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Invariant metrics on homogeneous spaces with equivalent
isotropy summands

Marina STATHA™

Abstract. The space of G-invariant metrics on a homogeneous space
G/H is in one-to-one correspondence with the set of inner products
on the tangent space m = T,(G/H), which are invariant under the
isotropy representation. When all the isotropy summands are inequiv-
alent to each other, then the metric is called diagonal. We will describe
a special class of G-invariant metrics in the case where the isotropy
representation of G/H contains some equivalent isotropy summands.
Even though this problem has been considered sporadically in the
bibliography, in the present article we provide a more systematic and
organized description of such metrics. This will enable us to simplify
the problem of finding G-invariant Einstein metrics for homogeneous
spaces. We also provide some applications.

1. Introduction

A homogeneous manifold M is a manifold which admits a transitive

group of diffeomorphisms. However, in general there might be several dis-
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tinct transitive groups, i.e. non conjugate transitive subgroups of the diffeo-
morphism group of M, and these subgroups can be abstractly isomorphic.
If we fix a compact Lie group G acting on a homogeneous manifold M,
then after choosing a basepoint, we can write M as the coset space G/H,
where H is the isotropy group at the basepoint. From the theorem of My-
ers and Steenrod [15] it follows that the isometry group Iso(M) of M, is a
Lie group and that the isotropy subgroup H is a closed compact subgroup
of Iso(M). One of the fundamental properties of a homogeneous space is
that, if we know the value of a geometrical quantity at a given point, then
we can calculate its value at any other point of G/H by using translation
maps. Hence all calculations reduce to a single point which, for simplicity,
can be chosen to be the identity coset 0 = eH € G/H.

A Riemannian manifold (M, g) is called Einstein if the metric g satisfies
the condition Ric(g) = Ag for some A € R. We refer to [7] and [21], [22] for
old and new results on homogeneoous Einstein manifolds. The structure
of the set of invariant Einstein metrics on a given homogeneous space is
still not very well understood in general. The situation is only clear for
few classes of homogeneous spaces. For an arbitrary compact homogeneous
space G/H it is not clear if the set of invariant Einstein metrics (up to
isometry and up to scaling) is finite or not. A finiteness conjecture states
that this set is in fact finite if the isotropy representation of G/H consists

of pairwise inequivalent irreducible components ([9]).

A large class of homogeneous spaces are the reductive homogeneous
spaces. For these spaces there exists a subspace m of g such that g =hPdm
and Ad(H)m C m. The tangent space of M at o is canonically identified
with m. A major class of reductive homogeneous spaces are the isotropy
irreducible homogeneous spaces. These spaces have been studied by J. Wolf
in [25], where he proved that if G/H is an isotropy irreducible homogeneous
space, then G/H admits a unique (up to scalar) G-invariant metric, which
is also Einstein. Later, M. Wang and W. Ziller in [23] and [24], gave a com-
plete classification of such spaces. The most important examples of isotropy
irreducible homogeneous spaces are the irreducible symmetric spaces, clas-
sified by E. Cartan in 1926. More generally, in [7] it is shown that a non

compact irreducible homogeneous space is symmetric. If the reductive ho-
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mogeneous space is not isotropy irreducible, then its isotropy representation
splits into a direct sum of irreducible subrepresentations. Examples of such
spaces are the generalized flag manifolds, Wallach spaces, the projective
space CP?"*! and the Stiefel manifolds.

Generalized flag manifolds with two and four isotropy summands are
classified using a method based on Riemannian submersions by A. Arvan-
itoyeorgos and I. Chrysikos in [2], [3]. In general, homogeneous spaces
with two irreducible isotropy summands were classified by W. Dickinson
and M. Kerr in [11]. This classification is achieved under the assump-
tions that G is a compact, connected and simple Lie group, H is a closed
subgroup of G and G/H is simply connected. It should be noted that in
this classification there is only one example of a homogeneous space having
equivalent subrepresentations, namely the space SO(8)/ Gg 22 S7 x S7. The
G-invariant Einstein metrics on this space as well as on the homogeneous
spaces Spin(7)/U(3) = S x S¢ Spin(8)/U(3) = S x G5 (R®) and on
the Stiefel manifold VoaR™ ™! = SO(n + 1)/SO(n — 1), where the isotropy
representation splits into equivalent subrepresentations, were classified by
M. Kerr in [14]. The Allof-Wallach spaces Wj,; = SU(3)/SO(2) when
(k,1) = (1,0) and (k,l) = (1,1) are two examples of homogeneous spaces
with equivalent subrepresentations. In general, the space of invariant Rie-
mannian metrics on Wy, is parametrized by four positive parameters. For
(k,1) = (1,0) and (k,1) = (1, 1) this space depends on 6 and 10 positive real
numbers, respectively. By using the variational approach Yu. Nikonorov in
[16] proved that there are at most two invariant Einstein metrics on W7 ;.
Morever, he constructed a new invariant Einstein metric on Wi g which is
not diagonal with respect to the Ad(7)-invariant decomposition of SU(3),

where 7' is a maximal torus in SU(3).

