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Skew centers of rank-one generalized quantum groups

Punita Batra and Hiroyuki Yamane

Dedicated to Professor Jun Morita on the occasion of his 60th birthday

Abstract. In this paper, we study skew centers of rank-one general-
ized quantum groups.

1. Introduction

Let K be a field. Let K× := K\{0}. Let A be a finite-rank free Z-module.

Let χ : A× A → K× be a bi-homomorphism, that is,

χ(λ, µ+ µ′) = χ(λ, µ)χ(λ, µ′) and χ(λ+ λ′, µ) = χ(λ, µ)χ(λ′, µ) (1)

for all λ, λ′, µ, µ′ ∈ A. Let qλ := χ(λ, λ) for λ ∈ A. Let ϖ : A → K× be a

Z-module homomorphism.

Let δa,b means the Kronecker’s delta, i.e., δa,a := 1, and δa,b := 0 if a ̸= b.

For a, b ∈ R, let Ja,b := {n ∈ Z | a ≤ n ≤ b }, and Ja,∞ := {n ∈ Z | a ≤ n }.
Let Z≥0 := J0,∞. Note N = J1,∞.

For n ∈ Z≥0 and x ∈ K, let (n)x :=
∑n

r=1 x
r−1, and (n)x! :=

∏n
r=1(r)x.

For x ∈ K×, define ô(x) ∈ Z≥0 \ {1} by

ô(x) :=

{
min{ r′ ∈ J2,∞ | (r′)x! = 0 } if (r′′)x! = 0 for some r′′ ∈ J2,∞,

0 otherwise.

(2)
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For x ∈ K×, define ǒ(x) ∈ J2,∞ ∪ {∞} by

ǒ(x) :=

{
ô(x) if ô(x) ≥ 2,

∞ otherwise.

For an associative K-algebra a and X, Y ∈ a, let [X,Y ] := XY − Y X.

Throughout this paper, fix α ∈ A \ {0}, and let q̄ := qα,

ô := ô(q̄), ǒ := ǒ(q̄), and ϖ̄ := ϖ(α).
(3)

Let U = U(χ;α) be the associative K-algebra (with 1) defined by gener-

ators Kλ, Lµ (λ, µ ∈ A), E and F and relations:

K0 = L0 = 1, KλKµ = Kλ+µ, LλLµ = Lλ+µ, LλKµ = KµLλ,

KλE = χ(λ, α)EKλ, KλF = χ(λ,−α)FKλ,

LµE = χ(−α, µ)ELµ, LµF = χ(α, µ)FLµ,

[E,F ] = −Kα + Lα,

E ô = F ô = 0 if ô ≥ 2.

(4)

We call U the rank-one generalized quantum group, see Remark 3.2 below

for a higher rank one. We can easily see:

Lemma 1.1. As a K-linear space, the elements FnKλLµE
m (λ, µ ∈ A,

m, n ∈ J0,ǒ−1) form a K-basis of U .

Let U0 = U0(χ;α) be the K-subalgebra of U generated by Kλ, Lµ (λ,

µ ∈ A). Define the K-subalgebra U0 of U by U0 := ⊕ǒ−1
k=0F

kU0Ek. Let

Z̄ϖ̄ = Z̄ϖ̄(χ;α) := {C ∈ U0 | ϖ̄−1CE − EC = ϖ̄CF − FC = 0 }. (5)

We call an element of Z̄ϖ̄ an ϖ-skew central element of U . We give an

explicit K-basis of Z̄ϖ̄ in Theorem 2.4.

We have the K-algebra isomorphism T̄ = T̄χ;−α : U(χ;−α) → U(χ;α)
defined by

T̄ (KλLµ) := KλLµ (λ, µ ∈ A), T̄ (E) := FL−α, T̄ (F ) := K−αE. (6)

We call T̄ a Lusztig isomorphism. We also study an influence of T̄ for Z̄ϖ̄,

which will be needed for future studies for higher-rank cases.

This paper is inspired by [4, Proof of Lemma 3.1.3].
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Remark 1.2. In this remark, we assume that the rank of A is one and A is

generated by α, so A = Zα. Let U†,0 be the subalgebra of U0 generated by

KαL−α and K−αLα, so U†,0 = ⊕∞
r=−∞KKrαL−rα. Let U† be the K-linear

subspace of U by ⊕ǒ−1
k=0SpanK(F

kK−kαU†Ek). We can easily see

Z̄ϖ̄ = ⊕∞
r=−∞(Z̄ϖ̄ ∩KrαU†).

