BMROTEEAF | BEiR

i B—" (LK)

AREL, 525 MEBEGHY~— 22— [FEMEhf e £V 2 5 -0
LB T 5 EHOKIBTRIOFEH OFEHICE ST WwE, 2 2 CidEMihRic
Wb 5 HARN L EIEIC oW, B RL 1) AEER Q & 2) UHE K/Q
DEHEMEHT S (—HARKF, o5& b#5). F-#EEH BN TER
2otz 3) MMM OBAICOWThEHT 2. ERoMEcHwETE7
077 LEEED web A=Y O AFHRETH 272 Aficid (—HEBEL
TWw3A) FILIDOTETRT T LI > T EHED 5.

LUF, &3 %@L T CAS GIHERE > 2T 4) 1& Magma Z w5,
Magma (¥5t> F=—K¥x2le & LCHFE - EE I LT 2 5HHEARE S =
TLTHS, ERY Y —RF 1993 £T, % OHTH FFHRMAE 2T 4 Cayley
(1982-1993) TH 5. Magma & \» 9 Ziifld, 7TANFFOHHRE groupoid O
MEMDBHKTH S (DFVEHLFR & oMb TIERV). Bia
category theory \CHED W7 REREE 2 506 5 NEBIE D ERTIEICL Y, 1B
BT 077 IV 72T 2 EDBAREL 72> T 5.

Magma ZHEY 7+ v =27 TH 3™ (HXELT1 74k 210 /i
T, S ed 3EMIT Y ST MEEZRFFTE S). L2 L Magma
Calculator & LI 24 v 74 vEEEMAERIRS A I T 5,

http://magma.maths.usyd.edu.au/calc/

*LRRGIC BT 2 BP5EIE JSPS BHIfE JP15K17515 OBkA 272 O TF.
This work is supported by JSPS KAKENHI Grant Number JP15K17515.
*2 http://www2.math.kyushu-u.ac.jp/~s-yokoyama/files/ss2017demo.txt
BHECRDH B, TuFI4xx) T4y R LTRBEE RT3, “Cost Recovery”
ZHBE LTHY, HAHWTREZ RS - EEOBM Z RIS 2 720 Offit&SHETH 5.
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Magma 13 ICRFRICEFH T THH (2018/01/01 B ver.2.23), 50KB
FTOANNCH LT 120 GRERMF2&Y) £ TotER (EEE™) ]
HETHD.

Y7 7L Y AR 2T AT web _— U h L MRCATAIRE CEFERD &)
ThY, H7T) —HIRE - FHEARBEOLD LD

http://magma.maths.usyd.edu.au/magma/documentation/

»oFATE S, ks HIML ~—2CHET 3 2 & 2324 5 (KB
Magma % A3 % & pdf ROIFIHATE 228, T =— D pdf » L5 %
TR LARNETHZ). £/, ®AICTTFT 22—+ Y T “First Steps in
Magma” ICHZ@EL CTH & X\, AT, FEE “Discovering Mathematics
with Magma” (Springer, 2006) ® appendix IZ 3 F = — b U T ABGH S 11
TWw5.

5.1 Magma O3k - EAFE

¥ 3 Magma O - IR X 5. AR TIE Magma 1B 5 AT
EHNELTO LS KL T 5.

> 142+3;
6

1ITHZAS, 2/THBHEITH 3. B LITHRID > 3FERICASI T34
Ed e,

> Factorization(20170829);
[ <7, 1>, <2881547, 1> ]

BE%X Factorization D5 EAARER DG, T OXRRE B2z IT5. £
X & TN tuple THAZHLNE, HlzE [ <2, 3>, <17, 1> ] & 61F23.17
D ETH3D.

> SetVerbose("Factorization",1);

> n:=15509118958246132396742227337406048319100603469400339614
> 46977108703733045296552321107873005998289021085442480493
> 81377511219702428693927879643018958702811151575938519984
102178816;

A\

BRI BB 22008, [F— IP 205 KRIC Y 3 728480 b N7 543l 1S % HilIR <
NBAHEDH 5.



5.1 Magma D3 - i &5

83

> Factorization(n);
Integer main factorization (primality of factors will be proved)
Effort: 3
Seed: 1886283651 0
Number: 155... (FE&) ...816
Pollard Rho
Trials: 8191
Number: 231... (BE) ...251 (105 digits)
Factor: 21727894856911 (14 digits)
Cofactor: 106... (E&) ...941 (92 digits)
Time: 0.010
Pollard Rho
Trials: 8191
Number: 21727894856911 (14 digits)
Factor: 3726911 (7 digits)
Cofactor: 5830001 (7 digits)
Time: 0.000
Pollard Rho
Trials: 8191
Number: 3726911 (7 digits)
Pollard Rho
Trials: 8191
Number: 5830001 (7 digits)
Pollard Rho
Trials: 8191
Number: 106... (H8&) ...941 (92 digits)
No factor found

Time: 0.000

1 composite number remaining

ECM
x: 106... (hB&) ...941 (92 digits)
Initial B1l: 5000, limit: 858248
Initial Pollard p - 1, Bl: 45000
Step 1; Bl: 5000 [858248], digits: 92, elapsed time: 0.029
Factor: 146234082633259 (15 digits)
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Cofactor: 729... (#H#) ...799 (77 digits)
Total ECM time: 0.220