Finally, A. Arvanitoyeorgos, Yu. Nikonorov and V. V. Dzhepko proved
that for s > 1 and k& > | > 3 the Stiefel manifold SO(sk + 1)/ SO(I)
admits at least four SO(sk + [)-invariant Einstein metrics, two of which
are Jensen’s metrics. The special case SO(2k +1)/SO(l) admitting at least
four SO(2k+1)-invariant Einstein metrics was treated in [4]. Corresponding
results for the quaternionic Stiefel manifolds Sp(sk+1)/ Sp(l) were obtained
in [5]. Recently, it was proved by A. Arvanitoyeorgos, Y. Sakane and the
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author in [6], that the Stiefel manifold V;R™ = SO(n)/SO(n — 4) admits
two more SO(n)-invariant Einstein metrics and that VsR” = SO(7)/SO(5)
admits four more SO(7)-invariant Einstein metrics.

In the present paper we study G-invariant metrics on homogeneous spaces
G/ H for which the isotropy representation contains equivalent subrepresen-
tations or isotropy summands. For such spaces the diagonal metrics are not
unique. We odserve that the normalizer Ng(H) acts on the space of all G-
invariant metrics MY by isometries, and we can choose a subgroup K of
Ng(H) such that the action of K on MY determines a subset of MC.
Our approach is analysized in Section 3 and is summarized in the following

Theorem:

Theorem 1.1. Let M = G/H be a homogeneous space of a compact
semisimple Lie group G and let K be a closed subgroup of G such that
H C K C Ng(H), where Ng(H) is the normalizer of H in G.

(1) The non trivial action (o, A) — po Ao @™t of the set P = {p =
Ad(k)jm : k€ K} C ® = {¢p = Ad(n)|m : n € Ng(H) C Aut(m), on
the set M of all G-invariant metrics on G/H is well defined.

(2) The set (M) Px = {A € MY : poAp™' = A for all p € B} of fived
points of the action in (1) determines a subset of all Ad(H)-invariant
inner products on m, called Ad(K)-invariant inner products. This set
in turn, determines a subset MK of MC.

Theorems of the above type are useful for the study of geometrical problems
(e.g. finding G-invariant Einstein metrics) on homogeneous space whose
isotropy representation contains equivalent summands (see for example [6]).

The paper is organized as follows: In Section 2 we recall some useful
results from representation theory. In Section 3 we analyse the action of
the normalizer Ng(H) on the set of M of all G-invariant metrics on G/H.
By restricting this action to a closed subgroup K of G such that H C K C
Ng(H), we obtain a subset M&X of all G-invariant metrics MY. As a
consequence, various geometrical objects (such as Ricci tensor) are easier
to by described. In Section 4 we relate such a choice of subgroup K (i.e.
H C K C Ng(H)) to Riemannian submersions K/H — G/H — G/K.
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2. Review of representation theory

A finite dimensional (real or complex) representation of a Lie group G
is a homomorphism ¢ : G — Aut(V), where V is a finite dimensional
(real or complex) vector space. The dimension of the representation is
the dimension of the vector space V. If there is no non trivial subspace
W C V with (W) C W then the representation ¢ called irreducible. The
complexification of a real representation ¢ : G — Aut(V) is defined as the
complex representation ¢ @ C: G — Aut(V ® C).

Definition 2.1. Two representations p1 : G — Aut(V1) and p2 : G —
Aut(Va) are called equivalent (o1 = o or Vi = Vi) if Vi and Va are G-
isomorphic, i.e. there exists a linear isomorphism f : V3 — Vo such that
fle1(g)v) = w2(g9) f(v), for all g € G and v € V1. Such an f is also called

G-equivariant map (or intertwining map).
A useful observation is the following.

Theorem 2.2. (Schur’s Lemma) If ¢ : G — Aut(V) is an irreducible
complex representation and f € Hom(V,V) is a G-equivariant map, then
f=cld for some c € C.

For every representation ¢ : G — Aut(V') of a compact topological group
G there exists a G-invariant inner product (-,-) on V, i.e. (¢(g)u,p(g)v) =
(u,v), for all ¢ € G and u,v € V. From this it follows that any rep-
resentation of a compact topological group is a direct sum of irreducible
representationsi.e. ¢ 2 1@ Dy, : G — Aut(V1&---@V,), where each
of ; : G — Aut(V;) (i =1,2,...,n) is irreducible.

If p is a real (resp. complex) irreducible representation and (-, -)1, (-, )2
are two G-invariant inner products (resp. hermitian inner products) on V,
then from the above theorem it follows that (-,-); = ¢(-, )2, for some c € R
(resp. ¢ € C). Therefore, if ¢ = 1 @ -+ @ ¢, and assuming that p; are
mutually inequivalent, then all G-invariant inner products on V' are given
by

(oy=z1 (N + e ), meR i=1,...,n

where (V;,Vj) = 0 for @ # j. Any other G-invariant inner product on V
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can be expressed as (-,-) = (4:,-), where A:V — V is a positive definite,
symmetric, G-equivariant linear map.

If p; and ¢; are equivalent for some 7 and j, then the above inner prod-
uct is not unique, and (V;, V;) does not necessarily vanish, thus the matrix
of the operator A has some non zero non diagonal elements. To find the
number of non diagonal elements, we need to determine the dimension of
the space of intertwining maps between the pairs of equivalent representa-
tions. For example, let 1 = o and ¢;, ¢ = 1,2 be irreducible as real
representations. The complexification of ¢ is not necessarily irreducible.

After complexifying 1, there are three possibilities ([14]):
1. If 1 ® C is irreducible, we call ¢ orthogonal.
2. If o1 ® C =1 @1 and v is not equivalent to 1, we call ¢; unitary.
3. If o1 ® C = @1 and v is equivalent to 1, we call ¢; symplectic.