Let Z be the two-sided ideal generated by LαKα−1. Let Ǔ be the quotient

algebra U/Z. Let π : U → Ǔ be the canonical map. Assume that q̄ ̸= 1, and

that there exists q ∈ K× with q2 = q̄. Let Ǩ := π(Kα), Ě := (−1)
q−q−1π(E)

and F̌ := π(F ). If ô = 0, Ǔ is isomorphic to Uq̄sl2. If ô ≥ 2, the quotient

algebra Ǔ ⟨r⟩ := Ǔ/(Ǩrô − 1)Ǔ for some r ∈ N is usually called a small

quantum group of type A1; Ǔ ⟨2⟩ was introduced by [2]; in this paper, we treat

not Ǔ ⟨r⟩ but Ǔ . Let ˇ̄Zϖ̄ := { Č ∈ π(U0) | ϖ̄−1ČĚ−ĚČ = ϖ̄ČF̌ − F̌ Č = 0 }.
Then the K-linear map f : (Z̄ϖ̄ ∩ U†) ⊕ (Z̄ϖ̄ ∩ KαU†) → ˇ̄Zϖ̄ defined by

f(X) := π(X) is bijective. So, from main results for U in this paper, we

can easily corresponding ones for Ǔ via f .

2. Skew graded centers for the rank one generalized quantum

group

For n ∈ Z≥0, m ∈ J0,n and x ∈ K, define
(
n
m

)
x
∈ K by

(
n
0

)
x
:=

(
n
n

)
x
:= 1,

and
(
n
m

)
x
:=

(
n−1
m

)
x
+ xn−m

(
n−1
m−1

)
x
= xm

(
n−1
m

)
x
+

(
n−1
m−1

)
x
(if m ∈ J1,n−1).

If (m)x!(n − m)x! ̸= 0, then
(
n
m

)
x
= (n)x!

(m)x!(n−m)x!
. For x, y, z ∈ K, and

n ∈ N, we have
∏n−1

t=0 (y + xtz) =
∑n

m=0 x
m(m−1)

2

(
n
m

)
x
yn−mzm.

For n ∈ Z≥0, and x, y ∈ K, let (n;x, y) := 1 − xn−1y and (n;x, y)! :=∏n
m=1(m;x, y).

Let ϖχ
λ,µ;β := ϖ(β) · χ(β,µ)

χ(λ,β) for β, λ, µ ∈ A.

For r ∈ N, we have

[E,F r] = (r)q̄F
r−1(−q̄−(r−1)Kα + Lα),

[Er, F ] = (r)q̄(−q̄−(r−1)Kα + Lα)E
r−1.

(7)

Define a K-algebra automorphism Ῡ : U0 → U0 by

Ῡ(KλLµ) :=
χ(α, µ)

χ(λ, α)
KλLµ.
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Let k ∈ J0,ǒ−1. Let C ∈ U0 be such that

C =
k∑

n=0

FnZnE
n, (8)

where Zn ∈ U0. Then

ϖ̄−1CE − EC

= (ϖ̄−1Z0 − Ῡ(Z0))E

+

k∑
m=1

(
ϖ̄−1Fm(Zm − Ῡ(Zm))Em+1

−(m)q̄F
m−1((−q̄−(m−1)Kα + Lα)Zm)Em

)
=

( k−1∑
m=0

Fm(ϖ̄−1Zm−Ῡ(Zm)−(m+ 1)q̄(−q̄−mKα + Lα)Zm+1)E
m+1

)
+F k(ϖ̄−1Zk − Ῡ(Zk))E

k+1

(9)

and

ϖ̄CF − FC

= F (ϖ̄Ῡ(Z0)− Z0)

+

k−1∑
m=0

(
Fm+1(ϖ̄Ῡ(Zm)− Zm)Em

+ϖ̄(m)q̄F
m−1Zm(−q̄−(m−1)Kα + Lα)E

m
)

=
( k−1∑
m=0

Fm+1(ϖ̄Ῡ(Zm)− Zm + ϖ̄(m+ 1)q̄Zm+1(−q̄−mKα + Lα)E
m
)

+F k+1(ϖ̄Ῡ(Zk)− Zk)E
k.

(10)

By (9) and (10), we have

Lemma 2.1. The following conditions are equivalent.

(1) ϖ̄−1CE − EC = 0.

(2) ϖ̄CF − FC = 0.

