ)−x((dF )x(Yx)).

Hence also from (2.14)

(dπ)−x(Y−x) = (dπ)−x((dF )x(Yx)).

Since (dπ)−x : T−x(U
−
i ) → Tl(Vi) is an injection, we get

(2.16) Y−x = (dF )x(Yx).

From Lemma 2.1.3 the following equation holds

(2.17) (F ∗η)x(Yx) = ηx(Yx) for x ∈ (U+
i ).

On the other hand from (2.16) we get

(F ∗η)x(Yx) = ηF (x)((dF )x(Yx)) = η−x(Y−x).

And then from (2.17) we get

η−x(Y−x) = ηx(Yx).

Hence we can define the 1-form η̄ on P 2n+1 such that for l ∈ P 2n+1, Xl ∈
Tl(P

2n+1)

η̄(Xl) = ηx(Yx),

where π(x) = l, x ∈ S2n+1, (dπ)x(Yx) = Xl.
Thus, P 2n+1 is a contact manifold. □

The value of dπ(ξ) in Hopf’s mapping π

The following lemma is well known.
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Lemma 2.1.6. Let S3 = {(z1, z2) ∈ C2
∣∣|z1|2 + |z2|2 = 1} and S2 =

{(x, y, z) ∈ R3
∣∣x2 + y2 + z2 = 1}. Then in Hopf’s mapping π : S3 −→ S2

the following equations hold

x = 2Re(z1 · z2), y = 2Im(z1 · z2), z = |z2|2 − |z1|2.

Proposition 2.1.7. We consider Hopf’s mapping π : S3 −→ S2. When we
put ξ = −x2 ∂

∂x1
+ x1 ∂

∂x2
− x4 ∂

∂x3
+ x3 ∂

∂x4
, dπ(ξ) = 0 holds.

Proof For p ∈ S3, let the local coordinates of p (z1, z2) such that
z1 = x1 + ix2, z2 = x3 + iz4.
We consider the C∞curve c(t) on S3 defined by

c(t) = (eitz1, eitz2) (t ∈ R)

Then we get

c(t) = (x1 cos t−x2 sin t, x1 sin t+x2 cos t, x3 cos t−x4 sin t, x3 sin t+x4 cos t).

Hence we get

dc

dt

∣∣∣
t=0

= −x2 ∂

∂x1
+ x1

∂

∂x2
− x4

∂

∂x3
+ x3

∂

∂x4
= ξ

Next we put the local coordinates of S2 (x, y, z). Since π(c(t)) = π(eitz1, eitz2),
from Lemma 2.1.6 we get

x = 2Re(eitz1 · eitz2) = 2Re(z1 · z2),
y = 2Im(eitz1 · eitz2) = 2Im(z1 · z2),
z = |eitz2|2 − |eitz1|2 = |z2|2 − |z1|2.

And then we get

π(c(t)) = (2Re(z1 · z2), 2Im(z1 · z2), |z2|2 − |z1|2).

Therefore
d(π ◦ c)
dt

∣∣∣
t=0

= (0, 0, 0),

that is dπ(ξ) = 0. □
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2.2 contact metric manifolds

Let η be a contact form on M . A Riemannian metric g is said to be an
associated metric if there exists a tensor field φ of type (1,1) satisfying

dη(X, Y ) = g(X,φY ),(2.18)

η(X) = g(X, ξ),(2.19)

φ2 = −I + η ⊗ ξ.(2.20)

Definition 2.2.1. The structure (φ, ξ, η, g) satisfying (2.1),(2.18),(2.19) and
(2.20) is called a contact metric structure and a manifold M2n+1 with a
contact metric structure (φ, ξ, η, g) is said to be a contact metric manifold.

Theorem 2.2.1. (cf.[4]) The following equations hold on a contact metric
structure (φ, ξ, η, g)

φξ = 0,(2.21)

η ◦ φ = 0,(2.22)

g(φX,φY ) = g(X, Y )− η(X)η(Y ).(2.23)

Proof First for X ∈ X(M2n+1), using (2.18) and (2.3) we get

g(X,φξ) = dη(X, ξ) = 0. (1)

Substituting X = φξ into (1), we get

g(φξ, φξ) = 0

and hence φξ = 0.
Next using (2.19), (2.18), and (2.3) we get

η ◦ φ(X) = g(ξ, φX) = dη(ξ,X) = 0

. Thus η ◦ φ = 0. Finally using (2.18), (2.20) and (2.19) we get

g(φX,φY ) = −dη(Y, φX) = −g(Y, φ2X) = −g(Y,−X + η(X)ξ)

= g(X, Y )− η(X)g(Y, ξ)

= g(X, Y )− η(X)η(Y )

Thus, g(φX,φY ) = g(X, Y )− η(X)η(Y ). □
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Example

Proposition 2.2.2. (cf.[3]) Let R2n+1 be the almost contact metric manifold
defined in Proposition 1.2.3. Then R2n+1 is a contact metric manifold.

Proof We already proved that theR2n+1 satisfies (2.1), (1,10) i.e.(2.19)
and (2.20). And then we must prove that (2.18) holds on it. Using (1.13),(1.14),(1.15)
and (1.16) we compute as follows :

(1) X = Xi, Y = Xj

1

2
(Xiη(Xj)−Xjη(Xi)− η([Xi, Xj])) = 0

g(Xi, φXj) = g(Xi, Xn+j) = 0

(2) X = Xi, Y = Xn+j

1

2
(Xiη(Xn+j)−Xn+jη(Xi)− η([Xi, Xn+j])) = −δijη(ξ) = −δij

g(Xi, φXj) = g(Xi,−Xj) = −δij
(3) X = Xi, Y = ξ

1

2
(Xiη(ξ)− ξη(Xi)− η([Xi, ξ])) = 0

g(Xi, φξ) = g(Xi, 0) = 0

(4) X = Xn+i, Y = Xn+j

1

2
(Xn+iη(Xn+j)−Xn+jη(Xn+i)− η([Xn+i, Xn+j])) = 0

g(Xn+i, φXn+j) = g(Xn+i,−Xj)

= 0

(5) X = Xn+i, Y = ξ

1

2
(Xn+iη(ξ)− ξη(Xn+i)− η([Xn+i, ξ])) = 0

g(Xn+i, φξ) = g(Xn+i, 0) = 0

(6) X = ξ, Y = ξ

1

2
(ξη(ξ)− ξη(ξ)− η([ξ, ξ])) = 0

g(ξ, φξ) = g(ξ, 0) = 0

Therefore (2.18) holds. □
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Definition 2.2.2. On a contact metric manifold (M2n+1, φ, ξ, η, g) we define
the operators l and h by

(2.24) lX = R(X, ξ)ξ, h =
1

2
Lξφ.

Clearly the (1,1)-type tensors h and l are symmetric.

