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A method is pre sented for the analys i s  of an ablation of 1 •  e last ic ' so l id with , thermal  
laye r. The method i s  in  part  an  appl icat ion of  B iot' s var iational theory · of · thermoe las ­
tic i ty. An extens ion of heat balance integral introduced by Goodman for thermoe last ic i ty 
i s  tr ied. Both mathemat ical method toge the r with a quadratic approximation of tempera­
ture,  p rovide a system of d i ffe rent ial equations of the pos it ion of me lt ing l ine s ( t) , and 
the th ickne s s  of the rmal laye r q (  t ) .  The so lution of heat : conduction equation I provide s 
the init ial  condit ion of q (  t ) .  With the a id of Adams - Bashforth' s method, one can reach 
the ser ies  so lution of s ( t) and q( t ) .  

§ 1 . Introduction 

In the previous papers ,  the authe r analysed the me lt ing e last ic  s o l id with the a id of 1 ) - 7 )  
B iot and Boley' s ear l i er  works .  

B iot introduced the var iational invar iants 

v 

D 

= f!J: ( 2cT 8' + W) 
= P f!J: 2lT H' d V, 

d V. 

with p 

in h is  theory of the rmoe lastic i ty : 

( 1 .  1 )  

d ( 1 .  2 )  d t . 

c . . . . . .  heat capac ity pe r unit volume, T . . . . . .  abso lute temperature, e . . . . . .  temperature change, 
W . . . . . .  s train ene rgy funct ion, A. • • • • • •  coeffic ient of heat conduction, H . . . . . .  quantity which 
repre sents the rate of  heat flow by H. 
And he der ived the var iational equation. 

Boley inve s t igated the ablat ion of  s o l id by use of the heat conduct ion equation 1 with 
6 )  phase  change. 

Goodman introduced the quant ity I =  J Bdx, where the
, 
integral was 1 taken ' over

' 
the 

reg ion he cons idered. He led the ; heat balance integral and e s tabl i shed ! his : theory of 8 ) ,  9 )  ' 
heat conduction. 10)  

Duhame l - Neuman' s form of  Hooke ' s law is 

The ene rgy equation of the rmoe last ic ity is 

- ( h. ) , = c iJ  + T /3ii e ij. 
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a,1 • • • • •  s tre s s  tensor, e t1 • • • • •  s train tensor,  /3t1 , C t1k t  • • • • •  numer ical cons tants, h, . . . . .  heat flow 
rate fo r x, direc tion, ( ) , . . . . .  d i ffe rentiation with respect to X t  direc tion. 

The aim of th is  pape r is to inve st ige te the ablat ion of e last ic  so l id by use of  B iot 's 
var iational pr inc iple and othe r works mentioned above : 
1. The var iational invar iants are introduced by virtue of the formulas ( 1 . 1 )  and ( 1 . 2 ) , 
and the var iat ional equation i s  formulated. 
2. If we take the or igin of t ime as  the t ime when the ablat ion begins,  the init ial  cond i ­
tion of the th ickne s s  of the rmal laye r q ( O ) is ca lcu lated from the so lut ion of heat con­
duction equat ion. 
3. Reffe r ing to Goodman's  work, the new extens ion of the heat balance integral for the rmo­
e last ic ity is found. 
4. The s e r ie s  so lut ion of the pos i t ion of me lt ing l ine s ( t) and the th ickne s s  - of the rmal 
laye r q ( t )  are found from the var iational equation and the heat balance integral .  

§ 2. In i t ia l  Cond i t ion of  The rma l  Layer  

The problem of me lt ing s lab may be  conc ide red. Cons ide r a s lab occupy ing the 
f inite or infinite region of x axis ,  exposed to a pre scr ibed heat input Q( t) at x =  0. Let 
T+ 8 denote the tempe rature of  un it e lement, 8 be ing the tempe rature change. It will be 
assumed here that the me lted port ion is  immedeate ly removed. When the face x= 0 is 
suddenly exposed, at t= O, to a heat input, a tempe rature change occures m a smal l  regi ­
on, cal led the rmal laye r. In th is  pape r, we as sume the heat input i s  cons tant be fore 
me lt ing begins .  

The so lution of heat conduct ion equation 
ae 
at 

with the condit ion 

1 1 )  
i s  

_ 
A 

ae(  o,  t ) 
OX 

e = ; Q, 1 ' 
h , . A/ w ere K IS /c . 

( O < x < ro ) 

1 { ex -./?T( t- r) P 

By transforming the var iable as 

�x' ( t- r) - �'
, 

we see from eq. ( 2. 3 )  

e = Q, x  1m 
A Jii xl2x/t ; exp ( - n d�. 