(3) ϖ̄−1Zm − Ῡ(Zm) − (m + 1)q̄(−q̄−mKα + Lα)Zm+1 = 0 for all m ∈
J0,k−1, and, if k < ô− 1, ϖ̄−1Zk − Ῡ(Zk) = 0.
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Let

U† :=

∞⊕
m=0

∞⊕
p=−∞

KFmK(p−m)αL−pαE
m,

see also Remark 1.2.

By (9), we have

Z̄ϖ̄ =
∑

(λ,µ)∈A2

(Z̄ϖ̄ ∩KλLµU†).

Lemma 2.2. Let (λ, µ) ∈ A2. Let

C =
ǒ−1∑
m=0

Fm(
∞∑

p=−∞
am,pKλ+(p−m)αLµ−pα)E

m ∈ Z̄ϖ̄ ∩KλLµU†,

where am,p ∈ K. Assume that C ∈ Z̄ϖ̄ \ {0} and that

am,p = 0 for all (m, p) ∈ J0,ǒ−1 × Z with ϖχ
λ,µ;αq̄

m−2p = 1. (11)

(Note that ϖχ
λ,µ;αq̄

m−2p = ϖχ
λ+(p−m)α,µ−pα;α.) Then

ô ≥ 2,
ô−1∏
t=0

(ϖχ
λ,µ;α − q̄t) ̸= 0, and {p ∈ Z|aô−1,p ̸= 0} ̸= ∅.

Proof. For m ∈ J0,ô−1, let Xm := { p ∈ Z | am,p ̸= 0}, and

pm :=

{
minXm if Xm ̸= ∅,
∞ otherwise.

Let n := Max{m ∈ J0,ǒ−1|Xm ̸= ∅}. It follows from Lemma 2.1 and (5)

that

−q̄−(m−1)(m)q̄am,p + (m)q̄am,p+1 = ϖ̄−1(1−ϖχ
λ,µ;αq̄

m−1−2p)am−1,p

for all m ∈ J1,ǒ−1 and all p ∈ Z.
(12)

By (12), letting m ∈ Z≥0 be such that Xm ̸= ∅, we have Xr ̸= ∅ for all

r ∈ Jm,ǒ−1. Hence ô ≥ 2 and n = ô−1, so (11) implies ϖχ
λ,µ;αq̄

−1−2pô−1 ̸= 1.

Moreover by (12), we see that for r ∈ J1,ô−1, with Xr ̸= ∅,

pr−1 = pr − 1 and ϖχ
λ,µ;αq̄

r−1−2pr−1 ̸= 1.
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This completes the proof.

Let (λ, µ) ∈ A2. Let k ∈ J1,ǒ−1. Let

Zϖ̄(λ, µ; k,m)

:= ϖ̄−m

(m)q̄ !

k−m∑
n=0

q̄−(m−1)n

(
m+ n

n

)
q̄

(m; q̄−1, ϖχ
λ,µ;αq̄

−n)!Kλ+nαLµ−(m+n)α

(13)

for m ∈ J0,k, and let

Cϖ̄(λ, µ; k) = Cχ;α
ϖ̄ (λ, µ; k) :=

k∑
m=0

FmZϖ̄(λ, µ; k,m)Em

= (

k∑
t=0

q̄tKλ+tαLµ−tα)

+(

k−1∑
m=1

FmZϖ̄(λ, µ; k,m)Em)

+ ϖ̄−k

(k)q̄ !
(k; q̄−1, ϖχ

λ,µ;α)!F
kKλLµ−kαE

k.

(14)

We can directly see that for m ∈ J0,k−1,

ϖ̄−1Zϖ̄(λ, µ; k,m)− Ῡ(Zϖ̄(λ, µ; k,m))

−(m+ 1)q̄(−q̄−mKα + Lα)Zϖ̄(λ, µ; k,m+ 1)

= ϖ̄−m

(m)q̄ !

(∑k−m
n=0 q̄−(m−1)n

(
m+n
n

)
q̄
(m; q̄−1, ϖχ

λ,µ;αq̄
−n)!

·ϖ̄−1(1−ϖχ
λ,µ;αq̄

−(m+2n))Kλ+nαLµ−(m+n)α

)
− ϖ̄−(m+1)

(m)q̄ !

(∑k−m−1
n=0 q̄−mn

(
m+1+n

n

)
q̄
(m+ 1; q̄−1, ϖχ

λ,µ;αq̄
−n)!

·(−q̄−mKα + Lα)Kλ+nαLµ−(m+n+1)α

)
= ϖ̄−(m+1)

(m)q̄ !