ECM
x: 729... (hB§) ...799 (77 digits)
Initial B1l: 5429, limit: 176526
Step 1; B1l: 5429 [176526], digits: 77, elapsed time: 0.000
Step 10; Bl: 6106 [176526], digits: 77, elapsed time: 0.240
Step 20; B1l: 6906 [176526], digits: 77, elapsed time: 0.550
Step 30; B1l: 7756 [176526], digits: 77, elapsed time: 0.889
Factor: 75045259055838983 (17 digits)
Cofactor: 971... (FB§) ...953 (60 digits)
Total ECM time: 0.919

ECM

x: 971... (FhB§) ...953 (60 digits)

Initial B1l: 7756, limit: 16224

Step 1; Bl: 7756 [16224], digits: 60, elapsed time: 0.000
Factor: 6722279202985811 (16 digits)

Cofactor: 144526707646708212356380247022426585248301323
(45 digits)

Total ECM time: 0.040

Total time: 1.199

[ <2, 206>, <67, 2>, <271, 1>, <6351, 1>, <3726911, 1>,
<56830001, 1>, <146234082633259, 1>, <6722279202985811, 1>,
<75045259055838983, 1>,
<144526707646708212356380247022426585248301323, 1> ]

B 17T Mo BARE n ORRESETH 5. B SetVerbose 1%, W
THONTWEIHEDOFMAH IS ® 2200 b0 TH 2. &2 TREK
Factorization DL~ 1% it Xt wifERzHiLTcws (v~
NDT 7 4 MEIZ 0T, ZOEHEIEEROAEHTITS). Magma Tl

e Pollard p i&
o tHEMh#FE (ECM)
o LA "X (MPQS) &

DIFEHEOT AT Y RLREEMAEINTEHY, FHIE LT EASIEICETL &8
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SafREITS. 2F VW SROYAEIX, 3 Pollard p ik THEE AR, ZhT
Lo -ERAGHE (LEbN ) #EMMETHMRL Twi LR
DHhbH. BV V% T 740 MEICREL TH S, §HEZHETLZLICT 5.

> SetVerbose("Factorization",0);

B Factorization 1, ZHEADORESMICHFIHTE 328, —2FFEER
HAH 5,

> Factorization(x~3+6*x"2+11*x+6) ;

>> Factorization(x~3+6*x”~2+11%x+6) ;

User error: Identifier ’x’ has not been declared or assigned

—EBLIEN 23 + 622 + 1l +6 ZRBOME L5 eT5L, o)
BIT—Ave—URFRING, Zhid B ¢ BPREHE (TH 1R X
nNTwhwn) Wz, StETERWw] L w57 —Th%. Magma TiLilF D
(= Q ko) WEHEE T TIEEL, KK K/Q ECHRIEF, LcoRiK
SRELFR—PLTWB 20, FHAEY [ Lok ECRESHL TW2 D2
EELARWE S, TDX ST strict BRI RO BFEET %0, ZDEAEIL

> P<x>:=PolynomialRing(Integers());
& LT, x PBBIREO AL EHAROAEFOLTH 2 LHEETLIT L,

> Factorization(x~3+6*x"2+11*x+6) ;

C
<x + 1, 1>,
<x + 2, 1>,
<x + 3, 1>
]

BE#( Factorization WCBHT 327 —% % 5 —BliEN T 5. UTITEHAREKDH
10000000/20 = 500000 DEREBAETH 5.

> Factorization(10000000/20) ;

>> Factorization(10000000/20) ;

*S Z OB TIIARED L S HAHTH B, ERITERID LAk,
*6 Z NITEHIPCHENCE L 22, FVvIARIRD 3 & FOEHANERTE 3.
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~

Runtime error in ’Factorization’: Bad argument types

Argument types given: FldRatElt

“Bad argument types” T 7 —lt [ARATI I N2 XEEPLLIHALB A>T
] LWHEKRTHY, 2Tk TANBEAE TRV T eAFRTH
5. % DERZIC “Argument types given: FIdRatElt” & i1 <TEsh, -
% 0 [10000000/20 1 HHEHE THI 2O TE ] LFoTWwbbIFT
» %. FldRatElt i¥ Field of Rational, Element Ol TH 5. LTI Z D
fifilx 500000 TH % 2> 5 AR L BT R E TH 528, Magma TlE (&)
X b Magma MADEERE S 27 L icBWT ) BEZ1T o 72K b CHBE
DILRMINTLES> DTH 2. TnrEET 21T, REOKHENSHUH
B (2 ClEBHCT) THhreESL TR L.

> Factorization(Integers()!(10000000/20)) ;
[ <2, 5>, <5, 6> ]

XIn 23 [n %2 XDILTH2LH%T| LWHIBKRTHS. Z0T727=v 7L,
lifting % reduction %% M3 2 BGEROFHRICE W CIEHICEET 5.