The space of intertwining maps is 1-dimensional in the orthogonal case, 2-
dimensional in the unitary case, and 4-dimensional in the symplectic case.
Thus if in the decomposition of V=V, & Vo P - - - @ V,, we have r equivalent
summands (or modules), then the number of non diagonal elements in the

r(r—1)

orthogonal case is =5, in the unitary case it is 7(r — 1) and in the

symplectic case it is 2r(r — 1). In the present article we describe a special
class of G-invariant metrics on a homogeneous spaces G/H which contain

equivalent isotropy summands.

Definition 2.3. The adjoint representation of G is the homomorphism
Ad = AdY : G — Aut(g) given by Ad(g) = (dI,)e, where Iy : G — G,z +—

grg~t, and g is the Lie algebra of G.

Denote by an the standard representation of GL,R and by A, the stan-
dard representation of SO(n) (or O(n)). It is A, = 5‘n|SO(n) : GL,R —
Aut(R™). Then the adjoint representation AdS°™ of SO(n) (or O(n)) is
equivalent to A%),, where A2 denotes the second exterior power of \,.
Also, we have that Ad"™ @C = u, @ fi,, and AdSP" @C = S2u,, where
pn = finlum) : GLL,C = Aut(C"), v, = nlspm) + GLy H — Aut(H").
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Here ji,, U, are the standard representations of GL,C and GL,H re-
spectively, and S? is the second symmetric power of v,. Recall that if
m: G — Aut(V), 7’ : G' — Aut(W) are two representations of G and G’

respectively, then the following identities are valid:
ANRror)=NrenNr e rer), S2rer)=5%re S* @ (ro).

Let M be a smooth manifold and let G be a Lie group acting on M on
the left by the map a : G x M — M, (g,m) — a(g,m) = gm. For all
g € G, let oy : M — M be the corresponding diffeomorphism of M. If
H = {g € G : gp = p} is the isotropy subgroup at the point p € M, then

the isotropy representation of H at p is the homomorphism

:H — Aut(T,M)
h +— (dap)p: T,M — T, M, (1)

where T, M is the tangent space of M at the point p. In the case where the
above action is also transitive, i.e. for p, ¢ € M there exists g € G such that
q = gp, then M is diffeomorphic to the homogeneous space G/H, where H
is the isotropy subgroup at the identity coset o = eH. By (1) the isotropy

representation of G/H is the homomorphism

AASH . H s Aut(T,(G/H))
h —— (dm), :T,(G/H) = T,(G/H),

where 7, : G/H — G/H, gH — hgH. A large class of homogeneous
spaces are the reductive homogeneous spaces. For such spaces there exists
a subspace m of the Lie algebra g such that g = h ® m and Ad(h)m C m
for all h € H, that is m is Ad(H)-invariant. If the subgroup H is compact
such decomposition always exists. Then we have a canonical isomorphism
m = T,(G/H) given by X + X} = %(exp(tX))ohzo, where exp(tX) is
the one parameter subgroup of G generated by X.

The next proposition is useful to compute the isotropy representation of

the reductive homogeneous space ([1]).
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Proposition 2.4. Let G/H be a reductive homogeneous space and let g =
h ® m be a reductive decomposition of g. Let h € H, X € h and Y € m.
Then

AdC(h)(X +Y) = AdY(h) X + Ad“(h)Y
that is, the restriction Ad® ‘ g Splits into the sum AdY @ AQC/H

We give some examples of computations.

Example 2.5. We consider the homogeneous space G/H = SO(k; + k2 +
k3)/(SO(k1) x SO(k2) x SO(ks)) with k1, ke, ks > 2, which is an example
of a generalized Wallach space ([18]). These spaces were recently classified
independently by Yu. Nikonorov in [17] and Z. Chen, Y. Kang, K. Liang in
[10]. Let o; : SO(k1) x SO(k2) x SO(k3) — SO(k;) be the projection onto
the factor SO(k;), (i = 1,2,3) and let pg, = Ag, 0 0;. Then we have the

following:

AdG‘H = AQ}\k1+k2+k3|H = A2(17k1 @® Pry D Prs) = A2pkl S /\2pk2
D /\2 DPks D (pk1 ® pk2) D (pku ® pkB) D (ka ®pk3)'

Observe that the dimension of the representation A2py, ® A2?py, ® /\ka3 is
(gl) + (’“22) + (g3), which is equal to the dimension of the adjoint representa-
tion of H = SO(k;) x SO (k) x SO(k3), Adf : SO(k;) x SO (k) x SO(k3) —
Aut(so(k1) @ so(kz) @ so(ks)). Therefore, the isotropy representation of

G/H is given by
A = (. @ pry) @ (piy © Phs)  (Phy @ Phs)s (2)

which is a direct sum of irreducible and non equivalent subrepresentations
of dimensions k;k;, ¢ # j. The tangent space m of G/H decomposes into
three Ad(H )-invariant submodules m = myy & my3 @ mo3.