Proposition 2.2.3. (cf.[4]) h and l satisfy the following equations

hξ = 0, lξ = 0, T rh = 0, T rhφ = 0 and hφ = −φh.(2.25)

Proof From (2.21) we get

hξ =
1

2
(Lξφ)(ξ) =

1

2
([ξ, φξ]− φ[ξ, ξ]) = 0

and

lξ = R(ξ, ξ)ξ = 0.

We will prove Trh = 0. Let {e1 = ξ, e2, · · · , e2n+1} be the orthonormal

basis onM2n+1. For i ∈ {1, 2, · · · , 2n+1} we put h(ei) =
2n+1∑
j=1

aijej and hence

get aii = g(h(ei), ei).

Using (2.18) we compute Trh as follows:

(1) Trh =
2n+1∑
i=1

aii =
2n+1∑
i=1

g(h(ei), ei) =
2n+1∑
i=1

g(
1

2
(Lξφ)(ei), ei)

=
2n+1∑
i=1

1

2
g([ξ, φei]− φ[ξ, ei], ei)

=
1

2
{
2n+1∑
i=1

g([ξ, φei], ei) +
2n+1∑
i=1

g([ξ, ei], φei)}.

Now we take another orthonormal basis {e′1, e′2, · · · , e′2n+1} such that e′1 =
ξ, e′i = φei for i ∈ {2, 3, · · · , 2n+1}. Similarly using (2.19),(2.20) we compute
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Trh

(2) Trh =
1

2
{
2n+1∑
i=1

g([ξ, φe′i], e
′
i) +

2n+1∑
i=1

g([ξ, e′i], φe
′
i)}

=
1

2
{
2n+1∑
i=1

g([ξ, φ2ei], φei) +
2n+1∑
i=1

g([ξ, φei], φ
2ei)}

= −1

2
{
2n+1∑
i=1

g([ξ, φei], ei) +
2n+1∑
i=1

g([ξ, ei], φei)}.

Since (1) = (2), we have Trh = 0.
Next we will prove Trhφ = 0. For i ∈ {1, 2, · · · , 2n + 1} we put hφ(ei) =
2n+1∑
j=1

bij ej . Using (2.18), (2.19) we compute T rhφ as follows:

(3) Trhφ =
2n+1∑
i=1

bii =
2n+1∑
i=1

g(hφ(ei), ei) =
2n+1∑
i=1

g(
1

2
(Lξφ)(φei), ei)

=
1

2

2n+1∑
i=1

{−g([ξ, ei], ei) + g([ξ, η(ei)ξ], ei) + g([ξ, φei], φei)}

=
1

2

2n+1∑
i=1

{−g([ξ, ei], ei) + g([ξ, φei], φei)}

Similarly using (2.19), (2.20) we compute

(4) Trhφ =
1

2

2n+1∑
i=1

{−g([ξ, e′i], e′i) + g([ξ, φe′i], φe
′
i)}

= −1

2

2n+1∑
i=1

{−g([ξ, φei], φei) + g([ξ, φ2ei], φ
2ei)}

= −1

2

2n+1∑
i=1

{−g([ξ, ei], ei) + g([ξ, φei], φei)}

Since (3) = (4), we have Trhφ = 0.
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Finally we prove hφ = −φh. Now,using (2.2), (2.1) we get

dη(ξ,X) =
1

2
{ξ(η(X))−X(η(ξ))− η([ξ,X])}

=
1

2
{ξ(η(X))− η([ξ,X])} = 0

and hence
ξ(η(X)) = η([ξ,X]) (5)

We compute hφ(X),−φh(X) respectively.

hφ(X) =
1

2
(Lξφ)(φX) =

1

2
([ξ, φ2X]− φ[ξ, φX])

=
1

2
([ξ,−X + η(X)ξ]− φ[ξ, φX])

= −1

2
([ξ,X] + φ[ξ, φX]− (ξη(X))ξ)

−φh(X) = −φ(1
2
(Lξφ)(X)) = −1

2
(φ[ξ, φX]− φ2[ξ,X])

= −1

2
([ξ,X] + φ[ξ, φX]− η([ξ,X])ξ)

From (5) we get hφ = −φh. □

The following formulas are known. (cf. [2], [5]).

(2.26) ∇Xξ = −φX − φhX (and hence ∇ξξ = 0),

(2.27) ∇ξφ = 0,

(2.28)

(2.29) φlφ− l = 2(φ2 + h2),

(2.30) ∇ξh = φ− φl − φh2,

where Q is the Ricci operator and ∇ the Riemannian connection of g.

28
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2.3 K-contact structures
Definition 2.3.1. A vector field X on a Riemannian manifold M2n+1 is 
called a Killing vector field if X satisfies LXg = 0,that is,

LX(Y, Z) = g(∇Y X, Z) + g(∇ZX, Y ) = 0

for any vector fields Y and Z on M2n+1, where LX denotes the Lie differen-
tiation with respect to X.

Definition 2.3.2. Let M2n+1 be a contact metric manifold with (φ, ξ, η, g). If ξ 
is a Killing vector field, then we  call the (φ, ξ, η, g) a K-contact structure.

Proposition 2.3.1. (cf.[2]) If a contact metric manifold M2n+1 with (φ, ξ, η, g) 
is a K-contact manifold, then the following equation holds.

(2.31) ∇Xξ = −φX.

Proof For X, Y ∈ X(M2n+1) using (2.18) we get

g(X,φY ) = dη(X,Y ) =
1

2
{Xη(Y )− Y η(X)− η([X,Y ])}

=
1

2
{Xη(Y )− η(∇XY )− Y η(X) + η(∇YX)}

=
1

2
{Xg(Y, ξ)− g(∇XY, ξ)− Y g(X, ξ) + g(∇YX, ξ)}

=
1

2
{g(∇XY, ξ) + g(Y,∇Xξ)− g(∇XY, ξ)

− g(∇YX, ξ)− g(X,∇Y ξ) + g(∇YX, ξ)}

=
1

2
{g(Y,∇Xξ)− g(X,∇Y ξ)}

=
1

2
{g(Y,∇Xξ) + g(Y,∇Xξ)} (since ξ is Killing)

= g(Y,∇Xξ).

Then we get g(X,φY ) = g(Y,∇Xξ) and hence g(Y,∇Xξ) + g(Y, φX) = 0.
Thus

(2.32) g(∇Xξ + φX, Y ) = 0

29



2.3. K-CONTACT STRUCTURES

By substituting Y = ∇Xξ + φX into the above equation, we get

∇Xξ = −φX.

□

Example

Proposition 2.3.2. (see [3]) Let R2n+1 be the contact metric manifold de-
fined in Proposition 2.2.2. Then R2n+1 is a K-contact manifold.