> Parent (10000000.0/20.0);
Real field of precision 30

BEBENEEEMT S &, BT RS ERLEARIND, FIREEICEWTE
BaW S BEIIKE precision %200 2 08035 5 DT, FHEBEEICEET S
WERB L, T 740 Ml 30 TH 22, HFERMEICEETE S,

> K<a>:= QuadraticField(5); a; Parent(a);

a

Quadratic Field with defining polynomial x"2 - 5 over the
Rational Field

> a”2-5; Sqrt(5)"2-5;

0

0.000000000000000000000000000000

> a”2-5 eq Sqrt(5)"2-5;

>> a”2-5 eq Sqrt(5)"2-5;
Runtime error in ’eq’: Bad argument types

Argument types given: FldQuadElt[FldRat], F1dReElt
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SRR K =Q(V5) 54T, xDERItE a T3, 2%V a=5Th
%. Magma (I3 FHIR% KD 2 B8 Sqrt 235 % 23, T N3 FEEBHEL L% IR
TEABCH 2 DIcH LT a iF exact 12 V6 ZIREFL T3 Z & IciEHTH 3.
Blb a2 L TH5%5(< & exact IC0 &757%, Sqre(5) # 2FLTH %
51< & 0.000... L&Y, BEICIZZINIZ0 TldAay (FTH8 0 EE0REN: %
BTtxhtw). {toT, MERAT—NATHIEI2?2 LIV Freyr X
ThY, LI >Rz Ii— Xy e—Uiiians.

> K:=GF(7); s:=K!23; s; Parent(s);
2

Finite field of size 7

AIREF, (X0 —fRiC Fysq 3FBRA~E) bz 5. Lid Fr icksnT23 28
2THEZLERLTVS. BB FiniteField & GF X[RI LB TH 3.

> &+[k"2 : k in [1..24]];
4900

24 24
ER D) R ERFLTO S, & & e T [ R TE 5.
k=1

k=1
> exists(x,y){<x,y> : x,y in [1..10] | x"2+y~2 eq 89};
true
> X ¥;
5
8

INEF1<z2,y<10 BT 2?2 +y? =89 2 Ah72F X5 7% (2,y) € Z9?
DFET 2058 CcHs. dL—2TdRo0NE, ZOBMEICEHE
PEIELTC o,y ICEZENT 2. 22Tl a=5y=8 BRAINTV3,
b L—2b RO RITNIT false ZiKT . exists Db Y IC forall &
T, 1<2,y<10 232 TD (z,y) € Z9? TR L T 22 +y% =89 2K
DizorEHET ZERHE (T/F) Bt 2 (ZoH&EIEd D AHA false
ZiRF).

> C<i> :

QuadraticField(-1);

hom<C -> C | -i>;

> conj :
> conj(3-4%*i);

4xi + 3

Magma (ZBEFRICE D W ZE%EITH 2720, Birolad BRIk x 5. #ilz
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O =QH-1) ¢LT, C Lo¥ARMEHREY conj LERT 5. HEREME
RE L7\, B 258 TcHLE hom DDV IC map T 5. ZDHED -i
DERGIE, C DAL i (2 2 TRHBEHEN) % —i KHEFTLWHIEKRTH 2.
DF Y INIERERRKEELGX 25K THD. LI 3 -4 E AT, B
RE - FREPANED 2D, WL ICEZLE 3 +4i I N5,

> G<a,b>:=Sym(4); // symmetric group on 4 elements
> Order(a) eq 4 or Order(b) eq 4;

true

> IsAlternating(G);

false

Magma TIEHEROFH S A ICETTE 2 (TRICHEMEFR D Mordell-Weil
BB R 2> 0T, ZORREBIISLHATHS). LTI 4 ZAIREE Sy
ZEEL, ZO2O00EBILDOEL LD 4 TH DI L ulErH T
5. F72 Sy BERABECTEZWZ L ZHERL TS, Is... OEOREIIM
IZ% IsSymmetric, IsAbelian, IsNormal, IsSoluble 7 &23% 5,

> P<x>:=PolynomialRing(Rationals());
> f:=x"6+x"4-2*%xx"2-1;
> Gf:=GaloisGroup(f); Gf;
Permutation group Gf acting on a set of cardinality 6
Order = 12 = 272 * 3
(2, 5)(@3, 6)
(1, 4)(@3, 6)
(1, 5, 3)(2, 6, 4)
> IsAbelian(Gf);

false

ZNiT Galois HOFETH 5. Q Lk 6 XILKMAEZL DT Galois #ElE Sg OB
SEEELTELN, DT 12 TH 3. F7- Galois FEZ T — AT
B b D,

> IsIsomorphic(Gf,AlternatingGroup(4));

true Mapping from: GrpPerm: Gf to GrpPerm: $, Degree 4,
Order 272 * 3

Composition of Mapping from: GrpPerm: Gf to GrpPC and
Mapping from: GrpPC to GrpPC and

Mapping from: GrpPC to GrpPerm: $, Degree 4, Order 272 * 3
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FI1X Z D Galois #ElE 4 KERHEE Ay LFEBICTH 5. Magma TlE, Z Nzl
% 7- 0 DA% IsIsomorphic #F#{T79 % &, RV E true &[T Galois
b Ay ~ORMEREY 52 %, & CR/INVDi#AERD, 2D ETEES
HA £ 2L AL L, UTOX ) Ic—XRAOMICnEEns.