Let us consider the case where H; = SO(l;) x SO(l2) x SO(l3) and
l1+1lo+13 < k1 +ko+ks—1. Then we see that the isotropy representation of
the homogeneous space G/ H; contains some equivalent subrepresentations.
Indeed,

AdG‘Hl = N Nytiatis| gy, = N0 ® i, ® iy © 1) = Npy, @ Aopy,
BN piy, &AL ® (p, @ p1,) © (1, @ p1y) B (P, @ piy)
EB(ph ® 1n) S (plg b2y 1n) D (pla ® 1n)
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2 2 2
= Ap, ®NDpL, BN, 1B - B 1B(p, @p1,) © (P, @ piy)
(5)
S(p, @pi,) Py, ©-- D, Bp, ® - CP, OP DDy -

n n n

h = (k k ks3) — (1 l l dl,=1®---®1. As before,
where n = (k1 + ko + k3) — (I1 + lo + I3) an S D s before

n—times
the representation /\Qpl1 P /\2pl2 P /\2pl3 is the adjoint representation of

H; = SO(l1) x SO(l2) x SO(l3), thus the isotropy representation of the

homogeneous space G/H; is

AdGMT = e el (py @pL) @ (o, @) © (1, @ pry)
@ph 696aph EBplQ @@plz @plg @®p13

Observe that the last 3n representations of dimensions I;, (i = 1,2,3) are
equivalent. Thus the tangent space of G/H; decomposes into a sum of
(5) + 3n + 3 Ad(H,)-invariant submodules m;. Similar result is true if we
take Hy = SO(mq)xSO(mg) with mi+mg < ki+ko+ks—1, or H3 = SO(d)
with d < kj + ko + k3 — 1. In the special case where Hy = SO(k3), then the
homogeneous space G/ Hy is the Stiefel manifold Vj, x, RF1H*2+Fs In this

case the isotropy representation is given as follows:

G 2 2
Ad ‘H4 = A )\k1+k2+k3‘H4 =A ()\k;3 D 1k1+k2)
= NN @1® - BLB A D D iy
. —
(lierQ) k1+ko

AdSO(k:)’)@l@@l@)\kS@@)\kgv

hence the isotropy representation is AdGH 1. . @1® Mg @+ - D Ay,
where the last ki + ko representations are equivalent. Analogous results can
be obtained for G = SU(ky + ko + k3) or Sp(k1 + k2 + k3). We summarize

the above computations in the following table:



44 Marina STATHA

’ H subgroup of G ‘ m= Eszl m; non equiv.rep. equiv.rep.
SO(k1) x SO(kz) x SO(ks)
ki,ko, kg > 2 s=3 v
SO(l1) x SO(l2) x SO(I3)
Lh+l+l3<
ki+ka+ks—1
n= (k1 + ke + ks)— s=(5)+
(lh +1la+13) +3n+3 v
SO(m1) x SO(mg)
m1 + mg <
ki+ka+ks—1
n = (k1 +ka+k3)— s=(4)+
(m1 + ma) +2n+1 v
SO(d)
d<ki+ke+ks—1
n=(ki+ky+ks)—d s=(3)+n v
SO(k3)
n =k + ko s=(3) +n v

Table 1: The number of isotropy summands for the homogeneous space
G/H = SO(ky1+ka+ks)/H. The four last spaces contain equivalent isotropy

summands.

In the last four cases the complete description of Ad(H;)-invariant inner
products is much more difficult, because (m;, m;) are not necessarily zero
for i # j.

Example 2.6. We compute the complexified isotropy representation of
the Stiefel manifold V;H" 2 Sp(n)/Sp(n — k), i.e. AdSP(/SP(n=k) o .
Sp(n — k) = Aut(m® C). It is

Ad%M oC = S%y, =SV @1} @ 1)
Sp(n—k) Sp(n—k)
= Sk @S (1p @ 1k) & (Vnk ® (1 ® 1))
= SZank@l@"'@1@Vn7k@"'@’/n7k
—_————

(%) 2k

— Adsp(n—k)@)@@l@...@1@,/”_16@...@””_1%
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so from Proposition 2.4 we have that AdSP(W/SP(—F oC = 1¢ ... a1 ®

Up—k @D -+ @ VUp_g. Therefore the complexified tangent space m ® C of

Sp(n)/Sp(n — k) can be written as a direct sum of (2k2+1) and 2k complex

subspaces, of dimensions 1 and 2(n — k) respectively.

Example 2.7. Consider the projective space CP?"*! = Sp(n+1)/Sp(n) x
U(1). Then according to Proposition 2.4 the complexified isotropy repre-

sentation of this space is determined by the equation

AdSp(n+1) ®C|s — (AQSP()*U(M) @) @ (AdSP(+D)/Sp(m)xU) o),
p(n)x

Observe that the dimension of the adjoint representation of Sp(n) x U(1)

is 2n? +n + 1. We now compute,

AP EC vy = Sty = 500 @ i @ )
= S%u,® 8% & S%h
O(n @ 1) © (Vo @ 1) @ (11 © fir)
= (v @ (11 ® i) ® S* ® %
S(vn @ p1) © (v @ fi1)
—  AQSPMXUQD) g S @S2
B(v @ pi1) & (vn @ 1),

where the fourth equality holds because the dimension of S?v,, ©(u1 ®/i1) is
equal to the dimension of the adjoint representation of Sp(n)x U(1). Hence,
the isotropy representation decomposes into a sum of four irreducible sub-

representations of dimensions 1,1,2n and 2n respectively, that is
A@SPOAD/Se UM o = 5%y @ Sy @ (v @ 1) © (v @ in).-

Thus, the complexified tangent space m ® C of Sp(n + 1)/ Sp(n) x U(1) is
written as a direct sum of four complex subspaces as mRC = p1DpoDP3DP4.
The real subspace m splits into two real subspaces of dimension 2 and 4n

respectively, i.e. m = my ®mo, where m®C = p; Hpo and mo@C = p3 D py.