( 2. 1 )  

( 2. 2 )  

( 2 .  3 )  

( 2. 4 )  

( 2. 5 )  

By use of integrat ion by part and Taylor ' s  expans ion, we see from eq. ( 2. 5 )  

e . Q, ( 2 x  � 
+ 

x ) 
=;o T .fiT v' t - x 2x./7iT . ( 2. 6 )  
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This equation is  almost  near ly correct within the reg ion 
2x � O < x < /7i v t . 

We as sume the th ickne s s  of thermal laye r as 

q (  t) = 2 x  /t v --:;- .  ( 2 .  7 )  

The re lation of the me lt ing 
from eq. ( 2. 6 )  as 

temperature Bm and the t ime t m when me lt ing begins,  i s  found 

e _ Q. 2 x  � m - ----:.\ I7T v t m . ( 2. 8 )  

The equation ( 2. 7 )  and ( 2. 8 )  provide the the rma l  layer th ickne s s  when me lt ing begins : 
A q ( tm ) = Q. Om• ( 2 .  9 )  

If we take the or igin o f  t ime at t = t m , we see the init ial condit ion o f  q (  t) as 
A q (  0 )  = Q. Om • ( 2. 10 ) 

§ 3 .  Quadratic Approx imat ion 

A region 8 < x < 8 +  q i s  now de fined to  be the the rmal layer ; for x > 8+ q, the 
s lab is at an equ i l ibr ium temperature and the re is no heat transfe r  beyond th is  po int . 

Let  8= 8 ( t) denote the th ickne s s  of the portion of the mate r ial  which has me l ted and 8 ), 9 )  
take the tes t  function of 0( x, t) as 

O ( x, t )  = a ( t) + b ( t) (x - 8 )  + c ( t )  (x - 8 r 

From the assumption made above , we may set  the condition : 
ae( 8 + q, t ) = 0 0 ( 8, t) = Om , 8 ( 8  + q, t) = 0, ax · 

From the formu la ( 3. 1 )  and the condition ( 3. 2 ) ,  we find 

0 = Om { 1 - .1_ ( X - 8 )  + � ( X - 8 )  2 } q q . 

§ 4 . Variat ional  Princ ip le  

( 3. 1 )  

( 3. 2 )  

( 3. 3 )  

Re fe r ing to eqs . ( 1 . 1 )  and ( 1 . 2 ) , we define the var iat ional invar iants as 

V = Js + q � ( � + Ea2) 02 dx, 

Is + q 1 2 D = p 2 A  T 
H dx. 

( 4 . 1 )  

( 4. 2 )  

£ . .  _. . . .  Young' s modu lus ,  a . . . . . .  coeffic ient of  l inear the rmal expans ion. 
We cons ider the var iat ions as the change s due to the virtual d i sp lacement of the 

coordinate of the me lting l ine 8( t ) .  
The variat ion of V i s  calculated as  
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o V = - � ( �m + Em a� ) e:, os + I s + q ( � + Ea' ) (J ae dx , ( 4. 3 )  

suffix m . . . . . . . .  me lting s tate. 
The law of heat conduction and the law of the rmal  expans ion are expressed as 

H, c 8  = 

ae = - __15_ OX . 
f . . . . . . . .  d isp lacement. 

oH 
OX ' 

6 ), 7 )  
The boundary condit ion at x = s (  t) IS expres sed as 

ii = Q( t) - p l; . 

p l  . . . . . . . .  lat ent heat per unit vo lume .  
Therefore ,  we reach 

H ( s, t ) = l 1 Q( t) d t  + .0. - p ls .  

( 4. 4 )  

( 4. 5 )  

( 4. 6 )  

.0. . . . . . . . .  heat transported to the r ight ac ros s  a unit cross - sec t ional area at x = 0, 
before me l t ing deg ins.  

From eq. ( 4. 6 ) , we see 

oH = - p los a t  X = s (  t) . ( 4. 7 )  

Us ing eqs .  ( 4. 4 ) ,  ( 4. 5 )  and ( 4. 7 ) ,  we can trans form the r ight s ide o f  eq. ( 4. 3 )  as 
fo l lows : 

1 d q c 8  ae dx = -I " q e :X ( oH) dx 

- { [ e oH J :  + q - J s + q �� oH dx } 
I s + q 1 • 

(Jm ( oH) x � 

s - ' T H oH dx 

I s + q 1 • - p l Bm OS - T H oH dx. 

