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Skew centers of rank-one generalized quantum groups

Punita BATRA and Hiroyuki YAMANE
Dedicated to Professor Jun Morita on the occasion of his 60th birthday

Abstract. In this paper, we study skew centers of rank-one general-
ized quantum groups.

1. Introduction

Let K be a field. Let K* := K\{0}. Let 2 be a finite-rank free Z-module.
Let x : 2 x A — K* be a bi-homomorphism, that is,

X4 1) = xO m)x\ ') and x(A+ XN, 1) = x(A w)x(N,p) (1)

for all A, X, p, ' € 2. Let gy := x(A\,A) for A € A. Let @ : A — K* be a
Z-module homomorphism.

Let 64 means the Kronecker’s delta, i.e., 04,4 := 1, and 9, := 0 if a # b.
Fora,beR,let Jop:={ne€Z|la<n<b},and Jyoo :={ne€Zla<n}.
Let Z>¢ := Jo0o- Note N = Jy .

For n € Z>o and z € K, let (n), := > 1_; 2", and (n),! == [ (r)a-
For z € K*, define 6(x) € Z>¢ \ {1} by

o(x) ==

{ min{ ' € Jy oo | (r")z! =0} if (r”),! = 0 for some " € Jo o,

0 otherwise.

(2)
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For x € K*, define 6(x) € Ja.o0 U {00} by

5@) i { o(z) if o(z) > 2,

oo otherwise.

For an associative K-algebra a and X, Y € a, let [X,Y] = XY —Y X.

Throughout this paper, fix o € 2\ {0}, and let ¢ := ¢q,
s B(7). & e B . (3)

0:=0(q), 0:=0(q), and @ := w(a).
Let U = U(x; a) be the associative K-algebra (with 1) defined by gener-

ators Ky, L, (A, p € 2), E and F and relations:

Ko=Lo=1, K\K,=Kxyy, LxL,=Lxyu, LNK,=K,Lj,
K)\E: X()\,CK)EK)\, K,\FZX()\, —Q)FK,\,
L/J,E = X(_aa IU)EL,LH L,LLF = X(%M)FL;M (4')
[EvF] = —Kq + La,
E°=F°=0 ifo>2.

We call U the rank-one generalized quantum group, see Remark 3.2 below

for a higher rank one. We can easily see:

Lemma 1.1. As a K-linear space, the elements F"K\L,E™ (A, p € 2,
m, n € Jos—1) form a K-basis of U.

Let U° = U°(x; ) be the K-subalgebra of U generated by Ky, L, (X,
p € A). Define the K-subalgebra Uy of U by Uy := @z;éFkUOEk. Let

35 =3s(x;a) ={Cely|@ 'CE - EC=aCF-FC=0}. (5)

We call an element of 35 an w-skew central element of U. We give an
explicit K-basis of 34 in Theorem 2.4.

We have the K-algebra isomorphism T' = TX~ : U(x; —a) — U(x; )
defined by

T(Kx\L,) = KzL, (A € ), T(E) := FL_o, T(F) :=K_,E.  (6)

We call T a Lusztig isomorphism. We also study an influence of T for 3,
which will be needed for future studies for higher-rank cases.

This paper is inspired by [4, Proof of Lemma 3.1.3].
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Remark 1.2. In this remark, we assume that the rank of 2 is one and 2 is
generated by «, so A = Za. Let U0 be the subalgebra of U generated by
K.,L_, and K_,L,, so Uuto = B2 o KKy L_rq. Let U be the K-linear
subspace of U by @k éSpanK(FkK_kaUTEk) We can easily see

31‘3 - r——oo(Bw N Kraut)

Let Z be the two-sided ideal generated by Lo K, — 1. Let U be the quotient
algebralf/Z. Let  : U — U be the canonical map. Assume that ¢ # 1, and
that there exists ¢ € K* with ¢> = . Let K := n(K,), E := ( ql)lw(E)
and F := 7(F). If 6 = 0, U is isomorphic to Ugsla. If 6 > 2, the quotient
algebra U == U /(K™ — 1)U for some r € N is usually called a small
quantum group of type A1; U was introduced by [2]; in this paper, we treat
not (" but ¢f. Let 35 := {Cenlhy)|m 'CE~EC =@CF—-FC=0}.
Then the K-linear map f : (35 NUT) @ (35 N KQL{T) — S@ defined by
f(X) := 7(X) is bijective. So, from main results for & in this paper, we

can easily corresponding ones for I via f.