Proof We must prove that Lξg is equal to 0. Since Lξg is symmetric,
using (2.16) we compute as follows:

(1) X = Xi, Y = Xj

Lξg(Xi, Xj) = −g([ξ,Xi], Xj)− g(Xi, [ξ,Xj])

= −g(0, Xj)− g(Xi, 0) = 0

(2) X = Xi, Y = Xn+j

Lξg(Xi, Xn+j) = −g([ξ,Xi], Xn+j)− g(Xi, [ξ,Xn+j])

= −g(0, Xn+j)− g(Xi, 0) = 0

(3) X = Xn+i, Y = Xn+j

Lξg(Xn+i, Xn+j) = −g([ξ,Xn+i], Xn+j)− g(Xn+i, [ξ,Xn+j])

= −g(0, Xn+j)− g(Xn+i, 0) = 0

(4) X = ξ, Y = Xi

Lξg(ξ,Xi) = −g([ξ, ξ], Xi)− g(ξ, [ξ,Xi])

= −g(0, Xi)− g(ξ, 0) = 0

(5) X = ξ, Y = Xn+i

Lξg(ξ,Xn+i) = −g([ξ, ξ], Xn+i)− g(ξ, [ξ,Xn+i])

= −g(0, Xn+i)− g(ξ, 0) = 0
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(6) X = ξ, Y = ξ

Lξg(ξ, ξ) = −g([ξ, ξ], ξ)− g(ξ, [ξ, ξ])

= −g(0, ξ)− g(ξ, 0) = 0

Therefore Lξg is equal to 0. □

Proposition 2.3.3. (cf.[2]) Let M2n+1 be a K-contact manifold with struc-
ture tensors (φ, ξ, η, g). Then the sectional curvature of any plane section
containing ξ is equal to 1.

Proof Let X be a unit vector field orthogonal to ξ. Then

R(ξ,X)ξ = ∇ξ∇Xξ −∇X∇ξξ −∇[ξ,X]ξ

= −∇ξφX + φ[ξ,X] ( from (2.31) and (2.26) )

= −∇ξφX + φ(∇ξX −∇Xξ) ( since T∇ = 0)

= −φ∇Xξ ( from (2.27) )

= φ2X ( from (2.31) )

= −X + η(X)ξ = −X + g(X, ξ)ξ = −X

and hence

g(R(ξ,X)X, ξ) = −g(R(ξ,X)ξ,X)

= −g(−X,X) = g(X,X) = 1.

□

Corollary 2. On R2n+1 defined in Proposition 2.3.2, the sectional curvature
of any plane section containing ξ is equal to 1.

Remark that we shall show that there exist some almost contact metric
structures which are not contact metric structure.

Example

Proposition 2.3.4. (cf.[3]) Let (M2n, J,G) be an almost Hermitian mani-
folds with local coordinates x1, · · · , x2n and let t be the coordinate on R. We
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define η, ξ, g, φ on the M2n ×R as follows :

η = fdt, where f is some non- vanishing function,(2.33)

ξ =
1

f

∂

∂t
,(2.34)

g = G+ η ⊗ η,(2.35)

φξ = 0, φX = JX for X orthogonal to ξ.(2.36)

Then (φ, ξ, η, g) is an almost contact metric structure which is not a contact
metric structure.

Proof We can see that the following equations hold

g(
∂

∂xi
,
∂

∂t
) = 0,(2.37)

g(ξ, J(
∂

∂xi
)) = 0.(2.38)

Because from (2.35)

g(
∂

∂xi
,
∂

∂t
) = g(

∂

∂xi
+ 0, 0 +

∂

∂t
)

= G(
∂

∂xi
, 0) + η(0) · η( ∂

∂t
) = 0.

And we put J(
∂

∂xi
) =

2n∑
j=1

αji
∂

∂xj
, then from (2.27)

g(J(
∂

∂xi
), ξ) = g(

2n∑
j=1

αji
∂

∂xj
,
1

f

∂

∂t
) =

1

f

2n∑
j=1

αjig(
∂

∂xj
,
∂

∂t
) = 0.

Therefore J(
∂

∂xi
) is orthogonal to ξ.

(1) η(ξ) = 1
From (2.33),(2.34)

η(ξ) = fdt(
1

f

∂

∂t
) = 1
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(2) φ2 = −I + η ⊗ ξ

For X ∈ X(M2n ×R) we put X =
2n∑
i=1

αi
∂

∂xi
+ β

∂

∂t
and get

η(X) = η(
2n∑
i=1

αi
∂

∂xi
+ β

∂

∂t
) = η(β

∂

∂t
)

And then

φ2(X) = φ{φ(
2n∑
i=1

αi
∂

∂xi
+ β

∂

∂t
)} = φ{(

2n∑
i=1

αiφ(
∂

∂xi
) + βφ(

∂

∂t
)}

= φ{(
2n∑
i=1

αiφ(
∂

∂xi
)} = φ{(

2n∑
i=1

αiJ(
∂

∂xi
)} = {(

2n∑
i=1

αiφ(J(
∂

∂xi
))}

=
2n∑
i=1

αiJ
2(

∂

∂xi
) (because J(

∂

∂xi
) is orthogonal to ξ)

= −
2n∑
i=1

αi
∂

∂xi
(because (M2n, J,G) is an almost Hermitian manifolds)

= −X + β
∂

∂t
= −X + fβξ = −X + η(β

∂

∂t
)ξ

= −X + η(X)ξ.

Therefore φ2 = −I + η ⊗ ξ holds.
(3) g(φX,φY ) = g(X,Y )− η(X)η(Y )

For X, Y ∈ X(M2n ×R) we put

X = X ′ +X ′′, Y = Y ′ + Y ′′ ,where X ′, Y ′ ∈ X(M2n), X ′′, Y ′′ ∈ X(R).

And then

g(φX,φY ) = g(φ(X ′ +X ′′), φ(Y ′ + Y ′′)) = g(φX ′ + φX ′′, φY ′ + φY ′′)) = g(φX ′, φY ′)

= g(JX ′, JY ′) (because X ′, Y ′ ∈ X(M2n)

= G(JX ′, JY ′)

= G(X ′, Y ′) (because (M2n, J,G) is an almost Hermitian manifold)

= g(X, Y )− η(X ′′)η(Y ′′) = g(X, Y )− η(X)η(Y ).

33



2.3. K-CONTACT STRUCTURES

Therefore g(φX,φY ) = g(X,Y )− η(X)η(Y ) holds.
(4) η ∧ (dη)n

Since from (2.33) dη =
1

2
df ∧ dt, η ∧ (dη) =

1

2
fdt ∧ df ∧ dt = 0.

Thus
η ∧ (dη)n ≡ 0.