Id q J s + q 0 
s

. 
Ea8ao8 dx = 

s 
Ea � ( of)  dx 

[ Eaean : + q -J s + q ! ( Eae ) of dx 

I s + q 
a 

- Em am Bm ( of ) X + 8 - -a- ( Ea8 ) of dx . 
s 

X 
Al so, from eq. ( 4. 2 ) ,  we have 

[ 1 , i s + q 1 ] aD = p - 2 A m T H ( s, t )  as + 
s A T H oH dx 

1 d J s + q 1 -- - 1 H ( s, t ) f '  OS + 1 T ii oH dx. 2 ,\ m T dt  1' 
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The equations 

av + aD 

( 4 . 3 ) , ( 4. 8 )  and ( 4. 9 )  provide the var iational equation 

_l_ (� + £ 2 ) (j' 5:' - pf(Jm 5:' 
2 T m am m us 

T u s  

f s + q a Em am Bm ( of ) F s - s � ( EaB ) of dx 

1 d { }2 
2 A m  T dt H ( S, t ) OS. ( 4. 10 ) 

This p r inc iple doe s  not requ ire the evaluation of  tempe rature fie ld, so we can inser t  the 
tes t  function ( 3. 3 ) .  

For the sake o f  imp l i c i ty, we take c, E, a, A e tc .  a s  cons tants.  
Subst i tution of eq. ( 3. 3) into eq. ( 4. 1 ) provide s 

V = 1
1
0 8� ( T + Ea2 ) q ( t) . 

This  g ive s 
1 2 ( c 2 ) oV = 10 8m T + Ea oq. 

The defin it ion of the rmal  laye r p rovide s 

H ( s + q, t ) = 0. 

( 4 . 1 1 ) 

( 4. 12 ) 

( 4. 1 3 )  

Substitut ing eq. ( 3. 3 )  into eq. ( 4. 4 , ) and integrating b y  u s e  o f  the condit ion ( 4. 13 ) , we 
have 

H = - cBm { ( x - s ) - + ( x - s ) ' + 
3
�2 ( x - s ) ' - � q } . 

Substitution of eq. ( 4. 14 )  into eq. ( 4. 2 ) provide s 

D [ 
1 2 2 3 ]  

= p 2 A TX 63 c Bm q 

The var iation of D is calcu lated as fo l lows : 

oD = p [ u ix 21  c 2 8� q2 oq ] 
1 2 e2 . ,.  

2 A  Tx 21  
c m 2qq  uq 

: . oD = 21 l T c 2 f!.. qq  oq. 

From eqs . ( 3. 3 )  and ( 4. 5 ) , we have 

f = a8m { ( x - S ) - _l_ ( X - S ) ' + _l_2 ( X - S ) ' - _l_ q } q 3q  3 . 

( 4. 14 )  

( 4. 15 ) 

( 4. 16 ) 

( 4. 17 ) 

We as sume that the virtual d isp lacement of s ( t) causes  the inc rease of tempe rature and 
the inc rease of tempe rature causes  the var iation of q (  t) . From th is  a s sumpt ion we see  
from eq .  ( 4. 1 7 ) as  

of = - a8m { 1 - � ( X - s ) + 
q� ( X - s ) 2 } OS, ( 4. 18 ) 

the re fore ,  we have 
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From eqs .  ( 3. 3 )  and ( 4. 18 ) ,  we have 

I s + q ae 1 , 
s � 0� dx = 2 a Bm OS. 

And from eq. ( 4 . 14 ) ,  we have 1 H ( s, t) = 3 c Bm q (t )  .. 

( 4. 19 ) 

( 4. 20 ) 

( 4. 2 1 ) 

Subs t i tut ing eqs .  ( 4. 1 2 ) ,  ( 4, 1 6 ) ,  ( 4, 1 9 ) ,  ( 4, 20 ) and ( 4. 2 1 ) into the var iat ional  equa -

t ion ( 4 . 10 ) ,  we have 

L1o e: ( ; + Ea') + 2�'i;T q q }  oq 

_ { 1 ( C m  + E '\ 2 p /Bm + E Bm' - - 2 T m a"'} e m  - -----y- m am a 

1 E ' e' 1 ' e' 
· } - 2 a m - 9 A m T C m q q OS. 

§ 5 .  Heat Ba lance Integra l  

( 4 .  22 ) 

8 ), 9 )  
We sha l l  try to extend the heat balance 

re fe r ing to eq. ( 1 . 4 ) :  
integral  to the rmoe las t i c i ty. W e  define th i s  

I =I s + q ( c + TEa' ) e dx. 