(
((m; q̄−1, ϖχ

λ,µ;α)!(1−ϖχ
λ,µ;αq̄

−m)

−(m+ 1; q̄−1, ϖχ
λ,µ;α)!)KλLµ−mα

+
(∑k−m−1

n=1

(
q̄−(m−1)n

(
m+n
n

)
q̄
(m; q̄−1, ϖχ

λ,µ;αq̄
−n)!(1−ϖχ

λ,µ;αq̄
−(m+2n))

+q̄−m(n−1)
(
m+n
n−1

)
q̄
(m+ 1; q̄−1, ϖχ

λ,µ;αq̄
−n+1)!q̄−m

−q̄−mn
(
m+n+1

n

)
q̄
(m+ 1; q̄−1, ϖχ

λ,µ;αq̄
−n)!

)
Kλ+nαLµ−(m+n)α

)
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+
(
q̄−(m−1)(k−m)

(
k

k−m

)
q̄
(m; q̄−1, ϖχ

λ,µ;αq̄
−(k−m))

·(1−ϖχ
λ,µ;αq̄

−(2k−m))

+q̄−m(k−m−1)
(

k
k−m−1

)
q̄
(m+ 1; q̄−1, ϖχ

λ,µ;αq̄
−(k−m−1))!q̄−m

)
·Kλ+(k−m)αLµ−kα

)
= ϖ̄−(m+1)

(m)q̄ !

((∑k−m−1
n=1 q̄−mn(m; q̄−1, ϖχ

λ,µ;αq̄
−n)!

(
(
m+n
n

)
q̄
(q̄n −ϖχ

λ,µ;αq̄
−(m+n))

+
(
m+n
n−1

)
q̄
(1−ϖχ

λ,µ;αq̄
−n+1)−

(
m+n+1

n

)
q̄
(1−ϖχ

λ,µ;αq̄
−(m+n))

)
·Kλ+nαLµ−(m+n)α

)
+q̄−m(k−m)(m; q̄−1, ϖχ

λ,µ;αq̄
−(k−m))!

((
k

k−m

)
q̄
(q̄k−m −ϖχ

λ,µ;αq̄
−k)

+
(

k
k−m−1

)
q̄
(1−ϖχ

λ,µ;αq̄
−(k−m−1))

)
Kλ+(k−m)αLµ−kα

)
= ϖ̄−(m+1)

(m)q̄ !
q̄−m(k−m)(m; q̄−1, ϖχ

λ,µ;αq̄
−(k−m))!

(
k+1
k−m

)
q̄
(1−ϖχ

λ,µ;αq̄
−k)

·Kλ+(k−m)αLµ−kα

= ϖ̄−(m+1)q̄−m(k−m)

(m)q̄ !

(
k+1
m+1

)
q̄
(m+ 1; q̄, ϖχ

λ,µ;αq̄
−k)!Kλ+(k−m)αLµ−kα,

and that

ϖ̄−1Zϖ̄(λ, µ; k, k)− Ῡ(Zϖ̄(λ, µ; k, k))

= ϖ̄−k

(k)q̄ !
(k; q̄−1, ϖχ

λ,µ;α)!ϖ̄
−1(1−ϖχ

λ,µ;αq̄
−k)KλLµ−kα

= ϖ̄−(k+1)

(k)q̄ !
(k + 1; q̄−1, ϖχ

λ,µ;α)!KλLµ−kα.

Hence by Lemma 2.1,

Cχ;α
ϖ̄ (λ, µ; k) ∈ Z̄ϖ̄ if and only if (k + 1)q̄ · (ϖχ

λ,µ;α − q̄k) = 0. (15)

Note

Cχ;α
1 (0, α; 1) = q̄Kα + Lα + (1− q̄)FE ∈ Z̄1.

For t ∈ Z, let Hϖ̄,t := { (λ, µ) ∈ A2 |ϖχ
λ,µ;α = q̄t }. Let Hϖ̄ := ∪t∈ZHϖ̄,t.

Let

Z̄′
ϖ̄ = Z̄′

ϖ̄(χ;α) := Z̄ϖ̄ ∩ (⊕ǒ−1
m=0 ⊕(λ,µ)∈Hϖ̄

KFmKλLµE
m),

Z̄′′
ϖ̄ = Z̄′′

ϖ̄(χ;α) := Z̄ϖ̄ ∩ (⊕ǒ−1
m=0 ⊕(λ,µ)∈A2\Hϖ̄

KFmKλLµE
m).