2. Skew graded centers for the rank one generalized quantum

group

For n € Z>o, m € Jy,, and x € K, define (Z)x € K by (g)x = (")gC =1,
1

and (n)m — (n—l) 4o m(n 1) - xm(n— N + (n:l)x (1fm Enjl’n_l).

m m—1 m m—1
If (m);!(n —m),! # 0, then (Z)w = % For z, y, z € K, and

n e N, we have [[15) (y + ') = Spg ™5 (),0" 72"

For n € Z>g, and x, y € K, let (n;x,y) := 1 — 2" 'y and (n;z,y)! :=
L= (m;z,y).

Let @), 5 = w(f) - igyj;gg for B, \, ju € 2.

For r € N, we have

[E,F] = (r)gF" (=g ""VEK, + La),
[E",F) = (r)g(—g " YK, + Lo)E™L.

Q|

Define a K-algebra automorphism Y : 4% — /° by

T(K\L,) == XEA a; K\L,.
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Let k € Jos—1. Let C € Uy be such that

k
C=> F'Z,E", (8)
n=0

where Z,, € U°. Then

@ 1CFE — EC
= (@ 20— T(Z))E
k
+ 30 (87F (2~ T (Z) B
m=1
—(m)gFm N (g "V, + La)Zm)Em)
k—

>_A

( F™ (@™ 2y =Y (Zm) —(m + 1)g(—q " Ka +L0¢)Zm+1)Em+1)
+F (Ew "2y, — Y (Zy)) EM
(9)
and
wCF — FC
= F(@Y(Z) — Z)
—1
"’Z (Fm“(@T(Zm) — Zm)E™
) F " (DK + L )2")
k—1

_ (ZF’“H(@T(Z,”) — T+ @+ 1) Znit (T Ko + LQ)Em)

+FFY &Y (Zy) — Zy)EF.
By (9) and (10), we have

Lemma 2.1. The following conditions are equivalent.

(1) @ 'CE -~ EC =0.
(2) @CF — FC = 0.

(3) @ 1 Zm — Y (Zn) — (m+ 1)g(—q7 Ko + Lo)Zms1 = 0 for all m €
Jok—1, and, if k <o —1, @ 1Zy — T (Zy) = 0.
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Let

U= @ @ KE"K p-m)al—pa

m=0 p=—o0
see also Remark 1.2.
By (9), we have

Lemma 2.2. Let (\,u) € A2%. Let

o—1
C=> F"( Z i p K rs (p-myaLp—pa) E™ € 35 N K\L U,
m=0

p=—00

where an,, € K. Assume that C € 35 \ {0} and that
amp =0 for all (m,p) € Jos—1 X Z with wi‘,u LT =1 (11)

(Note that wf\"u;a(jm_Qp = w) Then

+(P—m)a7u—pa;a')
H wma— " #0, and {p € Zlas_1, # 0} # 0.

Proof. For m € Jys_1, let Xpp, :={p € Z| amp # 0}, and

min X, if X, #0,
Pm = .
00 otherwise.

Let n := Max{m € Jys-1|Xy # 0}. It follows from Lemma 2.1 and (5)
that

—q "D (M) gamp + (M)gtmpr = @ (1 —@X "%

for all m € J1 -1 and all p € Z.