It is worth mentioning that W. Ziller in [26] proved that the projective
space CP?"t1 =~ Sp(n + 1)/Sp(n) x U(1) admits precisely two Einstein

metrics.
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In general all Lie groups G which act on the projective spaces CP”, HP"
and C,P? where classified by Onishchik [19], according to the following
table:

G H G/H isotr. repr.
SU(n+1) S(U(1) xU(n)) CP" irreducible
Sp(n+1) Sp(n)xSp(l) HP" irreducible
Fy Spin(9) C,P? irreducible
Sp(n+1) Sp(n) x U(1) CP?"*! m =m; ©my

Table 2: Transitive actions on projective spaces.

Observe that in the first three cases the isotropy representations are
irreducible, which means that the only G-invariant metric on these spaces
is the standard homogeneous Riemannian metric (i.e. the metric induced
by the negative of the Killing form B of g). By J. Wolf ([25]) this metric

is Einstein.

3. A special class of G-invariant metrics on G/H

Let G be a compact Lie group and H a closed subgroup so that G acts
almost effectively on G/H. Let g, h be the Lie algebras of G and H and
let ¢ = h & m be a reductive decomposition of g with respect to some
Ad(G)-invariant inner product on g, i.e. Ad(h)m C m for all h € H where
m=T,(G/H), o = eH. For G semisimple, the negative of the Killing form
B of g is an Ad(G)-invariant inner product on g, therefore we can choose
the above decomposition with respect to this form. A Riemannian metric
g on a homogeneous space G/ H is called G-invariant if the diffeomorphism
To : G/H — G/H, 17,(gH) = agH is a isometry. The following proposition

gives a description of G-invariant metrics on homogeneous spaces.

Proposition 3.1. Let G/H be a homogeneous space. Then there exists a

one-to-one correspondence between:
1. G-invariant metrics g on G/H
2. AdS/H _invariant inner products (-,-) on m, that is

(AASH (R X, Ad9H(R)Y) = (X, Y) forall X,Y em,h € H and
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3. (if H is compact and m = b with respect to the negative of the Killing
form B of G) AdG/H -equivariant, B-symmetric' and positive definite
operators A : m — m such that

(X,Y) =B(A(X),Y).

We call such an inner product Ad® (H)-invariant, or simply Ad(H )-invariant

From the above proposition we can see that the set of all Ad(H )-invariant
inner products on m can be parametrized by Ad(H )-equivariant, symmetric

and positive definite operators A : m — m. Thus we have

ME s {A m—m ‘ Ad(H)-equivariant, symmetric } '

and positive definite operator

It is clear that if m decomposes into a direct sum of Ad(H)-invariant irre-
ducible and pairwise inequivalent modules m; of dimension d; (i = 1,...,s),
that is m = m; @ - - - @ mg, then all Ad(H)-invariant inner products on m

are given by
(=21 (=B)|my + +2(=B)|m,, zs €ERT, i=1,...,s.

In this case the matrix of the operator A with respect to some (—B)-

orthonormal adapted basis B of m is given by

$1Idd1 0
[Alg =
0 z51dg,

In this case the G-invariant metrics are called diagonal. However, if the
decomposition of m contains r equivalent orthogonal modules m;, then the
matrix of the operator A with respect to some (—B)-orthonormal adapted

basis D of m is given by

:Ellddl 0612Idd1 s alsIddl
Alp OélszdQ $2I‘dd2 o a2sTdd2
o1sldg,  aggddg, - xsldg,

'Or B(,)-self-adjoint endomorphisms m.
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r(r—1)

The number of aj; is =5—. For the unitary and symplectic case, we

consider for simplicity the case where the decomposition of m contains two
equivalent modules, say m; = ms, of dimension d. Here there are two
and four non diagonal elements respectively. For example in the unitary
case, the matrix of the operator A with respect to some (—B)-orthonormal

adapted basis D of m is given by linear combinations of the matrices

0 0 0 asldy
0 a1ldag 0 0 —aeldy 0
Jl = ) JQ = ’
alldgd 0 0 —OéQIdd 0 0
OégIdd 0 0 0

a1, € RT. The idea behind our approach is to try to eliminate some of
the non diagonal elements in the above matrix, and restrict the study to the
diagonal metrics. For the same problem in the case of a Lie group, K. Y.
Ha and J. B. Lee in [13] classified the left-invariant Riemannian metrics for
each simply connected three-dimensional Lie group up to automorphism.
The main idea there was to identify all automorphisms of the Lie algebra
of these groups, and then define an action of the automorphism group on
the set of all left invariant inner products on the Lie algebras of these Lie
groups2. More precisely, let G be a Lie group and g the corresponding Lie
algebra of G. Let 91 be the set of all left invariant inner products of g.
Then Aut(g) acts on I by

AUt(g) Xm_)mta (¢7 <7>) = <¢_1'7 ¢_1'>-
Under this action we can define an equivalence relation ~ on 991 as follows:
(-, ~ (-,-)) <= there exists ¢ € Aut(g) such that (-,-) = (¢~ 1, ¢~ 1.).