Then, as a K-linear space, we have

Z̄ϖ̄(χ;α) = Z̄′
ϖ̄(χ;α)⊕ Z̄′′

ϖ̄(χ;α). (16)

Note

U0 ∩ Z̄ϖ̄(χ;α) = U0 ∩ Z̄′
ϖ̄(χ;α) = ⊕(λ,µ)∈Hϖ̄,0

KKλLµ.
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Lemma 2.3. Assume q̄ = 1. Then Z̄′
ϖ̄(χ;α) ⊂ U0.

Proof. Let C =
∑k

m=0 F
mZmEm be as in (8). Assume C ∈ Z̄′

ϖ̄(χ;α)\{0}.
Note that ϖ̄−1Zm = Ῡ(Zm) for all m ∈ J0,k. By Lemma 2.1 (3), Zm = 0

for all m ∈ J1,k. Hence C ∈ U0, as desired.

Theorem 2.4. As K-linear spaces, we have

Z̄′′
ϖ̄(χ;α) =

{
{0} if ô = 0,

⊕(λ,µ)∈A2\Hϖ̄
KCχ;α

ϖ̄ (λ, µ; ô− 1) if ô ≥ 2,
(17)

and

Z̄′
ϖ̄(χ;α) =

⊕∞
m=0 ⊕(λ,µ)∈Hϖ̄,0

KKλLµC
χ;α
1 (0,mα;m) if q̄ ̸= 1 and ô = 0,

⊕ô−1
m=0 ⊕(λ,µ)∈Hϖ̄,0

KKλLµC
χ;α
1 (0,mα;m) if q̄ ̸= 1 and ô ≥ 2,

⊕(λ,µ)∈Hϖ̄,0
KKλLµ if q̄ = 1.

(18)

In particular, if q̄ ̸= 1,

Z̄′
ϖ̄(χ;α) =

⊕
(λ,µ)∈Hϖ̄,0

ǒ−1⊕
m=0

KKλLµC
χ;α
1 (0, α; 1)m. (19)

Proof. This can be easily proved by using Lemmas 2.2 and 2.3 and (15) and

paying attention to the coefficients of the highest terms of C(λ, µ;m)’s.

Define the K-linear map S̄h = S̄h
χ;α

: U → U0 by

S̄h(FnKλLµE
m) := δn,0δm,0KλLµ (λ, µ ∈ A, m, n ∈ Z≥0).

Define the K-algebra homomorphism H̄Cϖ̄ = H̄C
χ;α
ϖ̄ : Z̄ϖ̄ → U0 by H̄Cϖ̄ :=

S̄h|Z̄ϖ̄ .

Lemma 2.5. For (λ, µ) ∈ A2, let

Xλ,µ := H̄C
χ;α
ϖ̄ (Z̄ϖ̄ ∩KλLµU†).

(1) Assume that q̄ ̸= 1 and ô = 0. If ϖχ
λ,µ;α = 1, then the elements

KλLµ, KλLµ((KαL−α)
−m + q̄2m(KαL−α)

m) (m ∈ N) (20)
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form a K-basis of Xλ,µ. If ϖχ
λ,µ;α = q̄, then the elements

KλLµ((KαL−α)
1−m + q̄2m−1(KαL−α)

m) (m ∈ N) (21)

form a K-basis of Xλ,µ. If ϖχ
λ,µ;α ̸= q̄t for all t ∈ Z, then Xλ,µ = {0}.

(2) Assume that q̄ ̸= 1 and ô ̸= 0. If ô ∈ 2N + 1 and ϖχ
λ,µ;α = 1, then

the elements

KλLµ(KαL−α)
rô,

KλLµ(KαL−α)
rô((KαL−α)

−m + q̄2m(KαL−α)
m),

KλLµ(KαL−α)
rô((KαL−α)

ô+1
2

−m + q̄2m−1(KαL−α)
ô−1
2

+m)

(r ∈ Z, m ∈ J1, ô−1
2
)

(22)

form a K-basis of Xλ,µ. If ô ∈ 2N and ϖχ
λ,µ;α = 1, then the elements

KλLµ(KαL−α)
rô
2 ,

KλLµ(KαL−α)
rô
2 ((KαL−α)

−m + q̄2m(KαL−α)
m)

(r ∈ Z, m ∈ J1, ô
2
−1)

(23)

form a K-basis of Xλ,µ. If ô ∈ 2N and ϖχ
λ,µ;α = q̄, then the elements

KλLµ(KαL−α)
rô
2 ((KαL−α)

−m + q̄2m+1(KαL−α)
m+1)

(r ∈ Z, m ∈ J0, ô
2
−1)

(24)

form a K-basis of Xλ,µ. If ϖχ
λ,µ;α ̸= q̄t for all t ∈ J0,ô−1, then the elements

(KαL−α)
r ·

ô−1∑
t=0

q̄tKλ+tαLµ−tα (r ∈ Z) (25)

form a K-basis of Xλ,µ.