Therefore (φ, ξ, η, g) is not a contact metric structure. □
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3-dimensional contact metric
manifolds

We denote by ∇ the Riemannian connection of g and by R the Riemannian
curvature tensor, which is defined by

R(X, Y )Z = ∇X∇YZ −∇Y∇XZ −∇[X,Y ]Z,

for X,Y ∈ X(M2n+1).
The Ricci tensor Ric(X,Y ) is defied by

(3.1) Ric(X,Y ) =
2n+1∑
i=1

g(R(Xi, X)Y,Xi),

for X, Y ∈ X(M2n+1),where X1, · · · , X2n+1 is a local orthonormal frame field 
of M2n+1.
The Ricci operator Q is defined by

Ric(X, Y ) = g(QX, Y ),

for X, Y ∈ X(M2n+1).

Definition 3.0.3. A contact metric structure is said to be η-Einstein if

Q = pI + qη ⊗ ξ

holds, where p, q are some smooth functions on M2n+1.
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Remark that the above equation is equivalent to

(3.2) Ric(X, Y ) = pg(X, Y ) + qg(ξ, X)g(ξ, Y ),

for X, Y ∈ X(M2n+1).

Definition 3.0.4. A contact metric manifold (M2n+1, φ, ξ, η, g) is said to be 
Sasakian if M2n+1 satisfies

(3.3) R(X,Y )ξ = η(Y )X − η(X)Y.

for X, Y ∈ X(M2n+1).
From Definition 2.3.1. and Definition 2.3.2. (M2n+1, φ, ξ, η, g) is K-contact
manifold if and only if the following equation holds

(3.4) g(X,∇Y ξ) + g(∇Xξ, Y ) = 0,

for X, Y ∈ X(M2n+1).

3.1 S3 with the contact form η

Let (x1, · · · , x2n+2) be Cartesian coordinates on the (2n+2)-dimensional Eu-
clidean space R2n+2. We consider the 1-form α on R2n+2 defined by

(3.5) α = x1dx2 − x2dx1 + · · ·+ x2n+1dx2n+2 − x2n+2dx2n+1

and the inclusion mapping

(3.6) ι : S2n+1 → R2n+2.

From Theorem 2.1.2., η = ι∗α is a contact form on S2n+1, i.e., η∧(dη)n ̸= 0
holds on S2n+1. By using (3.5) we get

(3.7) dα = dx1 ∧ dx2 + dx3 ∧ dx4 + · · ·+ dx2n+1 ∧ dx2n+2.

Throughout this section, we consider this contact form η on S3. Then
from (2.2) and (2.3), the characteristic vector field ξ is determined by

dι(ξ) = −x2 ∂

∂x1
+ x1

∂

∂x2
− x4

∂

∂x3
+ x3

∂

∂x4
.
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We take the independent vector fields X1, X2, X3 = ξ on S3 such that

dι(X1) = −x3 ∂

∂x1
+ x4

∂

∂x2
+ x1

∂

∂x3
− x2

∂

∂x4
,(3.8)

dι(X2) = −x4 ∂

∂x1
− x3

∂

∂x2
+ x2

∂

∂x3
+ x1

∂

∂x4
,(3.9)

dι(X3) = −x2 ∂

∂x1
+ x1

∂

∂x2
− x4

∂

∂x3
+ x3

∂

∂x4
.(3.10)

g and φ of S3

Let g be a Riemannian metric on (S3, η) which satisfies (2.19). We put
gij = g(Xi, Xj) and a = g11, b = g12 = g21, c = g22.

By using η = ι∗α, from (2.19) we get

g13 = g(X1, X3) = η(X1) = 0,

g23 = g(X2, X3) = η(X2) = 0

and from (2.2) get
g33 = g(X3, X3) = η(X3) = 1.

Then, the 3× 3 matrix (gij) is of the form

(gij) =

a b 0
b c 0
0 0 1

 ,(3.11)

where a, b, c ∈ C∞(S3).
Since det(gij) > 0, we get ac − b2 > 0. Moreover, since X1 ̸= 0, X2 ̸= 0,

we get a = g(X1, X1) > 0, c = g(X2, X2) > 0.
Conversely, let g be a tensor field of type (0,2) defined by (3.11). If

a > 0, c > 0 and ac− b2 > 0 holds, then g is a Riemannian metric satisfying
(2.19).

Thus we have the following.

Proposition 3.1.1. If a Riemannian metric g on (S3, η) satisfies (2.19),
then (3.11) and the following hold

(3.12) a > 0, c > 0 and ac− b2 > 0.

Conversely, let g be a tensor field of type (0,2) on (S3, η) defined by (3.11).
If g satisfies (3.12), then g is a Riemannian metric on (S3, η) and satisfies
(2.19).
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Next, let φ be a tensor field of type (1,1) satisfying (2.18). Then, we have

φ(X1) =
b

ac− b2
X1 +

−a
ac− b2

X2,

φ(X2) =
c

ac− b2
X1 +

−b
ac− b2

X2,

φ(X3) = 0,

where a > 0, c > 0, ac− b2 > 0.
Because, by using η = ι∗α from (3.7) we get

dη(Xi, Xj) = (dx1 ∧ dx2 + dx3 ∧ dx4)(dι(Xi), dι(Xj)).

And then from (3.8), (3.9), (3.10) we have

dη(X1, X2) = 1, dη(X2, X1) = −1, others are equal to 0.

Now, we put φ(Xj) =
3∑

k=1

φkjXk (j = 1, 2, 3). Since g(Xi, φXj) =

3∑
k=1

gikφkj, from (2.18) we get

(gij)(φij) =

 0 1 0
−1 0 0
0 0 0

 .

Thus

(3.13)

φ11 φ12 φ13

φ21 φ22 φ23

φ31 φ32 φ33

 =
1

ac− b2

 b c 0
−a −b 0
0 0 0


where a > 0, c > 0, ac− b2 > 0.

Proposition 3.1.2. Let (φ, ξ, η, g) be given by (3.11), (3.12) and (3.13) on
S3. If (φ, ξ, η, g) is a contact metric structure, then the following equation
holds

(3.14) ac− b2 = 1.

Conversely, if (3.14) holds, then (φ, ξ, η, g) is a contact metric structure on
S3.
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Proof . From (3.13) we get

(3.15) (φij)
2 =

1

b2 − ac

1 0 0
0 1 0
0 0 0

 .

By putting ψ = −I + η ⊗ ξ, we get the following equation

ψ(Xj) = −Xj + η(Xj)X3 (j = 1, 2, 3).

By substituting j = 1, 2, 3 into the above equation, we get

ψ(X1) = −X1 + η(X1)X3 = −X1,

ψ(X2) = −X2 + η(X2)X3 = −X2,

ψ(X3) = −X3 + η(X3)X3 = 0.