)am_17p

(12)
By (12), letting m € Z> be such that X, # 0, we have X, # ) for all
7 € Jmo—1. Hence 6 > 2 and n = 6—1, so (11) implies wif M,aq__l_Qpéf1 # 1.
Moreover by (12), we see that for r € Jy 5_1, with X, # 0,

prot =pr — Land @, @ 17 21,
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This completes the proof. O
Let (A, ) € 2% Let k € Jy5-1. Let

B k—m m4+n
= Zq(ml)”< n )(m, (Tl’wi\(au;a(fn)!K)“F”O‘L#*(er")a
n=0 q
(13)
for m € Jy i, and let
k
Co(\ k) = CEC (N k) =Y F" Ze(A, s k,m)E™
. m=0
= ( th/\—l-taL fta)
; . (14)
k—1
m=1
+ B (kG o KAL, o B

We can directly see that for m € Jy 1,

@ Zs(\, ik, m) — T (Za(X, s k,m))
—(m+ 1)g(—q ™ Ko + La) Ze(\, gy k,m + 1)
= 1(?”_)7?‘ (Zi;gl q—(m—l)n (m:n)q(m; q—l7 w;\(%aq—n)!

q
‘@—1 (1 _ wi(,u‘;a(j—(m“an)

)KH"aLuf(ern)a)
—En (A () m o+ L @)
(=G Ko + La)KxsnaLy (min +1)a)
= 2D (3075 o) (1~ 0 0 ™)
—(m+ 153 @), ) EALy—ma
(i
O 307 @ UL w0
+q D () (m+ 157 @Y T T

__ 1 __ __
—gmn (m—&-:—O— )q(m +1;q 1’ wi\(’maq n)!>K/\+nozLu—(m+n)a)
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k—m

(1= wi\(,u;aq_(%_m))
g () o g g g )

+ (q—(m—l)(k:—m) ( k )q(m; 7, w;c’u;aq—(k—m))

'K/\—l—(k—m)aLu—ka
=—(m+1) k—m—1 —_ __ __
= St ((Z”:T T el n)!<

q-

(m;rn)q(qn_ ;(uaq (m+n))
), 0 = ) = (M) (1 7 0 )

'K)\+naLuf(m+n)Oé
4g—m(k—m) (m;q! w>\ ad (k= m))! ((kfm)q(q_kim - wi\(,u;aqik)

+(k77ﬁzfl)q(1_wx,u ad ~(k=m= 1)))K)\+(k m)aLu—ka)

&= ("t —m(k— ——(k— k41 __
= Ear m(k m)(m’q 1’w)\7maq (k m))!(kj ) (1-w uaq k)

'K)\—l—(k—m)ocLu ka

Z—(m+1) g—m(k—m) /41
= (ﬂ”?)q! (m+1) (m+1;q, @y ol )!KH(k—m)aLu—ka,

and that
ﬁ_lzﬁ()‘a 13 k, k) - T(Z@()‘a 13 k, k))
,7k L _ L
= Tl (k;q 1,w§ @ 1(1—w§’maq FYK)\Ly—ka

@—(’H'l)

= T (k:—f— 1;q 1 wi(,u;a)!K/\Lu—ka-

A

Hence by Lemma 2.1,
CE*(\, u; k) € 35 if and only if (k + 1)g- (w/\# o Qk) =0. (15)
Note
CE0,051) = ¢Ko + Lo + (1 — Q)FE € 31.

For t € Z, let Het:={ (\, ) € A?| wf\"ma =g }. Let He = UiezHey.
Let

3’ =350 @) = 32 N (B2 D pern KFMELALLE™),
L =320 ) = 3a N (D91 B ex\ne KFMK\L,E™).
Then, as a K-linear space, we have
3= a) = 350 ) ® 3% (x; ). (16)
Note
U N3=(xia) =U' N 350G e) = B wena  KEAL,.
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Lemma 2.3. Assume q = 1. Then 3 (x;a) C U°.