D i ffe rent iat ion wi th respect  to t ime prov ides 

di , , . I s + q -d = - ( C m + TEm am) Bm s + ( c + TEa' ) e dx. t s 

( 5. 1 )  

( 5.  2 )  

Us ing eq. ( 1 . 4 )  and the def in i t ion o f  the rmal layer  and the boundary cond i t i on at  x = s 
( t ) '  

- A m ( �� t 
� 

8 = Q(  t) - p/�, 
we can eva luate the second term of the r ight s ide of ep. ( 5 . 2 )  

! .. d q ( c + TEa' ) e dx =I s +  q -0- ( A  _(Jj}_ )  dx 
> s ox ox 

= Q ( t )  - p l�. 
The refore  eq. ( 5 . 2 )  become s  

�� = - { ( e m +  TEm a'"') em + p l } � + Q( t) .  

Inse rrt ing eq. ( 3. 3 )  into eq. ( 5 . 4 ) ,  we have 1 ( ' ) . 3 em c + TEa q 

= - { ( C m + TErn a: ) em +  p l  } � + Q (  t ) . 

Reca l l ing s ( O )  = 0, we have ; by integrat ing eq. ( 5 . 5 ) ,  
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� 8m ( c + TEa' ) ( q ( t) - q ( O) ) 

= - I (  Cm + TEm a�) 8m + p l I s + [ t Q( t) d t. 

This  equation p rovides the re lation between OS and oq : 

S> - - 3 I (  Cm  + TEm a�) 8m + Pl l S> uq - 8m ( C + TEa' ) us. 

( 5. 6 )  

( 5. 7 )  

Insert ing eq. ( 5. 7 )  into eq. (4 .  22 ) , we have the equation o f  s (  t) and q (  t) : 

- 3 { ( Cm + TEm a';J 8m + p l I { _l_ ,. ( s_ + E ') 8m ( C + TEa' ) 10 Om T a 

+ c'r!m • } - 1 ( Cm + E ·\ ,. pl8m 
2U . T q q - - 2 T m am; Om - ---y-

+ E  ' 1 E ' 8' 1 , ,. . m am a  8m - 2 a m -
9 A. m  T c Om q q. ( 5. 8 ) 

We reached the s imu ltaneous equation for s( t) and q (  t) as eqs .  ( 5. 5 )  and ( 5. 8 ) . In 
the next paragraph, we shall calcu late the ser i e s  so lution for s( t) and q (  t) from these 
equations. 

§ 6 . Series Sol ution 

We can evaluate the s e r ies  so lutions 

s( t) 

q( t) 

. 
( ) 1 . " ( ) 2 s 0 t + 2 / s 0 t + . . . . . . . . . . . . .  . 

q ( O ) + q ( O)  t + _l_ "{;_ ( 0 ) t' + · · · · · · · · · · 2/ 
f r o m  e q s .  ( 5 .  5 )  and ( 5 . 8 ) , r e c a l l ing s (O ) =O, and eq. ( 2 . 10 ) , i . e .  

;.. q ( O) = Q. 
8m , 

with the a id of Adams - Bashforth' s method : 

e tc .  

q ( O) 

8 ( 0) 

- _1_ [
____i__ { ( Cm + TEm a� ) 8m + Pl l - q (O )  7A T c +  TEa' 

X { � ( ?[ + Em a�) 8m + J;� - Em am a 8m 

+ � Ea' 8m }
, 

= 
Q. - -} em ( c +  TEa' ) q ( O )  

( C m  + TEm a� ) 8m + p l  

"q ( O) = - { q (O )  I ' / q ( O ) , 

s (o )  
Q( O) - t 8m ( c + TEa' ) ij( O) 

( Cm + TEm a: ) 8m + p l 
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§ 7. Conc lus ion 

The fo rmulat ion of the ab lation of  e last ic  so l id with the rmal  laye r has  been done by 
the var iational equation and the heat balance integral for the the rmoe last ic  so l id. By 
use of the var iational invar iants ( 4. 1 )  and ( 4 . 2 ) ,  the var iational equation has been fo r ­
mulated. This  equation has two parameters ,  s (  t) and q (  t ) .  W ith the a id of the heat 
balance integral for the rmoe last ic ity, th i s  equation has been formu lated as a var i tional 
equation with subs idary condit ion. Th is  system of equations doe s not requ ire the eva­
l uation of tempe rature fie ld, the refore the quadratic form of tempe rature fie ld can be 
used as a te st  func tion. By avo id ing the need for highly ingen ious gue s s e s  and the comp l i ­
ca ted mathematical s tructure of d i ffe rential equation, th is  formulation provide s the ser ie s  
so lution, which reveal the feature of s (  t) and q (  t) . 
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