> S<b>:=SplittingField(f); S;
Number Field with defining polynomial x"12 + 4%x~10 + 10*x"8
+ 34xx76 - 7T*x"4 + 98*x"2 + 49 over the Rational Field
> Factorization(PolynomialRing(S)!f) ;
L
<$.1 + 1/22806*%(-191*%b"10 - 295%b"8 - 111%b~"6 - 908*b~4
+ 19089%b~2 - 16576), 1>,
<$.1 + 1/22806*(191xb"10 + 295%xb~8 + 111%b~6 + 908*b~4
- 19089%b~2 + 16576), 1>,
<$.1 + 1/22806%*(-284*b"11 - 1138%b"9 - 3261%b"7
- 11090%b"5 + 2277%b"3 - 42259%b), 1>,
<$.1 + 1/22806*(-284*b~11 - 1138%b~9 - 3261%b"7
- 11090%b"5 + 2277%b~3 - 19453%b), 1>,
<$.1 + 1/22806%(284*b~11 + 1138%b~9 + 3261%b"7
+ 11090%b~5 - 2277*b~3 + 19453%b), 1>,
<$.1 + 1/22806%(284%b~11 + 1138%b~9 + 3261*b"7
+ 11090%b~5 - 2277*b~3 + 42259%b), 1>

5.2 Q LotsMehiR
ZNTRIEMEHROFEICEA 5. £33 Q LotgHdhif
v+ arzy + asy = ° + asr? + asx + ag
ZEZSL. b OORBEEICAN LT, BHIi E/Q 2155.

> E:=EllipticCurve([1,2,3,4,6]); E;
Elliptic Curve defined by y~2 + x*y + 3%y = x"3 + 2*%x72 + 4*x + 6

over Rational Field

& icfiimgfL T g
v =2+ ar+b

DFEM % % 5 413 EllipticCurve([a,b]); & T L.
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bInvariants(E);
9, 11, 33, 44 ]
cInvariants(E);
-183, -4293 ]

vV m V M/ VvV

jInvariant (E);
6128487/14212

> Discriminant (E);
-14212

> Conductor(E);

7106

> Factorization($1);

[ <2, 1>, <11, 1>, <17, 1>, <19, 1> ]

BHEALZBRELHETE S, REDANICEHNNS $1 13 1 ooz
L, STCTIRETOMHE 7106 £ Ak I NTW3*, BFoRRNENHE RS L,
Z OREMERD bad prime 1 2,11,17,19 D42 TH B R nn b, Th
5 1ZB9%X BadPrimes TH KD LN 5,

> BadPrimes (E);
[ 2, 11, 17, 19 ]

Magma IC (¥, Cremona IC X MMM D T — 2 X —2ABEITN T2, Z
D7z, BIZITEF2EC L THMAMMRDO Y 2 P 2152 2 L b A[RETH 5.

> DB:=EllipticCurveDatabase(); DB;

John Cremona’s elliptic curve database
PIZIE DT =2 _=2pb, HTF 37 MR Z 5 WTHES.

> ES:=EllipticCurves(DB,37);
> ES;
[

Elliptic Curve defined by y°2 + y = x"3 - x over

Rational Field,

Elliptic Curve defined by y™2 + y = x"3 + x72 - 23%x - 50

over Rational Field,

Elliptic Curve defined by y™2 + y = x"3 + x72 - 1873%x

TREBRICLT $2 32T 2 ooy, EIBHRIN —14212 2551 h 3. AFHifioRk
INGRR L COERLSTHEAXORE B CcHII I N $.1 WA LZREROLEH R T
B, 0T $1 LIIECEEZDTHEETH B,
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- 31833 over Rational Field,
Elliptic Curve defined by y™2 + y = x"3 + x72 - 3%x + 1
over Rational Field

]

> Conductor(ES[1]);

37

Cremona’s index (FEMH#HO S A E) #fiszedTcx . fHlzid

“37al” F 2o, BT 37 ofgHEkiRD 5 B, FEFEER L <CEonz al &
v iR fE T

> E37:=EllipticCurve("37al");

> E37;

Elliptic Curve defined by y"2 + y = x"3 - x over
Rational Field

e\ T Mordell-Weil 7 (K O A HS 2K D 72 5 HIRER 7 — <)
E(Q) ko 5. sLla oMk B 251 ¥ HiZ v 2.

> time MordellWeilGroup(E);

Abelian Group isomorphic to Z

Defined on 1 generator (free)

Mapping from: Abelian Group isomorphic to Z

Defined on 1 generator (free) to Set of points of E with
coordinates in Rational Field given by a rule [no inverse]
true true

Time: 0.290

> TorsionSubgroup(E);

Abelian Group of order 1

CoEAIR EQ) ~Z ThoarZ edanrd. I oicZ ofFHi#RIc 5
Tate-Shafarevich #HZHH L 72 2 55, 2-Selmer #flL Z/27 &7 5.