Proof. Let C' = Z’:n:[) F"Z,,E™ be as in (8). Assume C € 35 (x; a)\{0}.
Note that @12, = T(Z,,) for all m € Jyi. By Lemma 2.1 (3), Z,, =0
for all m € Jy ;. Hence C € U°, as desired. O

Theorem 2.4. As K-linear spaces, we have
3 0 if 6=0,
Svay =4 O o /o -
@(Avﬂ)EQQ\HﬁKOﬁ’ ()‘7 Hn;0 — 1) if6>2
and

m OEB(A,# eto o KEAL,CY(0,ma;m) if §# 1 and 6 =0,
0@(/\u€H o KKL\L,CF(0,ma;m) if §# 1 and 6 > 2,

‘I.U

B\ p)era o KEAL, if g=1.
(18)
In particular, if ¢ # 1,
B o—1
3Lca)= @ PERKAL.CEN0,01)™ (19)

(A p)EH e 0 m=0

Proof. This can be easily proved by using Lemmas 2.2 and 2.3 and (15) and
paying attention to the coefficients of the highest terms of C'(\, u;m)’s. O

Define the K-linear map &h = Gh* : ¢/ — U by
6[)(FHK)\LMEm) = 5n,05m,0K)\Lu (/\, n e A, m, n € ZZQ).

Define the K-algebra homomorphism Hes = (’,‘X’ i p— by NC =
Shys...
Lemma 2.5. For (\,p) € A2, let
Xy = HCEY (3 N K\LUT).
(1) Assume that ¢ # 1 and 6 =0. If wf\iu;a =1, then the elements

K\Ly, K\Ly(KoL—o) ™+ @™ (KoL-a)™) (mé€N) (20)
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orm a K-basis of Xy ,. If wX =@, then the elements
Sk A 50
K Ly(KaL-o)'™™ + @™ YKoL_o)™) (m€N) (21)

form a K-basis of X . If wiflm #q" for allt € Z, then X, = {0}.
(2) Assume that ¢ # 1 and 6 # 0. If 6 € 2N+ 1 and wf\(%a =1, then

the elements

K)\L,u(KaLfa)Téa
K)\L;L(K(XL—a)ré((KaL—a)_m + qu(KaL_a)m)’
o+1 o—1

KoLy (KoL o) ?(KaL-0) 2 ™+ @™ YKyL_p) 2 ™)
(reZ,meJ, o)
2

(22)

form a K-basis of X ,. If 0 € 2N and wi\(%a =1, then the elements

KaLy(KaL-a)?,
20

K/\L;L(KaLfa)i((KaLfa)_m + qzm(KaLfa)m) (23)
(reZ,me J1,gf1)

form a K-basis of X ,. If 6 € 2N and wi\(%a = @, then the elements

KaLy(KoL-0)% (KoL_o)™™ + ¢ (Ko L_o)™ 1)

24
(rEZ,mEJovgfl) (24)

form a K-basis of X ,. If wif . #q" for allt € Jos-1, then the elements

o—1
(KaLfa)T : Z th/\-i-taL,ufta (T € Z) (25)
t=0
form a K-basis of X .
(3) Assume that ¢ = 1. If wy o = L then the elements KxLy(KaL—a)"
(r € Z) form a K-basis of Xx . If wf\"ma #1 and 0 =0, ti}en Xy ={0}.
If wiu;a # 1 and 6 # 0, then the elements (KoL_o)" - to;ol KxttaLy—ta
(r € Z) form a K-basis of X .

Proof. We first note that

m—2

m
thKtaL(m—t)a = (quma + mex) + quaLa ’ Zq_thaL(m—Q—t)a
t=0 =0
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for m € Jy . For m := 2m’ for some m’ € N,

7" Ko+ Lima = (KaLa)™ (KaL—a) ™™ 4+ @"(KaL-a)™).
For m := 2m/ — 1 for some m’ € N,
0" Ko+ Lima = (KaLa)™ ™' La((KaL—a)' ™™ + ™ (KoL—o)™).