Now, let G/H be a homogeneous space (H is the isotropy subgroup at the
identity coset eH) with reductive decomposition g = b @& m with respect
to some Ad(G)-invariant inner product of g. Let Aut(G,H) be the set

2In general, the group of automorphisms of a Lie group G defines an action on the
set of all metrics on G by Aut(G) x {metrics on G} — {metrics on G}, (8,4(-,:)) —
0g(-,) := go(dh*-,d#~".). Note that if the metric g is left-invariant, then the metric go

is not necessarily left-invariant.
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of all automorphisms of G which preserve the group H. It can be shown
that if ¢ € Aut(G, H), then ¢ induces a G-equivariant diffeomorphism b
G/H — G/H. Then it is easy to see that this G-equivariant diffeomorphism
defines an action on the set of all G-invariant metrics MY, transforming
each G-invariant metric ¢ into a metric isometric to it. In general, every
G-equivariant diffeomorphism of G/H is a right translation by an element
of Ng(H), and for some o € Ng(H) the map o — R,, where Ry, : G/H —
G/H is G-equivariant and sends each gH to ga 'H. This induces an
isomorphism of Ng(H)/H onto the group of Aut(G/H) ([8]). Next, we
describe when the set Aut(G/H) = Ng(H)/H defines an action on the set
of all G-invariant metrics M& of a homogeneous space G/H.

First we recall the following fact. Let G; and G2 be Lie subgroups of
a Lie group G. If G; C G4, then G, is a subgroup of the Lie group Ga,
and g1 C go. Conversely, if g1 C go and the group G is connected, then
G1 C G9. From this we have:

Lemma 3.2. (cf. [12]) Let G be a Lie group and H be a closed, connected
subgroup of G, with g and b the corresponding Lie algebras. Then the group
Ng(H) ={g € G:gHg™' = H} is equal to the group Ng(h) = {g € G :
Ad(g)h C b}.

Proof. We need to show that (a) Ng(H) C Ng(h) and (b) Na(h) C Na(H).
For (a), let g € Ng(H). Then gHg~! = H and by the above fact we have
that ghg~! = b, i.e. Ad(g9)h = b, hence g € Ng(h). For (b), if g € Ng(h)
then Ad(g)h C h. Since Ad(g)h is the Lie algebra of gHg™! and H is
connected it follows that gHg~' € H. Obviously H C gHg ', hence we
obtain that g € Ng(H). O

The following proposition is central in our study.

Proposition 3.3. Let n € Ng(H) and Ad(n) : g — g. Then the operator
Ad(n)|m : m — g takes values in m, that is ¢ = Ad(n)|m € Aut(m). Also,
(Ad(n)|m) ™" = (Ad(n)|m)".

Proof. Let n € Ng(H) and Y € . Using Lemma 3.2, for any subspace b
of g, the normalizer Ng(h) is given by Ng(h) ={g€ G : Ad(g)h C h} =
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N¢g(H). Therefore, it follows that
Ad(n)Y € b. (3)

Let X € m = . Then by using (3) and the Ad(G)-invariance of B we
obtain that

B(Ad(n)"'X,Y) = B(Ad(n)"'X,Ad(n)"* Ad(n)Y) = B(X,Ad(n)Y) = 0,

hence Ad(n)™'X € m. Finally, for n € Ng(H) and using the Ad(G)-
invariance of B, we have that B(Ad(n)|mX, Ad(n)|mY) = B(X,Y). Since
in general it is B(Ad(n)|wX, Ad(n)|[mY) = B(X, (Ad(n)|n)" Ad(n)|nY), it
follows that (Ad(n)|m)~! = (Ad(n)|n)". O

Consider the set ® = {¢ = Ad(n)|m : n € Ng(H)}. Then by Proposition

3.3 ® is contained in Aut(m), hence we can define the isometric action?
dx MY MY (¢, A poAdogt=A (4)
Lemma 3.4. The action of ® on M is well defined.

Proof. We need to show that the operator A is

(a) Ad(H)-equivariant, i.e. Ad(H)o A= AoAd(H) or
Ad(H)o Ao Ad(H)™' = 4 and

(b) B-symmetric and positive definite.
For (a), let n € Ng(H) and we compute:

Ad(H)o Ao Ad(H)™ = Ad(H)o (Ad(n)oAoAd(n)™")oAd(H)™"
= Ad(Hn)o Ao Ad(Hn)™

= Ad(nH)o Ao Ad(nH)™"
= Ad(n)o (Ad(H)o Ao Ad(H) ') o Ad(n)™*
(n

= Ad(n)oAoAd(n)™' = A.

3This action is essentially the action of Ng(H) on M, or equivalently the action of
the group Ng(H)/H on ME.
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In the third equality we used the fact that n € Ng(H), and in the fifth
equality the fact that the operator A is Ad(H)-equivariant. For (b), let
X,Y € m. We will show that the operator A is B-symmetric:

B(AX,Y) = B(Ad(n)oAoAd(n) 'X,Y)
= B(Ad(n)o Ao Ad(n)"'X, Ad(n) Ad(n)~1Y)
= B(AoAd(n)"'X, Ad(n)"1Y)

(Ad(n)™*X, Ao Ad(n)" 1Y)
= B(Ad(n)Ad(n)™'X, Ad(n) o Ao Ad(n)"'Y)
= B(X,AY).

n

In the third and fifth equality we used that the Killing form B is Ad(G)-
invariant and in the fourth equality we used the fact that the operator A
is B-symmetric. Finally, we show that A is positive definite. Let X € m
with X # 0. Then by Proposition 3.3 we have that Ad(n)X € m for all
n € Ng(H), therefore it is

B(AX,X) = B(Ad(n)oAoAd(n) 'X, X)
= B(Ad(n)o Ao Ad(n) ' X, Ad(n) Ad(n)"1X)
= B(AoAd(n) X, Ad(n)"1X)
= B(A(Ad(n)"'X), Ad(n)™'X) >0

where in the third equality we used that the Killing form B is Ad(G)-

invariant. O]

Corollary 3.5. Let n € Ng(H). Then the metrics corresponding to the
operator A are equivalent, up to the automorphism Ad(n) : m — m, to the

metrics corresponding to the operator A.