Now, we put

ψ(Xj) = ψ1jX1 + ψ2jX2 + ψ3jX3 =
3∑
i=1

ψijXi.

By substituting j = 1, 2, 3 into the above equation, from the above result
we get

(3.16)

ψ11 ψ12 ψ13

ψ21 ψ22 ψ23

ψ31 ψ32 ψ33

 =

−1 0 0
0 −1 0
0 0 0

 .

If (φ, ξ, η, g) is a contact metric structure, by using (3.15) and (3.16) from
(2.20) we get (3.14).

Conversely, if (3.14) holds, we can get (2.20). □

Corollary 3. φ is denoted by the following matrixφ11 φ12 φ13

φ21 φ22 φ23

φ31 φ32 φ33

 =

 b c 0
−a −b 0
0 0 0

 a > 0, c > 0, ac− b2 = 1.
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Curvature tensors

In this section, we assume a, b, c are constant. By using (gij ) which satisfies 
(3.11),(3.12) and (3.14), from the basis X1, X2, X3 = ξ, we can generate the 
orthonormal basis Y1, Y2, Y3 on (S3, g), that is

Y1 = X3, Y2 =
1√
a
X1, Y3 = −

√
ab

a
X1 +

√
aX2.

And then we get

X3 = Y1, X1 =
√
aY2, X2 =

b√
a
Y2 +

1√
a
Y3.

By computing [Xi, Xj] from (3.8), (3.9), (3.10) and the above equations, we
have

[X1, X2] = −2X3, [X2, X3] = −2X1, [X3, X1] = −2X2

and

[Y1, Y2] = −2b

a
Y2 −

2

a
Y3, [Y1, Y3] =

2(a2 + b2)

a
Y2 +

2b

a
Y3, [Y2, Y3] = −2Y1.

From the above results, we get

2g(∇Y2Y2, Y1) = −4b
a
, 2g(∇Y3Y3, Y1) =

4b
a
,

2g(∇Y1Y2, Y3) =
2(a−a2−b2−1)

a
, 2g(∇Y1Y3, Y2) =

2(a2+b2−a+1)
a

,

2g(∇Y2Y3, Y1) =
2(a2+b2−a−1)

a
, 2g(∇Y2Y1, Y2) =

4b
a
,

2g(∇Y2Y1, Y3) =
2(a−a2−b2+1)

a
, 2g(∇Y3Y1, Y2) =

2(1−a−a2−b2)
a

,

2g(∇Y3Y1, Y3) = −4b
a
, 2g(∇Y3Y2, Y1) =

2(a2+b2+a−1)
a

,

others are equal to 0.

And then we have

∇Y1Y1 = 0, ∇Y1Y2 =
a−a2−b2−1

a
Y3,

∇Y1Y3 =
−a+a2+b2+1

a
Y2, ∇Y2Y1 =

2b
a
Y2 +

a−a2−b2+1
a

Y3,

∇Y2Y2 = −2b
a
Y1, ∇Y2Y3 =

−a+a2+b2−1
a

Y1,

∇Y3Y1 =
−a−a2−b2+1

a
Y2 − 2b

a
Y3, ∇Y3Y2 =

a+a2+b2−1
a

Y1,
∇Y3Y3 =

2b
a
Y1.
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Next, we put

α = 1− a− c,(3.17)

β =
2b

a
,(3.18)

γ = α +
2

a
.(3.19)

By using the above equations and (3.14), we have

[Y1, Y2] = −βY2 − (γ − α)Y3, [Y1, Y3] = (2− α− γ)Y2 + βY3, [Y2, Y3] = −2Y1

and

∇Y1Y1 = 0, ∇Y1Y2 = αY3, ∇Y1Y3 = −αY2,
∇Y2Y1 = βY2 + γY3, ∇Y2Y2 = −βY1, ∇Y2Y3 = −γY1,
∇Y3Y1 = (γ − 2)Y2 − βY3, ∇Y3Y2 = −(γ − 2)Y1, ∇Y3Y3 = βY1.

Hence we have

R(Y1, Y2)Y1 = (α2 − 2γα− 4)Y2 + 2αβY3,

R(Y1, Y2)Y2 = (−α2 + 2γα + 4)Y1,

R(Y1, Y2)Y3 = −2αβY1,

R(Y1, Y3)Y1 = 2αβY2 + (α2 + 2γα− 4α− 4)Y3,

R(Y1, Y3)Y2 = −2αβY1,

R(Y1, Y3)Y3 = (−α2 − 2γα + 4α + 4)Y1,

R(Y2, Y3)Y1 = 0,

R(Y2, Y3)Y2 = (−α2 + 4α + 4)Y3,

R(Y2, Y3)Y3 = (α2 − 4α− 4)Y2.

From the above result, by using (3.1) we get

(3.20)
(
Ric(Yi, Yj)

)
=

−2α2 + 4α + 8 0 0
0 2γα− 4α −2αβ
0 −2αβ −2γα



=


−2(a+ c)2 + 10 0 0

0 2(a+ c− 1)(a+ c+ 1− 2

a
)

4b

a
(a+ c− 1)

0
4b

a
(a+ c− 1) −2(a+ c− 1)(a+ c− 1− 2

a
)

 .
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Proposition 3.1.3. Let (S3, φ, ξ, η, g) be the contact metric manifold deter-
mined by Proposition 3.1.2. and we assume that a, b, c are constant.
(1) (S3, φ, ξ, η, g) is η-Einstein if and only if b = 0, a = c = 1,

that is, (S3, η, ξ, g, φ) is the standard 3-dimensional sphere.
(2) (S3, φ, ξ, η, g) is Sasakian if and only if b = 0, a = c = 1,

that is, (S3, φ, ξ, η, g) is the standard 3-dimensional sphere.
(3) (S3, φ, ξ, η, g) is K-contact if and only if b = 0, a = c = 1,

that is, (S3, φ, ξ, η, g) is the standard 3-dimensional sphere.

Proof . (1) If S3 is η-Einstein, by substituting (Yi, Yj ) = (Y1, Y1), (Y2, Y2) 
into (3.2), from (3.20) we get

Ric(Yi, Yj) = 2α(γ − 2)g(Yi, Yj)(3.21)

+ 2(−α2 − γα + 4α + 4)g(Y1, Yi)g(Y1, Yj).

Moreover, we substitute (Yi, Yj) = (Y1, Y2), (Y1, Y3), (Y2, Y3), (Y3, Y3) into
(3.21) and hence get

α ≠ 0, β = 0, i.e., b = 0, a = c = 1.

Conversely, if b = 0, a = c = 1, (3.21) holds.
(2) If S3 is Sasakian, by substituting (X,Y ) = (Y1, Y2), (Y1, Y3) into (3.3) we
get

αβ = 0,

α2 − 2γα− 4 = −1,

α2 + 2γα− 4α− 4 = −1.