If 6 = 2k’ — 1 for some k' € N, then for m := 2m’ — 1 with some m’ € N,

0" Kma + Lina = (KaLa)™ ™ L((KaL-a)" ™™ + §"(KaL-a)" ™).

Define f € Ch(U®) by f(Ky L) = X5 (N, /) € %2). Note that

F((KQLo)*LY(KoL_0)*) = @2 (x,y,2 € 7).

Then, using f, we can easily have (20)-(24) by (14) and (18).
We can easily see (25) by (14) and (17).
The other statements can also be proved similarly. O

By Lemma 2.5, we can easily see

Lemma 2.6. Let
X = Z a(/\/w/)K)\/L‘u/ ey’ (CL(X’#/) S K)
(N, p)eu?
Then X € Im§HCs if and only if for all (A, 1) € A% with wf\"ma # 1, all the
equations in (1)-(iv) below are satisfied.
(i) In case that ¢ # 1, 6 =0 and wiu;a =g’ for some t € Z\ {0},

A ttapu—ta) = 0 * A0

(ii) In case that ¢ # 1, 6 > 2 and wi\‘,u;a =" for somet € Jys-1,

(o] (o)
Z AN+ (oz+t)ar,pu—(oz+t)e) = q- Z A(Atoya,p—oya)-
T=—00 Yy=—00
(iii) In case that 6 =0 and w) o £ for allt €7, ao = 0.
(iv) In case that 6 > 2 and wi\(%a #q" forallt € Jos-1,

[e.9] [e.9]

Z AN+ (6z+m)a,u—(6z+m)a) — q—m : Z A( Aoy, u—oya) (m € Jl,éfl)-

T=—00 Yy=—00
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3. Influence of a Lusztig isomorphism

Recall T from (6). We can easily see

T(35-106—a) =350¢a) and T(3L-(x;—a)) =350Ga).  (26)
Define the K-linear isomorphism X" : U%(x; —a) — U°(x; @) by

YT(KALy) = (wi‘\’ma)aflK,\Lu (A, ped).

Lemma 3.1. We have

(AL o TV )(X) = (FE o HCI)(X) (X € 3510 —a)). (27)
Proof. Note
TXN=(CF ™0, —a;1)) = K_qL_oC¥* (0,5 1). (28)
For (A, p) € Hz 0 and m € Zx>g, we have

(HELY o TXi=2)(K)\L,C¥ (0, —a; 1)™)
— SEEN(KALu(K—aL-aCY(0,0; 1)) (by (28))
= K)\L,(K_oL_o(qKq+ La))™
=2 1% (T)ﬁmitK)\*mLu—(m—t)a
= _gila(zln 0 (m) _m_t(w/\—twu—(m—t)a;a)_(é_l)K/\—tOéLu—(m—t)a)
=5 (0 (7 ) R e I G Ky —taLy—(m—t)a)
(smce @ i = 1)
S (D18 Ka—ta Ly (m-t)a)
FET(KAL(GK o + L_o)™)
— (371 0 HELTE) (KL, CY (0, —as 1)™).

(29)
Using (19) and (29), we see that (27) for X € 3. _,(x; —) is true.
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Assume 6 > 2. Let (A, ) € A%\ H. We need the following calculation.

o (B-1)—-D) L 5 o
T (E (0 = 1 @ ) KLy ooty ) EO)
Fy—o( @Ol A — - 6— o—
=T (a0 - 154 L (@ ) TN KL, -1y (o) EOTY)
62

= & (Tl - &™)
p=0
'(K—aAE2071K)\Lu—(6—1)(—a) (FL—a)Oil
o

w0 ! q— - 0— 6—
:Wﬂ_[(l_q P(@3 i) 1))E YO (5o 1ya L PO

a! e
—6—1 A~ 4 __ (6—-1)(6—-2) (A N _
= (})U_]_)QJ(_]‘)O 1q 2 (wi\(hu,;a) (o 1)(0_ 1;q7w§ﬂu;a)!
2(6=1) oA 1\2 A H—
Ao T F T Koo Ly B
(mod @22, Fm(uOl;Em)
m—(6-1) 51 ~1— 26— 5—1/ A _
— ﬁ(—l)o lg P (wima)o L6 - 1;q,w§’ma)!
FO K\ (- 1ya LB
_2(5_1)2_W _ q_2_% _ 624_(5_1)_