(3) Assume that q̄ = 1. If ϖχ
λ,µ;α = 1, then the elements KλLµ(KαL−α)

r

(r ∈ Z) form a K-basis of Xλ,µ. If ϖχ
λ,µ;α ̸= 1 and ô = 0, then Xλ,µ = {0}.

If ϖχ
λ,µ;α ̸= 1 and ô ̸= 0, then the elements (KαL−α)

r ·
∑ô−1

t=0 Kλ+tαLµ−tα

(r ∈ Z) form a K-basis of Xλ,µ.

Proof. We first note that

m∑
t=0

q̄tKtαL(m−t)α = (q̄mKmα + Lmα) + q̄mKαLα ·
m−2∑
t=0

q̄tKtαL(m−2−t)α
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for m ∈ J2,∞. For m := 2m′ for some m′ ∈ N,

q̄mKmα + Lmα = (KαLα)
m′
((KαL−α)

−m′
+ q̄m(KαL−α)

m′
).

For m := 2m′ − 1 for some m′ ∈ N,

q̄mKmα + Lmα = (KαLα)
m′−1Lα((KαL−α)

1−m′
+ q̄m(KαL−α)

m′
).

If ô = 2k′ − 1 for some k′ ∈ N, then for m := 2m′ − 1 with some m′ ∈ N,

q̄mKmα + Lmα = (KαLα)
m′−k′Lô

α((KαL−α)
k′−m′

+ q̄m(KαL−α)
k′+m′−1).

Define f ∈ Ch(U0) by f(Kλ′Lµ′) := χ(α,µ′)
χ(λ′,α) ((λ′, µ′) ∈ A2). Note that

f((KαLα)
xLy

α(KαL−α)
z) = q̄y−2z (x, y, z ∈ Z).

Then, using f , we can easily have (20)-(24) by (14) and (18).

We can easily see (25) by (14) and (17).

The other statements can also be proved similarly.

By Lemma 2.5, we can easily see

Lemma 2.6. Let

X :=
∑

(λ′,µ′)∈A2

a(λ′,µ′)Kλ′Lµ′ ∈ U0 (a(λ′,µ′) ∈ K).

Then X ∈ ImH̄Cϖ̄ if and only if for all (λ, µ) ∈ A2 with ϖχ
λ,µ;α ̸= 1, all the

equations in (i)-(iv) below are satisfied.

(i) In case that q̄ ̸= 1, ô = 0 and ϖχ
λ,µ;α = q̄t for some t ∈ Z \ {0},

a(λ+tα,µ−tα) = q̄t · a(λ,µ).

(ii) In case that q̄ ̸= 1, ô ≥ 2 and ϖχ
λ,µ;α = q̄t for some t ∈ J1,ô−1,

∞∑
x=−∞

a(λ+(ôx+t)α,µ−(ôx+t)α) = q̄t ·
∞∑

y=−∞
a(λ+ôyα,µ−ôyα).

(iii) In case that ô = 0 and ϖχ
λ,µ;α ̸= q̄t for all t ∈ Z, a(λ,µ) = 0.

(iv) In case that ô ≥ 2 and ϖχ
λ,µ;α ̸= q̄t for all t ∈ J0,ô−1,

∞∑
x=−∞

a(λ+(ôx+m)α,µ−(ôx+m)α) = q̄m ·
∞∑

y=−∞
a(λ+ôyα,µ−ôyα) (m ∈ J1,ô−1).
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3. Influence of a Lusztig isomorphism

Recall T̄ from (6). We can easily see

T̄ (Z̄′
ϖ̄−1(χ;−α)) = Z̄′

ϖ̄(χ;α) and T̄ (Z̄′′
ϖ̄−1(χ;−α)) = Z̄′′

ϖ̄(χ;α). (26)

Define the K-linear isomorphism γ̄χ;−α
ϖ̄−1 : U0(χ;−α) → U0(χ;α) by

γ̄χ;−α
ϖ̄−1 (KλLµ) := (ϖχ

λ,µ;α)
ô−1KλLµ (λ, µ ∈ A).