> TwoSelmerGroup (E) ;
Abelian Group isomorphic to Z/2
Defined on 1 generator
Relations:
2x$.1 =0
Mapping from: Univariate Quotient Polynomial Algebra in theta

over Rational Field
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with modulus theta”™3 - 3*theta”™2 + 64*theta + 256 to Abelian
Group isomorphic to Z/2

Defined on 1 generator

Relations:

2x$.1 = 0 given by a rule

BRI ARt RS EREch 2 b b, 22Tl B(Q) oERItE LT
(—1,-3) 2EIRE N, ZOMNEBIIERKTH 3 2 LWfErD LN,

> pt:=Generators(E) [1]; pt;

(-1 : -3 : 1)
> Order (ptl);
0

BB 0 7o T3S, THIZERKZERL TS Z LITERT 5.

> 2xpt;

(3/4 : 15/8 : 1)

> 3*pt;

(431/49 : -12377/343 : 1)

> 2*xpt+3*pt;

(14907791/2486929 : 54409047141/3921887033 : 1)
> $1 eq 5*pt;

true

> Height(pt); NaiveHeight (pt);
0.659032053555165369451027692666
1.33902066213028345027690308362E-72

MR Eo o e 27 7%, @I R bR TE 3.

> MM,phi:=MinimalModel(E); MM;

Elliptic Curve defined by y™2 + x*y = x"3 - X2 + 4xx + 4
over Rational Field

> phi;

Elliptic curve isomorphism from: CrvEll: E to CrvEll: MM
Taking (x : y : 1) to (x+1 :y+1: 1)

> phi(E!'[-1,-3]);

0 :-2:1

*8 Sage / CoCalc Ti3 Infinity LA TN 3.
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> invphi:=Inverse(phi); invphi;
Elliptic curve isomorphism from: CrvEll: MM to CrvEll: E
Taking (x : y : 1) to (x -1 :y-1:1)

fEM R £ offheF7 1 B %Ko 2 B MinimalModel T, MQ@ﬁﬁ
ELTE »b B ~oRMEHRE 52 %, CoOBAI x BEE, ¢ BT
EOTTB#HT 25450, E Lok (-1,-3) 28 B Lo (0,-2) iKF
LT 5. TEE (B 226 E ~OFRMER) b BEI% Inverse %
2 IFRRIC/S o NS,

> E:=EllipticCurve([GF(5)|7,5]); E

Elliptic Curve defined by y~2 = x"3 + 2*x over GF(5)
> Points(E);

{@ (0:1:0), (0O:0:1) e}

> Twists(E);

L
Elliptic Curve defined by y~2 = x"3 + 2*x over GF(5),
Elliptic Curve defined by y~2 = x"3 + 4*x over GF(5),
Elliptic Curve defined by y~2 = x"3 + 3*x over GF(5),
Elliptic Curve defined by y~2 = x"3 + x over GF(5)

]

Magma TIZHERAE EOFHEERb S C LA TE 5, EAEZZH T 510k
EllipticCurve ([K|**x]); & L CHEE L, K O ICEIEARZ, *xx DF5>
R E ANS., BRELOSTOE %5253 210 1ZBI%L Points ZH W 5

¥ 2B Twists ZH VL, G2 5N ToO twist /1 TE 3.
2 X twist ICRIE L 72 W& 11X

> QuadraticTwists(E);

L
Elliptic Curve defined by y~2 = x"3 + 2*x over GF(5),
Elliptic Curve defined by y~2 = x"3 + 3%x over GF(5)
]
EFhiE Lo,

> p:=NextPrime(1079); p
1000000007

> E:=EllipticCurve ([GF(p)|0,1]);
> SEA(E);
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1000000008
> IsSupersingular (E);

true

% 72 Magma 1213, B RZGHEL p 1ot LT E/F, D% M=HAICE
53 % Schoof-Elkies-Atkin (SEA) 7oA 3V XLapEEINTEY, Lok
ICFHEDTE 2. & I T OFEMEhR TR supersingular T» 5.

SEA 7A=Y XA DFEHICOWTIE, AlELOLHIERK OFLF 2 S
Iz,

5.3 R¥E_LDiEMdhHR
Bew CHBERAS R (Q DHRKIEANR) OBAESEL LS.

> P<x>:=PolynomialRing(Rationals());
> N<a>:=NumberField(x"2-5);
> N;
Number Field with defining polynomial x"2 - 5 over the
Rational Field
> E:=EllipticCurve([N|1,1,1,-3,1]); E;
Elliptic Curve defined by y™2 + x*y + y = x"3 + x72 - 3*x + 1
over N
> MordellWeilGroup(E);
Abelian Group isomorphic to Z/15
Defined on 1 generator
Relations:
156%$.1 = 0
Mapping from: Abelian Group isomorphic to Z/15
Defined on 1 generator
Relations:
16%$.1 = 0 to Set of points of E with coordinates in N
given by a rule [no inverse]

true true

FiZ Q(V5) EotEMihiR 2 + oy +y =2 +22 -3z +1 TH3 (“NI” ©
Hanizmnwe Q LofEHifteE LTAaEINnTLE ). D Mordell-Weil

WqEFEMpoE E % Fy FoEMHi#e Lict ¥ g+ 1—#E(Fy) =0 (mod p) %
BT Lo EDT L.
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B E(Q(V5)) it Z/15Z KRB TH 5. £t Q(v5) Lo ciii 15
® torsion point Z b2 b Dl (R ZKW<C) Z oMo rTH 3 (X
 Mazur OEH2 5, Q LofEMHEHFRICIZAIE 15 @ torsion point % & 2
D DIXTFEL T2 \).