Therefore, we get

α ≠ 0, β = 0, i.e., b = 0, a = c = 1.

Conversely, if b = 0, a = c = 1, (3.3) holds.
(3) If S3 is K-contact, by substituting (X, Y ) = (Yi, Yj) into (3.4), we get

4b

a
= 0,

2(−a2 − b2 + 1)

a
= 0.
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And then we have
b = 0, a = c = 1.

Conversely, if b = 0, a = c = 1, (3.4) holds. □

Remark. If (S3, g) is a contact metric manifold which does not satisfy
b = 0, a = c = 1, then (S3, g) is neither η-Einstein nor Sasakian, K-contact.

3.2 R3 with the contact form η

Let η be the 1-form on R3 defined by

(3.22) η =
1

2
(dx3 − x2dx1).

Then we get

(3.23) η ∧ dη =
1

8
(dx1 ∧ dx2 ∧ dx3) ̸= 0,

i.e., η is a contact form on R3.
And from (2.2), (2.3) we get

(3.24) ξ = 2
∂

∂x3
.

g and φ of R3

Let g be a Riemannian metric on (R3, η) which satisfies (2.19). We put

gij = g(
∂

∂xi
,
∂

∂xj
) and a = g11, b = g12 = g21, c = g22. By using (3.22) and

(3.24), from (2.19) we have the following matrix

(3.25) (gij) =

 a b −1
4
x2

b c 0
−1

4
x2 0 1

4

 ,

where a, b, c ∈ C∞(R3).
Since det(gij) > 0, we get

(3.26) (a− 1

4
(x2)2)c− b2 > 0.
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Moreover, since
∂

∂x1
̸= 0 and

∂

∂x2
̸= 0, we get a = g(

∂

∂x1
,
∂

∂x1
) > 0, c =

g(
∂

∂x2
,
∂

∂x2
) > 0.

Conversely, let g be a tensor field of type (0,2) defined by (3.25). If
a > 0, c > 0 and (3.26) hold, then we get g11 > 0, g22 > 0, det(gij) > 0 and
hence

(3.27) ac− b2 > 0.

And then g is a Riemannian metric satisfying (2.19).
Because, let λ be an eigenvalue of (gij), λ satisfies the following equation

16λ3 − 4(4a+ 4c+ 1)λ2 + (4a+ 4c+ 16ac− 16b2 − (x2)2)λ(3.28)

+ c(x2)2 − 4(ac− b2) = 0.

We put the left side of (3.28) by f(λ). Then from (3.26) we have

(3.29) f(0) = c(x2)2 − 4(ac− b2) < 0.

The differential of f(λ) is

f ′(λ) = 48λ2 − 8(4a+ 4c+ 1)λ+ (4a+ 4c+ 16ac− 16b2 − (x2)2).

On the other hand by using (3.26) and (3.27) we get

(3.30) 4a+ 4c+ 16ac− 16b2 >
4(ac− b2)

c
> (x2)2.

Therefore, if a discriminant of the quadratic equation f ′(λ) = 0 of λ
is non-negative, from (3.30) f ′(λ) = 0 has a positive number. And hence
from (3.29), λ is a positive number. Also, if a discriminant of f ′(λ) = 0 is
negative, from (3.29) λ is a positive number. Moreover, we can see that g
satisfies (2.19).

Thus we have the following.

Proposition 3.2.1. If a Riemannian metric g on (R3, η) satisfies (2.19),
then (3.25) and the following holds

(3.31) a > 0, c > 0, (a− 1

4
(x2)2)c− b2 > 0.

Conversely, let g be a tensor field of type (0,2) on (R3, η) defined by (3.25).
If g satisfies (3.31), then g is a Riemannian metric on (R3, η) and satisfies
(2.19).
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Next, we denote the left side of (3.26) by G, i.e.,

(3.32) (a− 1

4
(x2)2)c− b2 = G.

Let φ be a tensor field of type (1,1) satisfying (2.18). We put

φ(
∂

∂xj
) =

3∑
k=1

φkj
∂

∂xk
(j = 1, 2, 3)

.

Corollary 4. If (gij) defined by (3.25) satisfies (3.31), then

(3.33)

φ11 φ12 φ13

φ21 φ22 φ23

φ31 φ32 φ33

 =
1

4G

 b c 0
−a+ 1

4
(x2)2 −b 0

x2b x2c 0


holds, where a > 0, c > 0, (a− 1

4
(x2)2)c− b2 > 0.

Proof . By substituting X =
∂

∂xi
, Y =

∂

∂xj
into (2.18), we get a b −1

4
x2

b c 0
−1

4
x2 0 1

4

φ11 φ12 φ13

φ21 φ22 φ23

φ31 φ32 φ33

 =

 0 1
4

0
−1

4
0 0

0 0 0

 .

Since det(gij) > 0, we get (3.33). □

Proposition 3.2.2. (φ, ξ, η, g) is defined by (3.25), (3.31) and (3.33) on
R3. If (φ, ξ, η, g) is a contact metric structure, then

(3.34) G =
1

16
.

holds. Conversely, if (3.34) holds, then (φ, ξ, η, g) is a contact metric struc-
ture on R3.

Proof . If (φ, ξ, η, g) is a contact metric structure, then (2.20) holds. By
substituting (3.33), (3.22) and (3.24) into (2.20), we get

1

16G2

 b c 0
−a+ 1

4
(x2)2 −b 0

x2b x2c 0

2

=

−1 0 0
0 −1 0

−x2 0 0

 .
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Then we have (3.34).
Conversely, if (3.34) holds, we can get (2.20). This completes the proof.

□

Corollary 5. φ is denoted by the following matrixφ11 φ12 φ13

φ21 φ22 φ23

φ31 φ32 φ33

 = 4

 b c 0
−a+ 1

4
(x2)2 −b 0

x2b x2c 0

 ,

where a > 0, c > 0, (a− 1
4
(x2)2)c− b2 = 1

16
.

Curvature tensors

In this section, we assume that b and c > 0 are constant, and a is given by

a =
1

4
(x2)2 +

1

c
(b2 +

1

16
).

We put X1 = ξ, X2 =
∂

∂x1
, X3 =

∂

∂x2
on (R3, g). By using g that satisfies

(3.25), (3.31) and (3.34), from the basis X1, X2, X3 we can generate the
orthonormal basis Y1, Y2, Y3 on (R3, g), that is

Y1 = 2
∂

∂x3
, Y2 = α(

∂

∂x1
+ x2

∂

∂x3
), Y3 = 4(−αb ∂

∂x1
+

1

α

∂

∂x2
− αbx2

∂

∂x3
),

where α =
4
√
c√

16b2 + 1
. Then we get

[Y1, Y2] = 0, [Y2, Y3] = −2Y1, [Y1, Y3] = 0.