Lemma 3.1. We have

(H̄C
χ;α
ϖ̄ ◦ T̄χ;−α)(X) = (γ̄χ;−α

ϖ̄ ◦ H̄Cχ;−α
ϖ̄−1 )(X) (X ∈ Z̄ϖ̄−1(χ;−α)). (27)

Proof. Note

T̄χ;−α(Cχ;−α
1 (0,−α; 1)) = K−αL−αC

χ;α
1 (0, α; 1). (28)

For (λ, µ) ∈ Hϖ̄,0 and m ∈ Z≥0, we have

(H̄C
χ;α
ϖ̄ ◦ T̄χ;−α)(KλLµC

χ;−α
1 (0,−α; 1)m)

= H̄C
χ;α
ϖ̄ (KλLµ(K−αL−αC

χ;α
1 (0, α; 1))m) (by (28))

= KλLµ(K−αL−α(q̄Kα + Lα))
m

=
∑m

t=0

(
m
t

)
1
q̄m−tKλ−tαLµ−(m−t)α

= γ̄χ;−α
ϖ̄−1 (

∑m
t=0

(
m
t

)
1
q̄m−t(ϖλ−tα,µ−(m−t)α;α)

−(ô−1)Kλ−tαLµ−(m−t)α)

= γ̄χ;−α
ϖ̄−1 (

∑m
t=0

(
m
t

)
1
q̄m−t · (q̄−m+2t)−(ô−1) ·Kλ−tαLµ−(m−t)α)

(since ϖχ
λ,µ;α = 1)

= γ̄χ;−α
ϖ̄−1 (

∑m
t=0

(
m
t

)
1
q̄tKλ−tαLµ−(m−t)α)

= γ̄χ;−α
ϖ̄−1 (KλLµ(q̄K−α + L−α)

m)

= (γ̄χ;−α
ϖ̄−1 ◦ H̄Cχ;−α

ϖ̄−1 )(KλLµC
χ;−α
1 (0,−α; 1)m).

(29)

Using (19) and (29), we see that (27) for X ∈ Z̄′
ϖ̄−1(χ;−α) is true.
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Assume ô ≥ 2. Let (λ, µ) ∈ A2 \ H. We need the following calculation.

T̄χ;−α( (ϖ̄
−1)−(ô−1)

(ô−1)q̄ !
(ô− 1; q̄−1, ϖχ

λ,µ;−α)!F
ô−1KλLµ−(ô−1)(−α)E

ô−1)

= T̄χ;−α( ϖ̄ô−1

(ô−1)q̄ !
(ô− 1; q̄−1, (ϖχ

λ,µ;α)
−1)!F ô−1KλLµ−(ô−1)(−α)E

ô−1)

= ϖ̄ô−1

(ô−1)q̄ !

(ô−2∏
p=0

(1− q̄−p(ϖχ
λ,µ;α)

−1)
)

·(K−αE)ô−1KλLµ−(ô−1)(−α)(FL−α)
ô−1

= ϖ̄ô−1

(ô−1)q̄ !

(ô−2∏
p=0

(1− q̄−p(ϖχ
λ,µ;α)

−1)
)
E ô−1Kλ−(ô−1)αLµF

ô−1

≡ ϖ̄ô−1

(ô−1)q̄ !
(−1)ô−1q̄−

(ô−1)(ô−2)
2 (ϖχ

λ,µ;α)
−(ô−1)(ô− 1; q̄, ϖχ

λ,µ;α)!

·χ(α,µ)
2(ô−1)

χ(λ,α)2(ô−1) q̄
2(ô−1)2F ô−1Kλ−(ô−1)αLµE

ô−1

(mod⊕ô−2
m=0 F

mU0Em)

= ϖ̄−(ô−1)

(ô−1)q̄ !
(−1)ô−1q̄1−

ô(ô−1)
2 (ϖχ

λ,µ;α)
ô−1(ô− 1; q̄, ϖχ

λ,µ;α)!

·F ô−1Kλ−(ô−1)αLµE
ô−1

(since q̄2(ô−1)2− (ô−1)(ô−2)
2 = q̄2−

(ô−1)(ô−2)
2 = q̄2+(ô−1)− ô(ô−1)

2

= q̄1−
ô(ô−1)

2 )

= (ϖχ
λ,µ;α)

ô−1q̄ ϖ̄−(ô−1)

(ô−1)q̄ !
(ô− 1; q̄, ϖχ

λ,µ;α)!F
ô−1Kλ−(ô−1)αLµE

ô−1

(since q̄
ô(ô−1)

2 = (−1)ô−1)

= (ϖχ
λ,µ;α)

ô−1q̄ ϖ̄−(ô−1)

(ô−1)q̄ !
(ô− 1; q̄, q̄2ϖχ

λ−(ô−1)α,µ+(ô−1)α;α)!