> pt3:=Generators(E) [1]; pt3;
(-2%a + 5 : 8%a - 18 : 1)

> 15%pt3;

0 :1:0)

%15 DS (5 —2v5,—18 4+ 8V5) TH B Z L b b, hBHHY
JERRIC BT (0:1:0) (3MRER O 2K,

> G,phi:=UnitGroup(N); G;
Abelian Group isomorphic to Z/2 + Z
Defined on 2 generators
Relations:
2%G.1 =0
> phi;
Mapping from: GrpAb: G to Maximal Order of Equation Order
with defining polynomial x"2 - 5 over its ground order
> u:=N!phi(G.2);
> u;
1/2x(a + 1)
> Norm(u) ;

-1

it Q(V5) DEEAYEE ok 20 0EHETH L. Q(V5) DHEBE
DERITCIZ 2 2H 25, 1 DHPME 2, 2 DHPERMNETH 5556, FE
HIHZR 2 DHZRAL w KL TWw3, fRE L CELNZRAREKIL
(1+v5)/2 T, 2D/ rLiF —1 TH3.

> E:=EllipticCurve([N|O,u+1,0,u,0]); E;
Elliptic Curve defined by
y°2 = x"3 + 1/2*%(a + 3)*x"2 + 1/2*%(a + 1)*x over N

wldbbsA QH5) Dite LTEbNT B DT, MO BRKICED %
TENTE D, BBl oA EREZIEEES, HiC

> E:=EllipticCurve([0,u+1,0,u,0]);
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EAST I, BEIIC Q(V5) EoksMiife LCiIng.,

> I:=ideal<MaximalOrder(N) |3>; I;
Principal Ideal
Generator:
[3, 0]
> IsPrime(I);
true
> Reduction(E,I);
Elliptic Curve defined by y~2 = x"3 + 2%$.1*x"2 + (2%$.1 + 2)*x
over GF(3°2)
Mapping from: CrvEll: E to Elliptic Curve defined by
y°2 = x73 + 2x$.1xx"2 + (2%$.1 + 2)*x over GF(372)

given by a rule [no inverse]

FEFTHRAR D FRICIC 1XBIS Reduction V2. LHIXHIEA 774 (3) TO#E
JCTH Y, MaximalOrder (ZREUR N IR On 2FKT. Zhic X - TR
iz Fy &%, —F, HIEAFT7A (2) 13 OfEMEERICE 1T 2 bad place
THEDH, EILTDHILEHBTE RN,

> I:=ideal<MaximalOrder (N) |2>;

> Reduction(E,I);

>> Reduction(E,I);
Runtime error: model should be integral and of good reduction
at the prime
> Conductor(E);
Principal Ideal
Generator:
[16, 0]
> Factorization($1);
L
<Principal Prime Ideal
Generator:

[2, o], 4>

—_

w%IC Magma ICHRIEFEHE X N 72BI8 EllipticCurveSearch ZAH/ML X 5.
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Z OB Cremona-Thongjunthug 12 X 3 -4 &% H 7215 M BhifR D K
Z LB THE. BTE2EET L L, 20ETE OEMMREEET 3.
EBHFHDOK/NIA 7> 3 v Effort THET 5. T I Tt Effort=10 T
ET 5. £FI1FETF L LT norm conductor 2 Db D EEET

> I1:=ideal<MaximalOrder (N) |2>; I1;
Principal Ideal
Generator:
[2, 0]
> SetVerbose("ECSearch",1);
> EllipticCurveSearch(I1,10);
Checking for curves with j-invariant O or 1728

Checking Q-rational curves with conductors [ 2, 50 ]

72 candidates for discriminants (up to 6th powers)

Preliminary phase took 0.170s

Effort = 10:
Effort = 10 took 3.180s [memory usage 61M]
(]

R E LT, 20 &5 2EMHRE—RKDBRorokw. twiod, Eid
Q(v5) LofEME#k® 5 B, H/h® norm conductor 13 31 TH 3.

> I2:=ideal<MaximalOrder (N) |31>; I2;
Principal Ideal
Generator:
[31, 0]
> SetVerbose("ECSearch",1);
> ECS:=EllipticCurveSearch(I2,10);
Checking for curves with j-invariant O or 1728

Checking Q-rational curves with conductors [ 31, 775 ]

432 candidates for discriminants (up to 6th powers)
Preliminary phase took 0.640s

Effort = 10: Found curve with discriminant -372*%a - 1271
(norm 923521) and j = 1/29791x(-102400*a + 10518528)
Coefficients: [0, 1/2%(-a + 1), 1, 2, 1/2%(-a - 3)]
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Effort = 10 took 12.200s [memory usage 95M]
> ECS;
[

Elliptic Curve defined by y™2 + y = x”3 + 1/2x(-a + 1)*x"2
+ 2%x + 1/2%(-a - 3) over N,

x"3 + 1/2%(a + 1)*x72

Elliptic Curve defined by y"2 + y
+ 2%x + 1/2%(a - 3) over N

]

> E:=ECS[1]; Conductor(E);

Principal Ideal

Generator:
[31, 0]

> E:=ECS[2]; Conductor(E);

Principal Ideal

Generator:

[31, 0]

SIS T 2 MR 2 KRES2 0, 2D L HEFEDR (31) TH 2
TLDHERETE 3.