Then we may see that

2g(∇Y1Y2, Y3) = 2, 2g(∇Y1Y3, Y2) = −2, 2g(∇Y2Y1, Y3) = 2,
2g(∇Y2Y3, Y1) = −2, 2g(∇Y3Y1, Y2) = −2, 2g(∇Y3Y2, Y1) = 2,

and the others are equal to 0. Therefore, we have

∇Y1Y1 = 0, ∇Y1Y2 = Y3, ∇Y1Y3 = −Y2, ∇Y2Y1 = Y3, ∇Y2Y2 = 0,
∇Y2Y3 = −Y1, ∇Y3Y1 = −Y2, ∇Y3Y2 = Y1, ∇Y3Y3 = 0.
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Hence we get

R(Y1, Y2)Y1 = −Y2, R(Y1, Y2)Y2 = Y1, R(Y1, Y2)Y3 = 0,
R(Y1, Y3)Y1 = −Y3, R(Y1, Y3)Y2 = 0, R(Y1, Y3)Y3 = Y1,
R(Y2, Y3)Y1 = 0, R(Y2, Y3)Y2 = 3Y3, R(Y2, Y3)Y3 = −3Y2.

Using (3.1) we have

(3.35)
(
Ric(Yi, Yj)

)
=

2 0 0
0 −2 0
0 0 −2

 .

Proposition 3.2.3. (R3, g) is η-Einstein, Sasakian and K-contact.

Proof . Substituting (Yi, Yj) = (Y1, Y1), (Y2, Y2) into (3.2), from (3.35)
we get

Ric(Yi, Yj) = −2g(Yi, Yj) + 4g(Y1, Yi)g(Y1, Yj).

Moreover, we can see that if (Yi, Yj) = (Y1, Y2), (Y1, Y3), (Y2, Y3) and
(Y3, Y3), then the above equation holds. Therefore, (R3, g) is η-Einstein.

Next, we shall check whether (R3, g) satisfies (3.3), i.e.,

R(Yi, Yj)Y1 = g(Y1, Yj)Yi − g(Y1, Yi)Yj.

for i, j = 1, 2, 3. From values R(Yi, Yj)Yk of the curvature tensor, we may see
that the above equation holds. Therefore, (R3, g) is Sasakian.

Finally, we shall check whether (R3, g) satisfies (3.4), i.e.,

2g(Yi,∇YjY1) + 2g(∇YiY1, Yj) = 0 (i, j = 1, 2, 3).

From the calculation of 2g(∇YiYj, Yk) we may see that the above equation
holds. Therefore, (R3, g) is K-contact. □

3.3 T 3 with the contact form η

Let η be the 1-form on T 3 defined by

(3.36) η = cosnx3dx1 + sinnx3dx2 n ∈ N.
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Then we get

(3.37) η ∧ dη = −1

2
ndx1 ∧ dx2 ∧ dx3 ̸= 0,

i.e, η is a contact form on T 3.
From (2.2), (2.3) we get

(3.38) ξ = cosnx3
∂

∂x1
+ sinnx3

∂

∂x2
.

Let g be a Riemannian metric on (T 3, η) which sarisfies (2.19). We put

gij = g(
∂

∂xi
,
∂

∂xj
) and a = g11, b = g12 = g21, c = g22.

By using (3.36) and (3.38), from (2.19) we get

a cosnx3 + b sinnx3 = cosnx3(3.39)

b cosnx3 + c sinnx3 = sinnx3(3.40)

g31 cosnx
3 + g32 sinnx

3 = 0.(3.41)

Proposition 3.3.1. (3.39), (3.40) and (3.41) hold if and only if there exist
β, α, g33 ∈ C∞(T 3) which satisfy the following matrix (gij)

(3.42) (gij) =

 β sin2 nx3 + 1 −β sinnx3 cosnx3 −α sinnx3

−β sinnx3 cosnx3 β cos2 nx3 + 1 α cosnx3

−α sinnx3 α cosnx3 g33

 .

Proof . If (3.39) and (3.40) hold, there exist l, k ∈ R which satisfy the
following equations

a− 1 = k(− sinnx3),(3.43)

b = k cosnx3,(3.44)

b = l(− sinnx3),(3.45)

c− 1 = l cosnx3.(3.46)

From (3.44) and (3.45) we get

k cosnx3 = l(− sinnx3).

When cosnx3 ̸= 0 and sinnx3 ̸= 0 hold, we get

k

− sinnx3
=

l

cosnx3
.
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By putting β =
k

− sinnx3
=

l

cosnx3
, from (3.41) we get (3.42). Moreover,

(3.42) includes the case that either cosnx3 = 0 or sinnx3 = 0 holds.
Conversely, we can see that (gij) satisfies (3.39), (3.40) and (3.41). □

g and φ of T 3

We define the matrix B

(3.47) B =

 β sin2 nx3 + 1 −β sinnx3 cosnx3 −α sinnx3

−β sinnx3 cosnx3 β cos2 nx3 + 1 α cosnx3

−α sinnx3 α cosnx3 g33

 .

Proposition 3.3.2. Let g be the tensor field of type (0,2) on (T 3, η) defined

by the matrix B, where gij = g(
∂

∂xi
,
∂

∂xj
) and B = (gij).

g is a Riemannian metric satisfying (2.19) if and only if the following
conditions hold

(3.48) (1 + β)g33 − α2 > 0 , g33 > 0.

Proof . From Proposition 3.3.1, g satisfies (2.19). If g is a Riemannian
metric, since det(gij) > 0,we get

det(B) = (1 + β)g33 − α2 > 0.

Next, we put an eigenvalue of B = λ and g(λ) = det(B − λI). Then, we
get

g(λ) = (1− λ){λ2 − (1 + β + g33)λ+ (1 + β)g33 − α2}.

One of solution in g(λ) = 0 is equal to 1. The other solutions are in the
following equation

(3.49) λ2 − (1 + β + g33)λ+ (1 + β)g33 − α2 = 0.

By putting a discriminant of the above equation = D, we get

D = {g33 − (1 + β)}2 + 4α2 ≥ 0.

Since λ are positive definite, from (3.49) we get g33 > 0.
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Conversely if (3.48) holds, we can see that g11 > 0, g22 > 0, det(B) > 0
and an eigenvalue of B are positive definite. □

Next, let φ a tensor field of type (1,1) satisfying (2.18). We put

φ(
∂

∂xj
) =

3∑
k=1

φkj
∂

∂xk
(j = 1, 2, 3)

.

Corollary 6. If (gij) defined by the matrix B satisfies (3.48), then the fol-
lowing equation holds.