Example 3.6. ([14]) We consider the Stiefel manifold V5R* = SO(4)/SO(2)
and we will describe all SO(4)-invariant metrics. A reductive decomposi-

tion m of the Lie algebra so0(4), with respect to negative of Killing form

0 0
B(-,-) of SO(4), and for the embedding of so0(2) — (0 (2)> €s0(4), is
50
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the set

Dy, C .
m = {(—C’t O2> : Dy = diag(0,0), C' € MQ]R}

= span{e;; = Eyj — Ej « 1 <i<j <4},

where E;; denotes the 4 x 4 matrix with 1 in (ij)-entry and 0 elsewhere.
According to Example 2.5 the isotropy representation of SO(4)/SO(2) is
AdSC(W/S0@) — 1 g A9 @ Ao, thus m can be written as a direct sum of three

Ad(SO(2))-invariant subspaces, of dimensions 1,2, 2 as follows
m=mp & my O mg.

Hence m; = span{eja}, mo = span{e;; : j = 3,4} and mz = span{ey; :
s0(2) 0

0 0
the isotropy representation the last two representations are equivalent and

j = 3,4}. Observe that m; = s0(2) — € s0(4). Since in

A2 ® C = Mg, the space of intertwining maps is 1-dimensional. There-
fore, Proposition 3.1 implies that the matrix of the Ad(SO(2))-equivariant,
symmetric and positive definite operator A : m — m with respect to some

(—B)-orthonormal basis adapted to m, is given by

xlldl 0 0
[A] = 0 zolds  alds aeRT.
0 O[Idg $3Id2

Here it is Ngo(4)(SO(2)) = SO(2) = S'. The Lie algebra of SO(2) is
generated by the element e;o — s0(4). We consider the one parameter
group exp(tej2) of SO(2), and we compute the matrix of the operator
Ad(exp(tei2)) : m — m with respect to the basis {e;;} of m. We have
the following:

Ad(exp(telg))elz = 6t€12€12(6t612)71
cost sint 0 O 0O 1 0 O
—sint cost 0 O -1 0 0 O
0 0 1 0 0O 0 0 O
0 0O 01 0O 0 0 O
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cost —sint 0 0
sint cost 0 O
o o 10| ™
0 0 01
Similarly, we obtain that
Ad(exp(tei2))els = cost-ej3 —sint - eas,
Ad(exp(teig))e1s = cost-ejq —sint - egy,
Ad(exp(teia))eas = sint-ej3 + cost - egs,
Ad(exp(teia))eas = sint-eqq + cost - eaq.

In the above calculations we used the fact that for any matriz group G we
have that Ad(g)X = gXg~! for all g € G, and X € g. Hence, the matrix
of the operator Ad(exp(tej2)) is

1 0 0 0 0

0 cost 0 sint 0
[Ad(exp(tei2))] =10 0 cost 0 sint

0 —sint 0 cost 0

0 0 —sint 0  cost

If we set ¢ = Ad(exp(te12)), then the action (4) at the matrix level is given
by

([Ad(exp(ter2))], [A]) = [Ad(exp(ter2))] - [A] - [Ad(exp(ter2))] ™ = [A].

After some calculations we obtain that

zId; 0 0
A= 0 kIdy mlds |,
0 mId2 CId2

where k = o+ (23—22) sin® t4+2asint cost, m = (x3—x2) sin t cos t+a cos 2t
and ¢ = x3 + (x9 — x3) sin?t — 2asint cost. Obviously, we can find ¢ such
that m = (x3 — x2)sintcost + acos2t = 0. Therefore, without loss of
generality, and since A and A are isometric, we can assume that the matrix

of the operator A is such that a = 0 (i.e. diagonal).
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The important points in the previous example are that, we have exactly
one non diagonal element in the matrix of the metric (-,-) = —B(A-,-) and
that the normalizer of SO(2) in SO(4) is the circle S* = SO(2). These
enable us to eliminate the non diagonal element, since it is possible to de-
scribe the complete action of the normalizer on the space of all G-invariant
metrics. This situation occurs in [14]. In the case where the group Ng(H)
(or N¢(H)/H) is isomorphic to some other Lie group (see for example [16])
then it is more complicated to describe explicitly the action of Ng(H) on
M so we try to confine our study in a suitable subset of M.

From the action (4) we obtain the following interesting consequenses.
Let

(M2 ={Ae M : poAog ' =Aforall ¢ € d}

be the set of all fixed points? of the action ® on MY (which is subset of
M), Any element of (M%)® parametrizes all Ad(Ng(H))-invariant inner
products of m and thus defines a subset of all inner product on m. Since
H C N¢(H), Proposition 3.1 can be restated as follows:

Proposition 3.7. Let G/H be a homogeneous space. Then there exists a

one-to-one correspondence between:
(1) G-invariant metrics on G/H,
(2) Ad(H)-invariant inner products (-,-) on m,

(8) Fized points (MF)PH = {A € MC : poAoyp™! = A, for allyp € Dy}
of the action ®p = {¢ = Ad(h)|m:h € H} C ® on MC.