5.4 BfsFIehER

BB LT, EHEHTIIENTE Do 2BEMRROEIC oW T
MT 5. REEHETZ (SRIEREHOZD, R=Q & L CiltH%iE0 %),
f(z),h(x) ZIic RGO —ZEHLHAL Lz %

y* + h(z)y = f(z)
ThH 2 b0 5 IR AR 2 BE M EER hyperelliptic curve & X 53,

> P<x>:=PolynomialRing(Rationals());

> £:=x"6+3*%xx"5-4%x+2;

> h:=x;

> C:=HyperellipticCurve([f,h]); C;

Hyperelliptic Curve defined by

y°2 + x*%y = x76 + 3*%x"5 - 4xx + 2 over Ratiomnal Field
> Genus(C);

2

> Conductor(C);
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1158971546
> Factorization($1);

[ <2, 1>, <579485773, 1> ]
C 13 2 DiEEREME#R <& Y, bad prime 1% 2 & 579485773 D 2 O TH 5.

> Igusalnvariants(C);

[ -1920, 128878, 177705, -4237683121, -1158971546 ]

f(z) OROEREZ N TERI N2 HEALLE Igusa invariant DEFHE S 7]
fETdH 510,

> pt:=C![1,1]; pt;
1:1: 1
> Involution(pt);
1:-2:1

FEHEMR G A L [FEk, EEMR EomZik> 2 b RETH 5. BB
Involution ¥, AJI X N7z dD hyperelliptic involution TH Y, -pt & A
TLTH X,

> PointsAtInfinity(C) ;
{@¢ (1 :-1:0, (1 :1:0) @}

RO EE 1T R R Y, ZOBAIRERERD 2 2 ET 5.

> Cp:=ChangeRing(C,GF(37));

> Cp;

Hyperelliptic Curve defined by

y°2 + xxy = x"6 + 3*%x"5 + 33*%x + 2 over GF(37)

> Points(Cp);

{e (1 :1:0, (1 :36 :0, (L :1:1), (1:3: 1),
(2:8:1), (2:27 :1), (6 : 14 : 1), (6 :18 : 1),
(6 :32:1), (6 :36 :1), (7 :32:1), (r :3 :1),
12 : 7 : 1), (12 : 18 : 1), (13 : 7 : 1), (13 : 17 : 1),
14 : 2 : 1), (14 : 21 : 1), (16 : 29 : 1), (17 : 1 : 1),

*10 15 M i 1C 351 2 BERCH S ECDLP (3 72 WG 5 B3R & L CHE T i 50340 5
TWw3 2, BIEMEREHCEES HEET S, Z0o—28 LT, HEARLEEZHWCHE
MBS 2 KT 2 FEAM O Tw 3, of. MEMA (th3 %) [HERLEELXH
W 7z B AE R AR S 5 DRI 2T ) (On construction of secure hyperelliptic curve
cryptosystems using Igusa invariants) , & FEHREE Y CiE A (J84-A-8, 2001)
pp.1045-1053.
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(17 : 19 : 1), (18 : 8 : 1), (18 : 11 : 1), (19 : 20 : 1),
(19 : 35 : 1), (21 : 6 : 1), (21 : 10 : 1), (22 : 18 : 1),
(22 : 34 : 1), (24 : 5 : 1), (24 : 8 : 1), (256 : 5 : 1),
(25 : 7 : 1), (27 : 13 : 1), (27 : 34 : 1), (31 : 7 : 1),
(31 : 36 : 1), (32 : 17 : 1), (832 : 25 : 1), (33 : 13 : 1),
(33 :28:1), (34 : 11 : 1), (34 :29 : 1), (36 : 5 : 1),
(35 : 34 : 1) @}

HEAEZEREICNOVEZ 22 bRGTH L. CoGHIETOREIIZET
% 5 B4 Points Mz 5.

> Twists(Cp);

L
Hyperelliptic Curve defined by
y©2 = 19%x76 + 10%x"5 + 27*x"4 + 10%x73 + 24*%x72 + 28%x + 1
over GF(37),
Hyperelliptic Curve defined by
yT2 = x76 + 20%x75 + 17*%x74 + 20*%x"3 + 11*x72 + 19%x + 2
over GF(37)

]

Symmetric group acting on a set of cardinality 2

Order = 2

FFE AR DRSS 2 %7213 3 DA, RO ST D twist ZFIFTE 28
¥ Twists PFIHTE 2. FED 2 0BG TR CEITTE 2208, HEHK
753 OBERIEBREOBE S 11 U ETH Y, 2 y? = f(z) (h(z)=0) O
Z A T ORI L2 T % v,

> J:=Jacobian(C); J;

Jacobian of Hyperelliptic Curve defined by

y°2 + x*y = x76 + 3*x”5 - 4*x + 2 over Rational Field
> Dimension(J);

2

> TwoSelmerGroup(J);

Abelian Group isomorphic to Z/2 + Z/2 + Z/2

Defined on 3 generators

Relations:
2x$.1 =0
2%x$.2 = 0
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2x$.3 = 0
Mapping from: Abelian Group isomorphic to Z/2 + Z/2 + Z/2

Defined on 3 generators

Relations:
2%$.1 =0
2%$.2 = 0
2x$.3 = 0 to Univariate Quotient Polynomial Algebra in

$.1 over Rational Field
with modulus $.1°6 + 12%$.1°5 + 64x$.1°2 - 4096*$.1 + 8192
given by a rule [no inverse]
> RankBound (J) ;
3

R M2 & £ % Jacobian OFFMREHITZ % (& < I LTl 2-descent 7 /v
TV RXLEFETLTS). & ICHRE LoREMiER2 & E £ % Jacobian
DEFHEICOWTIE, BE L ONTBEE 22 T 5. klg o Fi; Lo
Mt C, ® Jacobian % ffio THEEEL THZd DBRTH 5.