(3.50)

φ11 φ12 φ13

φ21 φ22 φ23

φ31 φ32 φ33



=
n

2|B|

 −α sin2 nx3 α sinnx3 cosnx3 g33 sinnx
3

α sinnx3 cosnx3 −α cos2 nx3 −g33 cosnx3
−(1 + β) sinnx3 (1 + β) cosnx3 α

 ,

where (1 + β)g33 − α2 > 0 , g33 > 0.

Proof . Since det(gij) > 0, from (2.18) we get (3.50). □

We put

(3.51) ρ = det(B) = (1 + β)g33 − α2.

Proposition 3.3.3. (φ, ξ, η, g) is given by (3.47), (3.48) and (3.50) on T 3.
If (φ, ξ, η, g) is a contact metric structure, then

(3.52) n2 = 4ρ.

holds. Conversely, if (3.52) holds, then (φ, ξ, η, g) is a contact metric struc-
ture on T 3.

Proof . If (φ, ξ, η, g) is a contact metric structure, by substituting (3.50),
(3.36) and (3.38) into (2.20) we get

n2

4ρ

 − sin2 nx3 sinnx3 cosnx3 0
sinnx3 cosnx3 − cos2 nx3 0

0 0 −1

 =

 − sin2 nx3 sinnx3 cosnx3 0
sinnx3 cosnx3 − cos2 nx3 0

0 0 −1

 .
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Hence we get (3.52).
Conversely, if (3.52) holds, we can get (2.20). This completes the proof.

□

Corollary 7. φ is denoted by the following matrixφ11 φ12 φ13

φ21 φ22 φ23

φ31 φ32 φ33

 =
2

n

 −α sin2 nx3 α sinnx3 cosnx3 g33 sinnx
3

α sinnx3 cosnx3 −α cos2 nx3 −g33 cosnx3
−(1 + β) sinnx3 (1 + β) cosnx3 α

 ,

where (1 + β)g33 − α2 = n2

4
, g33 > 0.

Curvature tensors

In this section we assume β, α, g33 are constant. We take the following basis
on (T 3, g),

X1 = ξ = cosnx3
∂

∂x1
+sinnx3

∂

∂x2
, X2 = − sinnx3

∂

∂x1
+cosnx3

∂

∂x2
, X3 =

∂

∂x3
.

By using g that satisfies (3.47),(3.48) and (3.52), from the above basis we
get the following orthonormal basis Y1, Y2, Y3 on (T 3, g),

Y1 = ξ = cosnx3 ∂
∂x1

+ sinnx3 ∂
∂x2
, Y2 = γ(− sinnx3 ∂

∂x1
+ cosnx3 ∂

∂x2
),

Y3 = µ(λ sinnx3 ∂
∂x1

− λ cosnx3 ∂
∂x2

+ ∂
∂x3

),

where

γ =
1√
1 + β

,(3.53)

λ = γ2α,(3.54)

µ =
2

nγ
.(3.55)

For simplicity we put

(3.56) − 1

γ2
= a.

Then we get

[Y1, Y2] = 0, [Y1, Y3] = 2aY2, [Y2, Y3] = 2Y1.
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We have

2g(∇Y1Y2, Y3) = −2a− 2, 2g(∇Y1Y3, Y2) = 2a+ 2, 2g(∇Y2Y1, Y3) = −2a− 2,
2g(∇Y2Y3, Y1) = 2a+ 2, 2g(∇Y3Y1, Y2) = −2a+ 2, 2g(∇Y3Y2, Y1) = 2a− 2,

the others are equal to 0.
Thus, we get

∇Y1Y1 = 0, ∇Y1Y2 = −(a+ 1)Y3, ∇Y1Y3 = (a+ 1)Y2,
∇Y2Y1 = −(a+ 1)Y3, ∇Y2Y2 = 0, ∇Y2Y3 = (a+ 1)Y1,
∇Y3Y1 = −(a− 1)Y2, ∇Y3Y2 = (a− 1)Y1, ∇Y3Y3 = 0.

Hence we have

R(Y1, Y2)Y1 = −(a+ 1)2Y2, R(Y1, Y2)Y2 = (a+ 1)2Y1,
R(Y1, Y2)Y3 = 0, R(Y1, Y3)Y1 = (a+ 1)(3a− 1)Y3,
R(Y1, Y3)Y2 = 0, R(Y1, Y3)Y3 = −(a+ 1)(3a− 1)Y1,
R(Y2, Y3)Y1 = 0, R(Y2, Y3)Y2 = −(a+ 1)(a− 3)Y3,
R(Y2, Y3)Y3 = (a+ 1)(a− 3)Y2.

From the above result, by using (3.1), (3.56) and (3.53) we get

(3.57)
(
Ric(Xi, Xj)

)
= 2β

−2− β 0 0
0 2 + β 0
0 0 −β

 .

Proposition 3.3.4. (1) (T 3, g) is η-Einstein if and only if β = 0 holds.
(2) (T 3, g) is not Sasakian.
(3) (T 3, g) is not K-contact.

Proof . (1) If (T 3, g) is η-Einstein, then from (3.2) the following equation
holds for any i, j = 1, 2, 3

(3.58) Ric(Yi, Yj) = pg(Yi, Yj) + qg(Y1, Yi)g(Y1, Yj).

By substituting (Yi, Yj) = (Y1, Y2), (Y2, Y2) into (3.58), from (3.57) we get

(3.59) Ric(Yi, Yj) = 2β(2 + β)g(Yi, Yj)− 4β(2 + β)g(Y1, Yi)g(Y1, Yj).

Moreover, we substitute (Yi, Yj) = (Y3, Y3) into (3.59) and get

−2β2 = 2β(2 + β).
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Since (5.13) implies 1 + β ̸= 0, β = 0 holds.
Conversely, if β = 0, (3.59) holds.

(2) If (T 3, g) is Sasakian, then from (3.3) and (2.19) the following equation
holds for any i, j = 1, 2, 3

(3.60) R(Yi, Yj)Y1 = g(Y1, Yj)Yi − g(Y1, Yi)Yj.

By substituting (Yi, Yj) = (Y1, Y2), (Y1, Y3) into (3.60), we get

(3.61) a = 0.

But since (3.56) implies a < 0, (3.61) does not hold. Therefore, (T 3, g) is
not Sasakian.
(3) If (T 3, g) is K-contact, then from (3.4) the following equation holds for
any i, k = 1, 2, 3

(3.62) 2g(Yk,∇YiY1) + 2g(∇YkY1, Yi) = 0.

By substituting (Yk, Yi) = (Y3, Y2) into (3.62), we get

(3.63) a = 0.

Similarly, since a < 0, (3.63) does not hold. Therefore, (T 3, g) is not
K-contact. □
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