6(6—1)

(since g 2
I Co))
= q 2
6—1 = (6—1) /o _ 65— H—
- (w;\(#?a)o lqz?é—l)q! (0 - 1;q, wi\(,y,;a)!Fo 1K/\—(é—1)o¢L/,LEO !

6(6—1) ~
(since ¢~ 2 - (—1)°71)

6—1 ~o—(0=1) /A _
= (w§7u;a)o 1q7571)ql (0 - ]‘7 q, q2w§_(

FONK\_(o-1ya LB

. N — —X
(since @ WX _(6—1)a,ut(6—Dasa — D3 i)

!
5—1)a,u+(6—1)a;a) :

— (X 6—1 70— L1 X
= (@) TGnr O BT @3 6 1yaput(6-1asa)’

FO K\ (- 1ya Lt (6-1)a)—(6-1)a B° 7"

By (17) and (26), we have

T~ (CET (A p;6 — 1))

=G (@} ,,0)" " CE (A= (60— Da,p+ (06— 1)a;6 - 1),

(31)
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since the top terms of LHS and RHS coincide by (30). By (31), we have

(HEEY o TX=)(CXTF (N, ;6 — 1))
=7 (@) 1.0)° " 2020 T K 0= (5-1)a)+ta Lt (6-1)a)—ta
(by (31) and (14))
= (@ 5a)" ™ Ko T K010 Luto-1-1)-
= (DX 1a) 20020 T Enpi(—a) Lyt~ o)
0—1 6—
= X0 0 (@ sycapu-i(-aya)” Ertit-a) Lui-a)
= (P20 HEST)(CX (N, ;0 — 1)) (by (14)).

Hence (27) for X € 3"(x; —a) is true. This completes the proof by (16). [

Remark 3.2. (A generalized quantum group.) Let I be a finite set. Assume
that 2 is a finite-rank free Z-module with || = rankzA. Let {o;|i € I}
be a (set) Z-basis of 2. In the same way as in the Lusztig’s definition [3,
3.1.1] of the quantum groups, to the pair (x,II), we can associate a unique
K-algebra U = U (x, II) characterized by the following properties.

(i) As a K-algebra, U has generators Ky, Ly (A € ), E;, F; (i € I) satis-
fying the equations Ko = 1, K\L,, = L, Ky, KK, = Ky, L\L,, = Lx;,,
Ky\E; = x(\, i) E; Ky, K)\F; = x(\,—a;)F;Ky, L\E; = x(—aj, \)E; Ly,
LyF; = x(oi, \)F;Ly, E;Fj — F;E; = 0;5(—Kq, + La,;). As a K-linear space,
the elements KyL, (A, u € ) are linearly independent.

(ii) Let U° be the subalgebra of U generated by Ky, Ly (A € ). Let
UT (resp. U™) be the subalgebra of U generated by E; (resp. F;) (i € I)
and 1. One has a K-linear isomorphism U~ @k U° @x Ut — U with
Y®Z®X — YZX. One also has K-linear subspaces Uy (A € ) such that
U = @reaUy, U\U, C Upyy, UY C Uy, and E; € Uy, F; € U_y, (i € 1).

(iii) Let U= (resp. U<) be the subalgebra of U generated by U™ and
K)’s (resp. U~ and Ly’s). One has a Drinfeld bilinear map ¢ = 9! :
UZ x US — K such that Yu+xu-: Ut x U~ — K is non-degenerate, and
V(K L) = x(\, 1), V(E;, Fy) = i, V(E;, L) = 9(Ky, Fj) = 0.

We call U a generalized quantum group, see also [1, (4.8)].
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