·F ô−1Kλ−(ô−1)αLµE
ô−1

(since q̄2ϖχ
λ−(ô−1)α,µ+(ô−1)α;α = ϖχ

λ,µ;α)

(30)

= (ϖχ
λ,µ;α)

ô−1q̄ ϖ̄−(ô−1)

(ô−1)q̄ !
(ô− 1; q̄−1, ϖχ

λ−(ô−1)α,µ+(ô−1)α;α)!

·F ô−1Kλ−(ô−1)αL(µ+(ô−1)α)−(ô−1)αE
ô−1

By (17) and (26), we have

T̄χ;−α(Cχ;−α
ϖ̄−1 (λ, µ; ô− 1))

= q̄ · (ϖχ
λ,µ;α)

ô−1 · Cχ;α
ϖ̄ (λ− (ô− 1)α, µ+ (ô− 1)α; ô− 1),

(31)
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since the top terms of LHS and RHS coincide by (30). By (31), we have

(H̄C
χ;α
ϖ̄ ◦ T̄χ;−α)(Cχ;−α

ϖ̄−1 (λ, µ; ô− 1))

= q̄ · (ϖχ
λ,µ;α)

ô−1 ·
∑ô−1

t=0 q̄
tK(λ−(ô−1)α)+tαL(µ+(ô−1)α)−tα

(by (31) and (14))

= (ϖχ
λ,µ;α)

ô−1 ·
∑ô−1

t=0 q̄
−(ô−1−t)Kλ+(ô−1−t)(−α)Lµ−(ô−1−t)(−α)

= (ϖχ
λ,µ;α)

ô−1 ·
∑ô−1

t=0 q̄
−tKλ+t(−α)Lµ−t(−α)

=
∑ô−1

t=0 q̄
t · (ϖχ

λ+t(−α),µ−t(−α);α)
ô−1Kλ+t(−α)Lµ−t(−α)

= (γ̄χ;−α ◦ H̄Cχ;−α
ϖ̄−1 )(C

χ;−α
ϖ̄−1 (λ, µ; ô− 1)) (by (14)).

Hence (27) forX ∈ Z̄′′(χ;−α) is true. This completes the proof by (16).

Remark 3.2. (A generalized quantum group.) Let I be a finite set. Assume

that A is a finite-rank free Z-module with |I| = rankZA. Let {αi | i ∈ I }
be a (set) Z-basis of A. In the same way as in the Lusztig’s definition [3,

3.1.1] of the quantum groups, to the pair (χ,Π), we can associate a unique

K-algebra U = U(χ,Π) characterized by the following properties.

(i) As a K-algebra, U has generators Kλ, Lλ (λ ∈ A), Ei, Fi (i ∈ I) satis-

fying the equations K0 = 1, KλLµ = LµKλ, KλKµ = Kλ+µ, LλLµ = Lλ+µ,

KλEi = χ(λ, αi)EiKλ, KλFi = χ(λ,−αi)FiKλ, LλEi = χ(−αi, λ)EiLλ,

LλFi = χ(αi, λ)FiLλ, EiFj −FjEi = δij(−Kαi +Lαi). As a K-linear space,

the elements KλLµ (λ, µ ∈ A) are linearly independent.

(ii) Let U0 be the subalgebra of U generated by Kλ, Lλ (λ ∈ A). Let

U+ (resp. U−) be the subalgebra of U generated by Ei (resp. Fi) (i ∈ I)

and 1. One has a K-linear isomorphism U− ⊗K U0 ⊗K U+ → U with

Y ⊗Z⊗X 7→ Y ZX. One also has K-linear subspaces Uλ (λ ∈ A) such that

U = ⊕λ∈AUλ, UλUµ ⊂ Uλ+µ, U
0 ⊂ U0, and Ei ∈ Uαi , Fi ∈ U−αi (i ∈ I).

(iii) Let U≥ (resp. U≤) be the subalgebra of U generated by U+ and

Kλ’s (resp. U− and Lλ’s). One has a Drinfeld bilinear map ϑ = ϑχ,Π :

U≥ × U≤ → K such that ϑ|U+×U− : U+ × U− → K is non-degenerate, and

ϑ(Kλ, Lµ) = χ(λ, µ), ϑ(Ei, Fj) = δij , ϑ(Ei, Lµ) = ϑ(Kλ, Fj) = 0.

We call U a generalized quantum group, see also [1, (4.8)].
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