> Jp:=Jacobian(Cp); Points(Jp);
{@ (1, 0, 0), (x"2 + 28%x + 5, 11*x + 36, 2), (x"2 + 11*x + 30,
18%x + 4, 2), (x"2 + 8xx + 16, 12*%x + 2, 2), (x"2 + 9*%x + 21,

13*x + 28, 2), (x + 32, x73, 2), (x72 + 12%x + 19, 34*x + 1, 2),

... (PEE) ...
(x + 32, 36%x"3 + 32, 2), (x°2 + 9%x + 21, 23xx + 9, 2),

(x72 + 8*x + 16, 24%x + 35, 2), (x72 + 11*x + 30, 18xx + 33, 2),

(x"2 + 28xx + 5, 26*xx + 1, 2) @}
> #3$1;
1693
> ptjl:=Random(Jp); ptjl;
(x72 + 16*x + 16, 30*x + 24, 2)
> ptj2:=Random(Jp); ptj2;
(x72 + 6%x + 6, 23*x + 27, 2)
> 2xptjl;
(x72 + 23*x + 26, 28*x + 24, 2)
> ptjl+ptj2;
(x72 + 29%x + 5, 7*x + 30, 2)
> Order($1);
1693
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55 HbHYIC

PAEoi Y, Magma (ZFEMHER - @REHEEROF R D 7= D 44 175 B
BeT VT XLEMEL TS, bk ) CMAGDE, AR - &
FRICIEAEHLCW27Z 03 2 L %) .
Magma% M ECHIAT 2%, UT o x5l 5.

e W. Bosma, J. Cannon and C. Playoust, The Magma algebra system I.
The user language, J. Symbolic Comput. 24 (1997), no. 3-4, pp.235-
265, Computational algebra and number theory (London, 1993).

Magma 1ZFEARWICY =2 a—FEZ AL Twiwniz®d, HL»ICED L%
WA ERR o756, N7OmREEZRETE R, 20 X5 ikilicE
B L6, BIF Magma OFAFE T — L ICHlEiz B Lzw, &<

e Magma ®N—v a v, ffifl PC @ OS E#
e Magma EEIRFICEKR X5 10 {1 initial seed FHF5
o BifRMe Ny (LBbNE DL D) OIER

ZIREEL WA TNIERENTH B,

SZ R
FEM MR OB ICET 2 ke LT, RENLD DR WL 29FITFTHL.

e J. H. Silverman and J. Tate, Rational Points on FElliptic Curve,
2nd edition, Undergraduate Texts in Mathematics, Springer-Verlag
(1992).

T Q Lotk icBE s 2 FHIHEZ# > T2, BAGID SEIC
BOAENTE Y EREIEAL LT W,

e J. H. Silverman, The Arithmetic of Elliptic Curves, 2nd edition,
Graduate Texts in Mathematics 106, Springer-Verlag (2009).
Rational Points... XV b EETH %28, HEEEEA L oRHih#ticB
TEHRELZIZITHEEL T 5.

e J. Cremona, Algorithms for Modular Elliptic Curves, 2nd edition,
Cambridge University Press (1997).

HITHFROFIFICRHME L 72—k F& i< X 2 MR ORISR 70 7 7 4
mwrank DXalZH 5 Z LA TE 5. FiC Q L XU F, LorgH R
DEFREHS .

H
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e N. P. Smart, The algorithmic resolution of Diophantine equations,
London Mathematical Society Student Text 41 (1998).
£ 4 it Diophantine equations & ® % 2%, gk Lo 3T
DBB %KD 5720 1% 7 LLL B FEA 70 =) X L7 & FEH
B Z e TE S, EUE oM OFRICEWTHEHT 5.

e J. Cremona and M. Lingham, Finding all elliptic curves with good
reduction outside a given set of primes, Exp. Math. 16 No.3 (2007),
303-312.

2017 4 X » Magma I3 I 1172 EllipticCurveSearch DML
ol X TH 5.

e T. Thongjunthug, Heights on elliptic curves over number fields, pe-
riod lattices, and complex elliptic logarithms, Ph. D. Thesis, The
University of Warwick (2011).

EllipticCurveSearch (TR & 7z Fik % FEfl i ik ~ 72 4 5m
short version 1% J. Cremona & O#:3E L L T

e J. Cremona and T. Thongjunthug, The complex AGM, periods of
elliptic curves over C and complex elliptic logarithms, J. Number
Theory 133, Issue 8 (2013), 2813-2841.
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