Observe that (M%)® c (ME)®H, In the case where Ng(H) # S, we
can work with some appropriate closed subset K of the Lie group G, such
that H C K C Ng(H). Then the fixed point set of the non trivial action
of the set ®x = {p = Ad(k)|n : k€ K} C ® on MY is

(MEOPE ={AeMY : poAop ™ =Aforall p € Oy},

4Let G be a Lie group and M a manifold. Consider the action of G on M:
GxM— M, (g,m)—g-m.
The subset M€ = {m & M : g-m =m for all g € G} of M is called the fixed point set

of the action.
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Ad(K)-invariant inner Ad(H)-invariant inner
product
'product

Ad(N(H))-invariant inner The set of all inner
product ol i
productin g

Figure 1: Inclusions of certain invariant inner products in g

and this set determines a subset of all Ad(K)-invariant inner products of
m. We have the inclusions (M%)® ¢ (M%)®x c (MT)®x,

By Proposition 3.7 the subset (M®)®% is in one-to-one correspondence
with a subset M%¥ of all G-invariant metrics, call it Ad(K)-invariant, as
shown in the Figure 2.

In the special case where H = {e}, then Ng(H) = G, thus the fixed
points of the action (4) are the Ad(G)-invariant inner products on g, which
correspond to the bi-invariant metrics on the Lie group G.

We will now make an appropriate choice of the subgroup K in G.

Proposition 3.8. Let K be a subgroup of G with H C K C G and such
that K = L x H, for some subgroup L of G. Then K is contained in
N¢(H).

Proof. We will show that if k = (I,h) € K = L x H then kHk~' = H (that
is k € Ng(H)). We identify H with {e} x H, where {e} is the identity
element of G, so we will show that k({e} x H)k™! = {e} x H. It is

(L,h) ({6} x H) (i, h)_l = (I, h)({e} X H) (l_lvh_l)
= (I,h)(e, X)(I7",h7Y), forall X € H

= (LAX)IL A =W RXETY = (e, hXRTY)

= {e} x H,

k({e} x H)k™!

hence K =L x H C Ng({e} x H) = N¢(H). O
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Ad(K)-tnvariant inner
MEX products

MG(G-invm'imzt metrics) Ad(H)-invariant inner
products

Figure 2: Correspondence between Ad(K)-invariant inner products on g

and a subset of G-invariant metrics on G/H.

Also from [20] we have the following result:

Proposition 3.9. Let the group G and the subgroup H of G. Then H <«
Ng(H) < G, and whenever H < J < G, then J is a subgroup of Ng(H)
(here A <1 G means that A is a normal subgroup of G).

4. Ad(K)-invariant metrics and Riemannian submersions

In the present section we will relate the Ad(K)-invariant metrics on
G/H defined in the previous section, to Riemannian submersions. For
H C K C G such that K C Ng(H), we consider the fibration

K/H - G/H — G/K.

Let a and p be the orthogonal complements of h in £ (i.e. £ =h @ a), and
of tin g (i.e. g =Et®p), with respect to the negative of the Killing form of
g. We assume that a is also Ad(K)-invariant subspace of ¢. The spaces a
and p are called vertical and horizontal subspaces of g. Then we have the
decomposition g=hdm=hdadp.

Any Ad(K)-invariant inner product on p defines a G-invariant metric g
on G/K and any Ad(H )-invariant inner product on a defines a K-invariant

metric ¢ on K/H. The direct sum of these inner products on a @ p defines
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a G-invariant metric

9=9+9 (5)
on G/H, called submersion metric. As this metric can be determined by
an Ad(K)-invariant inner product on m = T,(G/H) = a®p, it corresponds
to an element of (M)®% as defined in the previous section. Hence we

have the following:

Proposition 4.1. Let M = G/H be a homogeneous space and let K be a
closed subgroup of G chosen as in the Proposition 3.8. Then the metric (5)
is an element of (M)

Example 4.2. Let M = G/H = SO(ky + ko + k3)/ SO(k3) (k1, ko, k3 > 2)
be the Stiefel manifold Vj, 41, R¥1T%2+F3 and let K = L x H = (SO(k1) x
SO(k2)) x SO(k3). Then by Proposition 3.8 it is K C Ng(H). We consider
the fibration
SO(k1) x SO(k2) x SO(k3) SO(ky + k2 + k3)
SO(ks3) SO(ks)

|

SO(kl + ko + k3)
SO(kl) X SO(/{Q) X SO(kg)

Then the base space G/K is a generalized Wallach space and it is known
by Example 2.5 (cf. (2)) that the isotropy representation is a direct sum
of three non equivalent subrepresentations. Therefore, the tangent space
p = T,(G/K) decomposes into three Ad(K)-invariant and non equivalent
modules p12 @ p13 @ p23 of dimensions k;kj, @ # j. The tangent space
a = T,(K/H) of the fiber K/H is the Lie algebra so(ki) @ so(k2), and
it is Ad(H)-invariant. Also a is Ad(K)-invariant, thus the tangent space
m = T,(G/H) of the total space G/H can be written as m = a @ p, and

thus decomposed into five Ad(K)-invariant non equivalent modules:
m=a®p=so0(k)Pso(k) B pi2®pi3 D pas.

Therefore, any Ad(K)-invariant metric is diagonal and determined by Ad(K)-

invariant inner products on m of the form:

() = m (_B)lso(kj) + 22 (_B)yﬁﬁ(kg)
+x12 (_B)’pm + 713 (_B)‘Pm + 723 (_B>‘P23'
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These inner products are the Ad(K)-invariant inner products of Figure 2.

New invariant Einstein metrics on the Stiefel manifold Vj, 4, RF1Hk2+hks o~
SO(ky + ko + k3) /SO(k3), with respect to the above inner products, were
studied in [6].
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